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PREFACE. 


It  is  now  six  years  since  the  publication  of  the  first  edi- 
tion of  the  present  work.  During  this  interval,  it  has  been 
corrected  and  amended  according  to  the  suggestions  of  daily 
experience  in  its  use  as  a  text-book.    It  now  appears  with  an 

additional  part,  under  the  head,  Mechanics  of  Molecules  ;  and 

« 

this  completes — ^in  so  far  as  he  may  have  succeeded  in  its  ex- 
ecution— the  design  of  the  author  to  give  tf|  the  classes  com- 
mitted to  his  instruction,  in  the  Military  Academy,  what  has 
appeared  to  him  a  proper  elementary  basis  for  a  systematic 
study  of  the  laws  of  matter.  The  subject  is  the  action  of 
forces  upon  bodies, — ^the  source  of  all  physical  phenomena — and 
of  which  the  sole  and  sufficient  foundation  is  the  comprehensive 
fact,  that  all  action  is  ever  accompanied  by  an  equal,  contrary, 
and  simultaneous  reaction.  Neither  can  have  precedence  of 
the  other  in  the  order  of  time,  and  from  this  comes  that  char- 
acter of  permanence,  in  the  midst  of  endless  variety,  apparent 
in  the  order  of  nature.  A  mathematical  formula  which  fehall 
express  the  laws  of  this  antagonism  will  contain  the  whole  sub- 
ject; and  whatever  of  specialty  may  mark  our  perceptions  of 
a  particular  instance,  will  be  found  to  have  its  origin  in  corre- 
sponding peculiarities  of  physical  condition,  distance,  place, 
and  time,  which  are  the  elements  of  this  formula.  Its  discus- 
sion constitutes  the  study  of  Mechanics.  All  phenorftena  in 
which  bodies  have  a  part  are  its  legitimate  subjects,  and  no 
fimn  of  matter  under  extraneous  influences  is  ^x^wv^X.  it^\£L  vx» 
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ficmtiny.  It  embraces  alike,  in  their  reciprocal  action,  the 
gigantic  and  distant  orbs  of  the  celestial  regions,  and  the 
proximate  atoms  of  the  ethereal  atmosphere  which  pervades 
all  space  and  establishes  an  unbroken  continuity  upon  which 
its  Divine  Architect  and  Author  may  impress  the  power  of 
His  will  at  a  single  point  and  bo  felt  everywhere.  Astronomy, 
terrestrial  physics,  and  chemistry  are  but  its  specialties ;  it 
classifies  all  of  human  knowledge  that  relates  to  inert  matter 
into  groups  of  phenomena,  of  which  the  rationale  is  in  a  com- 
mon principle;  and  in  the  hands  of  those  gifted  with  the 
priceless  boon  of  a  copious  mathematics,  it  is  a  key  to  exter- 
nal nature. 

•     The  order  of  treatment  is  indicated  by  the  heads  of  Mi&- 
cuANics  OF  SoLiDB,  of  Fluids,  and  of  Molecules, — an  order  sug- 
•gested  by  differences  of  physical  constitution. 

The  author  would  acknowledge  his  obh'gation  to  the  works 
of  many  eminent  writers,  and  particularly  to  those  of  M.  La- 
grange, M.  Poisson,  M.  Couchey,  M.  Fresnel,  M.  Lame,  Sir 
William  E.  Hamilton,  the  Rev.  Baden  Powell,  Mr.  Airy,  Mr. 
Pratt,  and  Mr.  A.  Smith, 

Wbst  Point,  1858. 
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ANALYTICAL  MECHANICS. 


INTEODUCTION. 


PHTSICAL  SCIENCE. 


§  1. — The  term  Nabwre^  is  employed  to  signify  all  the  bodies  of 
the  muTerse,  collectivelj^ 

Of  the  existence  of  bodies,  we  are  rendered  conscious  by  the 
impressions  they  make  npon  the  mind  through  the  senses. 

The  .condition  of  every  body  is  subject  to  a  variety  of  changes. 
These  changes  are  brought  about  by  agents  external  to  the  bodies 
themselves;  and  to  investigate  nature  with  reference  to  these 
changes  and  their  causes,  is  the  object  of  Physical  Science. 

'  PHYSICAL  PROPEBTIEa 

§  2. — Physical  PrqpertieSy  are  those  external  signs  by  which 
the  existence  of  bodies  are  made  known  to  us  through  the  medium 
of  the  senses.    These  properties  are  eiiiieT  primary  or  secondary. 

PRIMARY  PROPERTIES. 

§  8.— A  Primary  Property  is  that  without  which  the  existence 
€xf  the  body  cannot  be  conceived*  There  are  two  of  these~iSnS9fi- 
sian  and  ImpenetralnUty. 
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JEastensUm  is  that  by  which  every  body  occupies  a  limited  por- 
tion of  space.    From  it  the  body  derives  its  figure  and  volume. 

ImpeneirvibilUy  is  that  which  prevents  two  bodies  from  occupy- 
ing the  same  space  at  the  same  time.  It  determines  a  body's 
identity. 

A  body,  then,  is  any  thing  which  has  extension  and  impenetra- 
bility. 

SECONDARY  PROPERTIES. 

§  4. — Secondary  Properties  are  those  which  are  not  necessary 
to  a  conception  of  a  body's  existence,  though  all  bodies  may,  and 
indeed  do,  possess  them  in  a  greater  or  less  degree.  They  are  Com- 
preasihiUtyj  MopanstbUityy  Porosity^  DivisibUUyy  and  Elasticity. 

1. — Compressibility  is  that  property  by  which  a  body  may  be 
made  to  occupy  a  smaller,  and  expansihility  that  by  which  it  may 
be  made  to  occupy  a  larger  space,  without,  in  either  case,  altering 
the  quantity  of  its  matter. 

2. — Porosity  is  that  property  by  which  a  body  does  not  fill  all 
the  space  within  its  exterior  boundary,  but  leaves  holes  or  pores 
between  its  elements. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  in  others 
they  are  only  seen  by  the  aid  of  the  microscope;  and  when  so 
minute  as  to  elude  the  power  of  this  instrument,  their  existence 
may  be  inferred  from  experiment.  Sponge,  cork,  wood,  bread, 
&c.,  are  bodies  whose  pores  are  obvious  to  unassisted  vision.  The 
humau  skin  appears  full  of  them,  when  viewed  with  the  magnify- 
ing glass.  The  pores  of  one  body  are  filled  with  some  other  body, 
and  the  pores  of  this  with  a  third,  as  in  the  case  of  a  sponge  con- 
taining water,  and  the  water  containing  air,  and  so  on  till  we 
oomo  to  the  most  subtie  of  subBtaneeB,  ether ^  which  pervades  all 
bodies  and  all  space. 
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I  SL — XHoisibilUy  is  that  proporty  in  ponBC(]Ucaco  of  wlddi,  bn 

TariuuB  uicThimical  meanii,  ettiili  as  boating,  poiiuding,  gfiniliit^fl 
&c,  u  body  in&y  be  reduced  tu  fragmeDts,  bomogeneous  to  eaolll 
otiier,  and  to  the  entire  mass.  V 

By  the  aid  of  mntbematical  iirocesses,  the  mind  may  be  led  tufl 
admit  the  infinite  divisibility  of  bodies,  though  their  practicall 
division,  by  mechanical  means,  is  subject  to  limitation.  Manjn 
examples,  however,  prove  that  this  priK-oss  may  be  earrieii  to  mm 
incaredihle  extent.  Natnre  fiirnislies  numerous  instances  of  objectsjl 
whose  existence  can  only  be  detected  by  means  of  the  most  acuba 
senses,  assisted  by  the  most  powcrfal  artificial  aids.  ^| 

Afecbanical  subdivisions  for  purposes  connected  with  tlio  <U^H 
are  exemplified  in  the  gnnding  of  com,  tlie  pulverising  of  b^H 
pltnr,  charcoal  and  saltpetre,  for  the  manufacture  of  gunpowderfH 
and  nomtEo])athy  aflbrds  a  remarkable  instance  of  tlie  extendedl 
ai^>Ucation  of  this  property  of  bodies,  V 

In  common  gold  lace,  a  silver  tliread  is  covered  with  gold  wH 
attenuated,  that  the  qnuntity  oa  a  foot  of  thread  ^veighs  less  thoin 
S]iVs  of  a  grain.  An  inch  of  such  thread  will  therefore  cont^fifl 
f^tf  of  a  grain  of  gold ;  and  if  tlie  inch  be  divided  into  100  "'|"nM 
parts,  each  of  which  would  be  distinctly  visible,  the  quantity  ai] 
the  precious  metal  in  each  of  such  pieces  would  be  TTninao  of  ^fl 
grain.  One  of  these  particles  examined  through  a  microscojio  oM 
a  m^^ifying  power  equal  to  500,  will  appear  500  times  as  lon^-1 
and  the  gold  covering  it  will  be  visible,  having  l>een  divided  intqiJ 
3,600,000,1  <00  parte,  eiich  of  which  exbibits  all  the  charucteristkfl 
of  Ibis  metal,  ^| 

J>ycs  are  likewise  susceptible  of  an  incredible  dinsibilitg^l 
With  1  grain  of  blue  carmine,  10  lbs,  of  water  may  lie  tinge^| 
blue  'These  10  1b».  of  water  contain  about  f)17,OOU  drops.  SupjB 
|MHiiig  tlmt  100  particles  of  carmine  are  required  in  each  drop  t^| 
proihice  a  uniform  tint,  it  fullows  that  this  one  grain  of  c 
^|gJw|Mtj^4wMi|>4'  ^  niUlioaa  of  tiatoi, 
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According  to  Biot,  the  thread  by  which  a  spider  suspends  her- 
self is  composed  of  more  than  5000  single  threads. 

Our  bloody  which  appears  like  a  uniform  red  mass,  consists  of 
small  red  globules  swimming  in  a  transparent  fluid  called  serum. 
The  diameter  of  one  of  these  globules  does  not  exceed  the  4000th 
part  of  an  inch :  whence  it  follows  that  one  drop  of  blood,  suck 
as  would  hang  from  the  point  of  a  needle,  contains  at  least  one 
million  of  these  globules. 

But  piore  surprising  than  all,  is  the  microcosm  of  organized 
nature  in  the  Infusoria.  Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there  exist 
many  species  so  small  that  millions  piled  on  each  other  would  not 
equal  a  single  grain  of  sand,  and  thousands  might  swim  at  once 
through  the  eye  of  the  finest  needle.  The  coats-of-mail  and  shells 
of  these  animalcules  exist  in  such  prodigious  quantities,  that  ex- 
tensive strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin, 
in  Bohemia,  consist  almost  entirely  of  them.  By  microscopio 
measurements,  1  cubic  line  of  this  slate  contains  about  23  millions, 
and  1  cubic  inch  about  41,000  millions  of  these  animals.  As  a 
cubic  inch  of  this  slate  weighs  220  grains,  187  millions  of  these 
shells  must  go  to  a  grain,  each  of  which  would  consequently  weigh 
about  the  jij  milliontt^  part  of  a  grain.  Conceive  further,  that 
each  of  these  animalcules,  as  microscopic  investigation  has  proved, 
has  its  limbs,  entrails,  &c.,  the  possibility  vanishes  of  our  forming 
the  most  remote  conception  of  the  dimensions  of  these  organic 
forms. 

In  cases  where  the  finest  instruments  are  unable  to  give  the 
least  aid  in  estimating  the  minuteness  of  bodies, — ^in  other  woixls, 
when  bodies  evade  the  perception  of  our  sight  and  touch, — our 
olfactory  nerves  frequently  detect  the  presence  of  matter  In  the 
atmosphere,  of  which  no  chemical  analysis  could  afford  us  the 
slightest  intimation. 

Thus,  for  instance,  a  single  grain  of  musk  diffoses'  in  a  large 
and  airy  room  a  powerful  scent,  that  frequently  lasts  for  years ; 
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and  papers  laid  near  mnsk  will  make  a  voyage  to  the  East  Indies 
and  back  without  losing  the  smell.  Imagine  how  many  particles 
of  musk  must  radiate  from  such  a  body  every  second,  in  order  to 
render  the  scent  perceptible  in  all  directions. 

4. — ElastioUy  is  that  property  by  which  a  body  resumes  of 
itself  its  figure  and  dimensions,  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess  this 
property  in  very  different  degrees,  and  retain  it  with  very  unequal 
tenacity.  Glass,  tempered  steel,  ivory  and  whalebone,  are  among 
the  more  elastic  solids.    All  fluids  are  highly  elastic. 

BEST,  MOTION,  FORCE. 

§  5. — ^The  state  of  a  body  by  which  it  continues  in  the  sam^ 
place,  is  called  rest  /  that  by  which  it  passes  from  one  place  to 
another,  is  called  motion  /  and  whatever  changes  the  state  of  a 
body  or  the  elements  of  a  body,  ^D^th  respect  to  rest  or  motion^  is 
cslled  force.  The  existence  of  force  is  inferred  from  the  changes, 
with  respect  to  rest  or  motion,  which  all  bodies  and  their  internal 
elements  are  found  to  be  continually  undergoing.  Its  nature,  or 
in  what  it  consists,  is  unknown. 

CONSTITUTION  OF  BODIES. 

§  6. — Several  hypotheses  have  been  proposed  to  explain  the 
constitution  of  a  body,  and  the  mode  of  its  formation.  The  most 
remarkable  of  these  was  by  Boscovichj  about  the  middle  of  the 
last  century.    According  to  this  eminent  philosopher: 

1.  All  matter  consists  of  indivisible  and  inextended  atoms. 

2.  These  atoms  are  endowed  with  attractive   and  repulsive 

forces,  varying  both  in  intensity  and  direction  by  a  change  of  dis 

tanoe,  so  that  at  one  distance  two  atoms  attract  one  another,  audi 

tH  anoiher  distance  they  repeL 
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3.  This  law  of  variation  is  tlie  same  in  all  atoms.  It  is,  tbere- 
fore,  mutnal ;  for  tbe  distance  of  atom  a  from  atom  h,  being  the 
same  as  that  of  h  fi-om  a,  if  a  attract  b,  b  mnst  attract  a  vith 
preei«dy  an  equal  tbrce. 

4,  At  all  considerable  or  aensiUe  distances,  these  mutual  forces 
arc  attractive  and  sensibly  proportional  to  the  sqnare  of  tbe  dis- 
tance inversely.    It  is  the  attraction  called  ffraeiiatum. 

a.  At  the  small  and  insensible  distances  in  which  Bensible  con- 
tact is  observed,  and  which  do  not  exceed  the  1000th  or  1500th 
part  of  an  inch,  there  are  many  alternations  of  attraction  and 
repulsion,  according  as  tbe  distance  of  the  atoms  is  changed. 
Consequently,  there  are  many  situations  within  this  narrow  limit, 
in  which  two  atoms  neither  attract  nor  repeL 

C.  The  force  which  ia  Exerted  between  two  atoms  when  their 
dutance  ia  diminished  without  end,  and  is  just  vanishing,  is  an 
insuperable  repulaion,  so  that  no  force  whatever  can  press  two 
atoms  into  mathematical  contact. 

Such,  according  to  Boaeovich,  ia  the  constitution  of  a  material 
atom  and  tlie  whole  of  its  constitution,  and  the  immediate  efficient 
cause  of  oJ?  its  propertieB. 


Boscovich  represents  his  law  of  atomieal  action  by  what  may 
be  called  an  exponential  curve.  Let  the  distance  of  two  atoms 
be  eatimated  fm.  the  lineal  C  C^A  being  the  situation  of  one  of 
them,  while  the  other  is  placed  anywhere  on  this  line.  When 
placed  at  i,  tot  ejamplt^  wo  may  6upi>0Be  that  it  is  attracted  by 
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,  witU  a  ccrtwn  intenfity.    "We  represent  this  intensity  by  the  1 
rugtli  of  tLe  line  */,  perpeildicnlar  to  A  C,  and  express  the  direc- 
tion of  tlie  force,  namely,  from  i  to  A,  becanse  it  h  attractive,  by  1 
placing  il  above  tlie  axia  A  C.     Shoidd  the  atom  be  at  m,  and 
!  repelled  by  A,  we  express  t!ie  intensity  of  repulsion  by  mn,  J 
Old  ite  direction  from  m  towards  G  by  placing  m.n  below  the  J 

This  may  be  supposed  for  every  point  on  the  axis,  and  n  cnrve  J 

Lwn  Ihrough  the  extremities  of  all  the  perpendicular  ordinates,.  . 

rlU  be  the  exponential  curve  or  scale  of  force.   • 

Afl  there  are  supposed  a  great  many  alternations  of  attractions  J 

and  repulsions,  the  curve  must  consist  of  many  branches  lying  on  J 

opposite  sides  of  the  axis,  and  most  therefore  cross  it  at  C,  /?',  J 

O'y  jy'-,  &c,  and  at  G.     All  these  are  supposed  to  be  cont^ned  ' 

witliln  a  very  small  fraction  of  an  inch. 

Beyond  this  distance,  which  terminates  at  O,  the  force  is 
alwa\-8  attractive,  and  is  called  the  force  oi  gravitaiion,  the  maxi- 
raoxa  intensity  of  which  occurs  at  g,  and  is  expressed  by  the  j 
length  of  the  ordinate  G'g.  Furtber  on,  the  ordinates  are  sensibly  \ 
projKirtional  to  the  square  of  their  distances  from  A,  inversely.  ■ 
The  branch  G'  G"  bae  the  line  A  (7,  therefore,  for  its  asymp-  -^ 
tote. 

Within  the  limit  A  C  there  is  repidsion,  which  becomes  infi-  I 
nite,  when  tiic  distance  from  A  is  zero ;  whence  the  branch  C  D*  i 
h»»  Uie  [»erpeudicu1iar  axis,  Ay,  for  its  asymptote.  A 

An  atom  being  placed  at  G,  and  then  distorbed  so  as  to  move  I 
it  in  the  direction  towards  ^1,  will  bo  repelled,  the  ordinates  of  the  J 
cnm'e  being  below  the  axis;  if  disturbed  so  as  to  move  it  fW>m  ,1 
^,  it  will  be  attracted,  the  corregponding  ordinates  being  above  J 
[the  axifl.  The  point  6  is  therefore  a  position  in  wliich  the  atom  J 
lis  neither  attracted  nor  repelled,  and  to  which  it  will  tend  to  J 
potum  when  sliglitly  removed  in  either  direction,  and  is  called  the  J 
Buntt  <if  gravitation-.  J 

I    Jf  tJf  JUoto  ^  «t  O,  or  O",  ii'c,  and  be  mo'jed  ^vet  so  VA'i:* 
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"■  V]7"-   Vj 


towards  -4,  it  will  be  repelled,  and  when  the  disturbing  canse  i8 
FOTaoved,  will  fly  back;  if  moved  from  -4,  it  will  be  attracted 
and  return.  Hence  C,  0\  &c.,  are  positions  similar  to  G^  and 
are  called  UmiU  cf  cohesion^  O  being  called  the  Idst  limit  of  cohe- 
sion. An  atom  situated  at  any  one  of  these  points  will,  with  tliat 
at  Ay  constitute  ^^pemument  molecule  of  the  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  i?',  or  D'\  &c.,  and 
be  then  slightly  disturbed,  in  the  direction  either  from  or  towards 
Ay  the  action  of  the  atom  at  A  will  cause  it  to  recede  still  further 
from  its  first  position,  till  it  reaches  a  limit  of  cohesion.  The 
points  D\  D"y  &c.,  are  also  positions  of  indifference,  in  which  the 
atom  will  be  neither  attracted  nor  repelled  by  that  at  A^  but  they 
differ  from  C\  C'\  Gy  &c.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return  to  it 
again ;  these  points  are  called  limits  of  dissolution.  An  atom 
situated  in  one  of  them  cannot,  therefore,  constitute,  with  that  at 
A,  a  permanent  molecule,  but  the  slightest  disturbance  will  de- 
stroy it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three,  four, 
&c.,  atoms  may  combine  to  form  molecules  of  different  orders  of 
complexity,  and  how  these  again  may  be  arranged  so  as  by  their 
action  upon  each  other  to  form  particles.  Our  limits  will  not 
permit  us  to  dwell  upon  these  points,  but  we  cannot  dismiss  the 
subject  without  suggesting  one  of  its  most  interesting  conse- 
quences. 

According  to  the  highest  authority,  the  sun  and  other  heavenly 
ImfjoB  have  been  formed  by  the  gradual  Bubaidenoe  of  a  vast 
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nehUa  towards  its  centre.  Its  molecules,  forced  by  their  gravi- 
tating action  within  their  neutral  limits,  are  in  a  state  of  tension, 
which  is  the  more  intense  as  the  accumulation  is  greater;  and  the 
molecular  agitations  in  the  sun,  caused  by  the  successive  deposi- 
tions at  its  surface,  make  this  body,  in  consequence  of  its  vast 
size,  a  perpetual  fountain  of  that  incessant  stream  of  ethereal 
waves  which  constitute  the  essence  of  It^ht  and  hecU.  The  inters 
nal  heat  of  the  earth  has  the  same  explanation.  All  bodies  would 
appear  self-luminous  were  the  acuteness  of  our  sense  of  sight 
increased  beyond  its  present  limit  in  the  same  proportion  that  the 
sun  exceeds  them  in  size.  The  sun  far  transcends  all  the  othar 
bodies  of  our  system  in  regard  to  heat  and  light,  and  is  in  a  state 
of  tnccmdescence^  because  of  the  mode  of  its  formation  and  of  its 
vastly  greater  dimensions. 

2. — ^The  molecular  forces,  here  considered,  are  the  effective 
<»use3  which  determine  a  body  to  be  a  solid,  liquid,  or  gas.  If  the 
attractions  prevail  over  the  repulsions,  the  body  is  solid;  if  these 
antagonistic  forces  be  equal,  it  is  liquid;  and  if  the  repulsions 
prevail  over  the  attractions,  it  is  a  g(M. 

3. — The  molecular  forces  may  so  act  upon  the  elements  of 
dissimilar  bodies  as  to  cause  a  new  combination  or  union  of  their 
atoms.  This  may  also  produce  a  separation  between  the  com- 
bined atoms  or  molecules,  in  such  manner  as  to  entirely  change 
Uie  individual  properties  of  the  bodies.  Such  efforts  of  the  mo- 
lecular forces  are  called  chemical  action ;  and  tlie  disposition  to 
exert  these  efforts,  chemical  affinity. 

* 

i 

4. — Beyond  the  last  limit  of  gravitation,  atoms  attract  each 
other:   hence,  all  the  atoms  of  one  body  attract  each  atom  of 
another,  and  vice  versa :  thus  giving  rise  to  attractions  between 
lieB  of  sensible  magnitudes  through  sensible  d\%\AXie«&«    "^^ 
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intensities  of  these  attractions  are  proportional  to  the  nnmber  of 
atoms  in  the  attracting  body  directly,  and  to  the  square  of  the. 
distance  between  the  bodies  inversely. 

6. — ^The  term  vniverml  gramt(Uion  is  applied  to  this  force, 
when  it  is  intended  to  express  the  action  of  the  heavenly  bodies 
on  each  other;  and  that  of  terrestrial  gran)it<Uion  or  simple 
grcmty^  when  we  wish  to  express  the  action  of  the  earth  npon 
the  bodies  forming  with  itself  one  whole.  The  force  is  always  of 
the  same  kind,  however,  and  varies  in  intensity  only  by  reason 
of  a  difference  in  the  number  of  atoms  and  their  distances.  Its 
effect  is  always  to  generate  motion,  when  the  bodies  are  fi'ee 
to  move. 

Oravity^  then,  is  a  property  common  to  all  terrestrial  bodies, 
since  they  constantly  exhibit  a  tendency  to  approach  the  earth 
and  its  centre.  In  consequence  of  this  tendency  all  bodies  possess 
weight,  and,  unless  supported,  fall  to  the  surface  of  the  earth; 
and  if  prevented  by  any  other  bodies  from  doing  so,  they  exert 
a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terrestrial 
bodies,  and  the  cause  of  many  phenomena,  of  which  a  fuller 
account  will  be  given  hereafter. 

DENsmr. 

§  7. — DensUy  is  a  term  employed  to  express  the  greater  or 
less  proximity  of  a  body's  atoms.  The  relative  densities  of  dif- 
ferent bodies  n^ust,  therefore,  be  proportional  to  the  number  of 
atoms  they  contain  under  equal  volmnes.  The  weights  of  bodies 
being  proportional  to  the  number  of  their  atoms,  the  density 
of  any  body  is  measured  by  the  quotient  arising  from  dividing 
its  weight  by  the  weight  of  an  equal  volume  of  some  other  body, 
assumed  as  a  standard,  and  whose  density  is  r^arded  as  unity. 
The  density  of  pore  water,  at  the  temperature  of  88^,75  Fahren- 
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faeit,  is  assumed  as  the  unit,  the  water  possessing  its  maximum 
density  at  that  temperature. 

MASS. 

§  8. — The  ma&8  of  a  body  is  the  quantity  of  matter  it  contains ; 
and  this  being  proportional  to  its  weight,  the  mass  of  a  body  may 
be  measiired  by  the  quotient  arising  from  dividing  its  weight  by 
,the  weight  of  some  other  body  assumed  as  the  unit  of  mass.  A 
cubic  foot  of  distilled  water,  at  its  maximum  density,  may  be 
assumed  as  the  unit  of  mass.  And,  therefore,  a  body  whose  mass 
is  eicpressed  by  any  number,  say  20,  will  contain  twenty  times  the 
matter  contained  in  a  cubic  foot  of  distilled  water  at  its  greatest 
density. 

If  the  mass  of  a  body  be  denoted  by  My  its  weight  by  TT,  and 
that  of  a  unit  of  mass  by  ^,  then  will 

W=  Jf.  ff (1; 

If  F  denote  the  body's  volume,  and  D  its  density ;  then  will 

M=  y.b (2) 

and  by  substitution  above, 

W=-y.D.g (3) 

The  masses  of  bodies  are  so  constantly  in  view  in  discussing 
and  applying  physical  principles,  as  to  make  it  important  to 
understand  well  the  method  of  getting  their  numerical  values. 
Equation  (1)  may  be  written 

W 
—  =  Jf, 

9 

i 

md  in  which  W  and  g  must  be  expressed  in  terms  of  the  same 
mit    But  ff  may  have  two  values,  very  diffeTcnt  m  VvcA*  \\. 
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may  be  expressed  in  pounds,  or  any  other  trait  of  weight,  or  in 
feet,  or  any  other  unit  of  length.  In  the  first  ease,  the  body 
assumed  as  the  unit  of  mass  and  that  whose  mass  is  desired,  are 
simply  weighed,  and  the  ratio  of  the  weights  taken.  Li  the 
second  case,  the  body  assumed  as  the  unit  of  mass  is  permitted 

■ 

to  fall  in  vacuo,  and  the  velocity  its  own  weight  can  generate 
in  it,  in  one  second  of  time,  ascertained. 

A  cubic  foot  of  pure  water,  at  its  maximum  density,  weighs 
62,3791  pounds  avoirdupois,  and  the  measure  of  a  body's  mass 
is  given  by 

W 


Jf= 


62,3791 ' 


in  which  TTmust  be  expressed  in  avoirdupois  pounds. 

The  velocity  which  the  weight  of  a  body  can  impress  upon 
itself,  in  one  second  of  time,  on  the  parallel  of  45°,  is  32,1801 
feet ;  and  the  measure  for  a  body's  mass  is  given  by 


32,1801' 


in  which  TTmay  be  expressed,  as  before,  in  pounds;  but  in  this 
case  the  cubic  foot  of  water  ceases  to  be  the  unit  of  mass,  and  in 
its  stead  we  take  so  much  of  the  water,  or  of  any  other  body,  as 
will  weigh  32,1801  pounds,  as  the  unit  of  mass.  In  this  latter 
case,  any  body  which  weighs  one  pound  will  be  ^^^iVci  of  the 
imit  of  mass. 

Had  the  pound  been  made  greater  than  it  is  in  the  proportion 
of  62,3791  to  32,1801,  or  the  foot  less  in  the  proportion  of  32,1801 
to  62,3791,  then  would  the  same  number  have  expressed  both  the 
pounds  avoirdupois  in  the  weight  of  a  cubic  foot  of  pure  water 
at  the  standard  temperature,  and  the  number  of  feet  in  the 
velocity  this  weight  could  generate  in  the  same  cubic  foot  jn  one 
second  of  time. 
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UNORGANIZED  AND  ORGANIZED  BODIES. 

§  9. — ^AU  bodies  connected  with  the  earth  are  distributed  into 
two  classes,  viz. :   Urwrgcmized  and  Organised. 

The  unorganized  class  embrace  all  minerals,  as  metals,  stones, 
earths,  alkalies,  water,  air,  and  the  like. 

The  organized  class  include  all  animals  and  vegetables. 

The  unorganized  hodiea  form  the  lower  class,  and  are,  so  to 
speak,  the  substratum  of  the  organized.  They  are  acted  upon 
solely  by  influences  external  to  themselves,  and  have  nothing  that 
can  properly  be  called  life.  Tliey  have  no  definite  or  periodical 
duration. 

Organized  bodies  are  more  or  less  perfect  individuals,  possess- 
ing organs  adapted  to  the  performance  of  certain  functions. 
They  possess  vitality,  and  are  continually  appropriating  to  them- 
selves imorganized  bodies,  changing  their  properties,  and,  by  this 
process,  increasing  their  bulk.  They  possess  the  faculty  of  repro- 
duction. They  retain  only  for  a  limited  time  the  vital  principle, 
and,  when  life  is  extinct,  they  sink  into  the  class  of  imorganized 
bodies. 

HEAVENLY  BODIES. 

§  10. — The  Heavenly  Bodies  form  a  distinct  class.  In  the 
changes  they  bring  about  within  themselves,  they  resemble  organ- 
ized bodies;  and  may,  in  one  sense,  be  said  to  possess  organs. 
Those  of-  our  earth  are  its  continents,  oceans,  and  atmosphere. 
The  researches  of  Geology  furnish  the  most  ample  evidence  of 
vast  changes  having  taken  place  in  the  earth.  It  now  supports 
and  nourishes  both  the  animal  and  vegetable  kingdoms.  There 
was  a  time  when  neither  of  these  existed  upon  it.  It  was  once 
all  fluid,  from  excessive  heat ;  it  is  now  incrusted  with  an  indu- 
rated envelope  of  many  miles  in  thickness,  inclosing  a  molten, 
liqaid  ma8&  In  many  places  its  continents  are  being  elevated^ 
in  others  they  are  being  depressed  \  corresi^iidLm^  d\^xi^gi» 
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are  taking  place  in  the  shores  of  the  ocean,  and  the  climates  of 
the  6€mao  zones  are  undergoing  modifications.  What  is  true  of 
our  earth,  is  doubtless  equally  true  of  the  other  heavenly  bodies. 

NATURAL  PHILOSOPHY. 

§  11. — Natural  Philosophy  is  a  name  given  to  that  bi*anch  of 
physical  science  which  treats  of  the  general  properties  of  vm^/rgcm- 
ized  todies;  the  changes  they  undergo  without  affecting  their 
internal  constitution ;  the  causes  of  these  changes,  and  the  laws 
which  govern  both  the  causes  and  changes. 

THERMOTICS, 'ACOUSTICS,  OPTICS,  ELECTRICS. 

§  1£. — Natural  Philosophy  embraces  the  subjects  of  Thermotics^ 
Acoustics^  Optics^  and  Elect/rics,  The  first  treats  of  heat^  the 
second  of  sounds  the  third  of  light^  and  the  fourth  of  electricity. 
The  subject  of  mdgnetics  is  omitted  here,  because  it  is  now  merged 
into  that  of  electrics.  The  phenomena  which  appertain  to  these 
different  heads,  all  have  a  common  source  in  the  action  of  forces 
upon  bodies — ^the  nature  of  the  bodies,  the  kind  and  mode  of  action 
of  the  forces,  and  the  sense  employed  to  excite  the  mind  to  a  per- 
ception of  the  effects,  constituting  the  main  distinction. 

Natural  Philosophy  relies  upon  observation  and  experiment 
for  its  data.  From  these  we  deduce  the  varied  information  we 
have  acquired  about  bodies ;  by  the  former  we  notice  any  changes 
that  transpire  in  the  condition  or  relations  of  any  body,  as  they 
spontaneously  arise  without  interference  on  our  part;  whereas, 
in  the  performance  of  an  experiment,  we  purposely  alter  the 
natural  arrangement  of  things,  to  bring  about  some  particular 
condition  we  desire.  To  accomplish  this,  we  make  use  of  appli- 
ances csiled  jphilosophical  wpparai/as^  the  proper  use  and  appli- 
cation o^which,  it  is  the  office  of  Msfpefimental  PhUaaq^  to 
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If  we  notice  that  in  winter  water  becomes  converted  into  ice, 
we  are  said  to  make  an  observation;  if,  by  means  of  freezing 
mixtures  or  evaporation,  we  cause  water  to  fireeze,  we  are  then 
said  to  perform  an  experiment. 

'  These  observations  and  experiments  are  next  subjected  to  cal- 
culation, from  which  are  deduced  what  are  called  the  Icma  of 
fudure,  or  the  rules  that  like  ca/uaee  will  invaTidbVy  pro&ace  like 
restslte.  To  express  these  laws  with  the  greatest  possible  brevity, 
mathematical  formulas  are  used.  When  it  is  not  practicable  to 
represent  them  with  mathematical  precision,  we  are  content  with 
inferences  and  assumptions  based  on  analogies,  or  with  probable 
hypotheses^  as  the  means  for  explanation  and  further  deductions. 

A  hypothesis  gains  in  probability  the  more  nearly  it  accords 
-with  the  ordinary  course  of  nature,  the  more  numerous  the  obser- 
vations and  experiments  on  which  it  is  founded,  and  the  more 
simple  the  explanation  it  offers  of  the  phenomena  for  which  it  is 
intended  to  account. 

CHEMISTRY. 

§  13. — GhemiMry  treats  of  the  imMvid/adl  properties  of  unor- 
ganized bodies,  by  which,  as  regards  their  constitution,  they  may 
be  distinguished  from  one  another.  It  also  investigates  the  trans- 
formations that  take  place  in  the  interior  of  these  bodies,  and  by 
which  their  substance  is  altered  and  remodelled ;  and,  lastly,  it 
detects  and  classifies  the  laws  that  regulate  chemical  changes. 

NATURAL  HISTORY. 

§  14. — Nat/aral  History  treats  of  the  organized  bodies.  It 
comprises  three  divisions,  viz.:  Anoitomy^  which  is  concerned 
with  the  dissections  of  plants  and  animals ;  Vegetable  and  Animal 
Chemistry  J  which  investigates  their  internal  constitution;  and 
Physioiogyy  which  explains  the  objects  and  offices  of  their  various 
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ASTRONOMY. 

§  15. — Aatroncnny  teaches  the  knowledge  of  the  heavenly 
bodies.  It  consists  of  two  branches — ^Physical  and  Spherical 
Astronomy.  The  former  treats  of  the  constitution  and  physical 
condition  of  the  heavenly  bodies,  their  mntaal  influences  and 
actions  on  each  other,  and,  generally,  seeks  to  explain  the  causes 
of  celestial  phenomena ;  the  latter  is  concerned  with  the  appear- 
ances, magnitudes,  distances,  arrangements,  and  motions  of  these 
bodies.  All  measurements  upon  them  are  made  from  stations 
on  the  earth,  and  by  instruments  that  give  the  sides  and  angles 
.of  spherical  triangles  projected  upon  the  concave  of  the  celestial 
vault ;  and  hence  the  name. 

GEOLOGY,  PHYSICAL  GEOGRAPHY,  METEOROLOGY. 

§  16. — Geology^  Physical  Geography^  and  Meteorology^  are 
strictly  branches  of  Physical  Astronomy.  The  first  teaches  a 
knowledge  of  the  structure  and  history  of  the  earth's  crust ;  the 
second  treats  of  the  nature  and  character  of  its  surface ;  and  the 
third  is  concerned  with  the  phenomena  of  the  atmosphere  and 
climate. 

PHYSICS. 

§  17. — ^Natural  Philosophy,  Chemistry,  Natural  History,  and 
Astronomy,  are  but  branches  of  the  more  general  subject  called 
Physics — a  science  so  vast  in  its  range  as  to  embrace  whatever 
is  known  and  can  be  discovered  of  the  nature  and  properties  of 
bodies,  their  source,  effects,  affections,  operations,  phenomena, 
and  laws. 

MECHANICS. 

I  18. — ^AU  phenomena  \of  the  physical  world  arise  directly 
A^m  the  action  of  forces  upon  the  various  forms  of  IxxlieB.    That 
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branch  of  science  which  treats  of  this  action  is  called  Meohanlca. 
A  careful  study  of  a  course  of  mechanics  is,  therefore,  an  indis- 
pensable preparation  for  that  of  any  branch  of  physical  science. 
Mechanics  is  the  subject  of  the  present  volume.  It  will  be 
treated  under  three  heads,  suggested  by  peculiarities  of  physical 
condition,  viz. :  Mechanics  of  SoUdSy  Mechanics  of  Fhiidsy  and 
Mechanics  of  Molecules;  the  lii*8t  treating  of  the  action  of  forces 
upon  solid  bodies ;  the  second,  upon  fluid  bodies ;  and  the  third, 
upon  the  molecules  or  elements  of  both  solids  and  fluids. 

Mechanics  is  founded  in  a  single  fact,  viz. :  that  aU  action  is 
ei'fr  iwcomjHxuied  by  an  equal,  coifdrary,  and  simuUaneotis  reaction, 

INERTIA. 

§  19. — This  reaction  very  often  arises  from  a  property,  common 
to  all  bodies,  by  which  thoy  resist,  of  themselves,  every  change 
of  their  own  state  in  regard  to  rest  or  motion,  and  with  an  effort 
equal  to  that  which  produces  the  change.  This  property,  known 
from  experience,  is  called  Ine^iia,  It  is  force,  but  passive  and 
conservative  force. 


PART    I. 
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SPACE,    TIME,    MOTION,    AND    FORCE. 

g20.-^5jpace  is  indefinite  extension,  without  limit,  and  contains  all 
Dodies. 

§21. — Time  is  any  limited  portion  of  duration.  We  may  conceive 
of  a  time  which  is  longer  or  shorter  than  a  given  time.  Time  has, 
therefore,  magnitude,  as  well  as  lines,  areas,  6ic, 

To  measure  a  given  time,  it  is  only  necessary  to  assume  a  certain 
interval  of  time  as  unity,  and  to  express,  by  a  number,  how  often 
this  unit  is  contained  in  the  given  time.  When  we  give  to  this 
number  the  particular  name  of  the  unit,  as  hour,  minute,  second^  dsc, 
we  have  a  complete  expression  for  time. 

The  Instruments  usually  employed  in  measuring  time  are  cloeksy 
chronometers^  and  common  watches,  which  are  too  well  known  to  need 
a  description  in  a  work  like  this. 

The  smallest  division  of  time  indicated  by  these  time-pieces  is  the 
second,  of  which  there  are  GO  in  a  minute,  3G00  in  an  hour,  and 
86400  in  a  day ;  and  chronometers,  which  are  nothing  /hore  tlian  a 
species  of  watch,  have  been  brought  to  such  perfection  as  not  to  vary 
in  their  rate  a  half  a  second  in  365  days,  or  31536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  between  any  two 
eveat&  or  wstanU,  may  be  estimated  witli  as  aiiidi  preeisiQii  and 
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ease  as  the  number  of  yards,  feet,  or  inches  between  the  extremities 
of  any  given  distance. 

Tune  may  be  represented  by 
lines,  by  laying  off  upon  a 
given  right  line  AB^  the  equal 
distances  ftova  0  to  1,  1  to  2, 
2  to  3,  ^c.,  each  one  of  these 
equal  distances  representing  the 
unit  of  time. 

A  second  is  usually  taken  as  the  unit  of  time,  and  a  foot  as  the 
linear  unit. 

* 

§  22. — A  body  is  in  a  state  of  absolute  rest  when  it  continues  in  the 
same  place  in  space.*  There  is  perhaps  no  body  absolutely  at  rest; 
our  earth  being  in  motion  about  the  sun,  nothing  connected  with  it 
can  be  at  rest.  Rest  must,  therefore,  be  considered  but  as  a  relative  ' 
terra.  A  body  is  said  to  be  at  rest,  when  it  preserves  the  same 
position  in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  place  in  a  boat, 
is  said  to  be  at  rest  in  relation  to  the  boat,  although  the  boat  itself 
may  be  in  motion  in  relation  to  the  banks  of  a  river  on  whose  sur« 
fyuce  it  is  floating. 

§23. — A  body  is  in  motion  when  it  occupies  successively  different 
positions  in  space.  Motion,  like  rest,  is  but  relative.  A  body  is  in 
motion  when  it  changes  its  place  in  reference  to  those  which  we 
may  regard  at  rest. 

Motion  is  essentially  continuous;  that  is,  a  body  cannot  pass  from 
one  position  to  another  without  passing  through  a  series  of  interme- 
diate positions  ;  a  point,  in  motion,  therefore  describes  a  continuous 
line.   ' 

When  we  speak  of  the  path  described  by  a  body,  we  are  to 
understand  that  of  a  certain  point  connected  with  the  body.  Thus, 
the  path  of  a  ball,  is  that  of  its  centre. 

§24. — The  motion  of  a  body  is  said  to  be  curvilinear  or  reetilintoir^ 
»ivditig  as  tli^  pdtb  de$mbed  i»  a  cwrve  or  rishi  Une«    l&!Q^\<csa  Na^ 
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either  uniform  or  varied,  A  hody  is  said  to  have  uni/orpi  motion 
when  it  passes  over  equal  spaces  in  equal  successive  portions  of  time : 
and  it  is  said  to  have  varied  motion  when  it  passes  over  unequal 
spaces  in  equal  successive  portions  of  time.  The  motion  is  said  to 
be  accelerated  when  the  successive  increments  of  space  in  equal 
times  become  greater  and  greater.  It  is  retarded  when  these  incre 
ments  become  smaller  and  smaller. 

§  25. —  Velocity  is  the  rate  of  a  body's  motion.  Velocity  is  mea- 
sured by   the  length  of  path  described  uniformly  in  a  unit  of  time. 

§20. — ^The  spaces  described  in  equal  successive  portions  of  time 
l)eing  equal  in  uniform  motion,  it  is  plain  that  the  length  of  path 
described  in  any  time  will  be  equal  to  that  described  in  a  unit  of  time 
repeated  as  many  times  as  there  are  units  in  the  time.  Let  v  denote 
the  velocity,  t  the  time,  and  s  the  length  of  path  described,  then  will 

s  =  v,t, (3) 

If  the  position  of  the  body  be  referred  to  any  assumed  origin 
whose  distance  from  the  point  where  the  motion  begins,  estimated 
in  the  direction   of  the  path  described,  be  denoted  by  Sy .  then  will 

s  =  S  -^v.t (4) 

Equation  (3)  shows  that  in  uniform  motion,  the  space  described 
is  always  eqval  to  the  prodvct  of  the  time  into  the  velocity ;  that  the 
spaces  described  by  different  bodies  moving  with  different  velocities  during 
the  same  time,  are  to  each  other  as  the  velocities;  and  that  when  the 
velocities  are   the  same,    the  spaces  are   to   each  other  as   the   times. 

§27. — Differentiating;  Equation   (3)   or   (4),  we  find 

t  =  - w 

that  is  to  say,   the  velocity  is  equal  to  the  first  differential  co^ffieieni 
of  the'  space  regarded  as  a  function  of  the  time,  * 

Dividing  both  members  of  Equation  (3)  by  t^  we  have 


f  = ». («) 
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wbich  shows  that,  in  uniform  motion^  the  velocity  is  equal  to  the  whole 
epaee  divided  by  the  time  in  which  it  is  described. 

§  28. — ^Matter  on  the  earth,  in  its  unorganized  etate,  is  inanimate  or 
inert.    It  cannot  give  itself  motion,  nor  can  it  change  of  itself  the  motion 
which  it  may  have  received. 
A  body  at  rest  will  forever 
remain   so    unless    disturbed 

by  something  extraneous  to         ^ ^ 

itself;   or  if  it  be  in  motion 
in  any  direction,  as  from   a 

to  b,  it  will  continue,  after  arriving  at  b,  to  move  towards  c  in  the 
prolongation  of  ab;  for  having  arrived  at  6,  there  is  no  leason  why 
it  should  deviate  to  one  side  more  than  another.  Moreover,  if  the 
body  have  a  certain  velocity  at  b,  it  will  retain  this  velocity  unaltered, 
since  no  reason  can  be  assigned  why  it  should  be  increased  rather 
than  diminished  in  the  absence  of  all  extraneous  causes. 

If  a  billiard-ball,  thrown  upon  the  table,  seem  to  diminish  Its 
rate  of  motion  till  it  stops,  it  is  because  its  motion  is  resisted  by 
the  doth  and  the  atmosphere.  If  a  body  thrown  vertically  down- 
ward seem  to  increase  its  velocity,  it  is  because  its  weight  is  inces- 
santly urging  it  onward.  If  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  change,  it  is  because  the 
weight  of  the  stone  urges  it  incessantly  towards  the  surface  of  the 
earth.  Experience  proves  that  in  proportion  as  the  obstacles  to  a 
body's  motion  are  removed,  will  the  motion  itself  remain  unchanged. 

When  a  body  is  at  rest,  or  moving  with  uniform  motion,  its 
inertia  is  not  called  into  action. 

§  29. — A  force  has  been  defined  to  be  that  which  changes  or  tends  to 
change  the  state  of  a  body  in  respect  to  rest  or  motion.  Weight  and 
jElasticity  are  examples.  A  body  laid  upon  a  table,  or  suspended  from* 
a  fixed  point  by  means  of  a  thread,  would  move  under  the  action  of 
its  weight,  if  the  resistance  of  the  table  or  that  of  the  fixed  point  did 
not  continually  prevent  by  an  equal,  simultaneous,  and  contrary  reac* 
lioD.  A  body,  subjected  alone  to  the  action  of  a  spring,  would  change: 
its  lUte  by  moving  faster  or  slower. 

B 
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When  wo  push  or  pull  a  body,  be  it  free  or  fixed,  we  experience 
a  sensation  denominated  pressure,  traction,  or,  in  general,  effort.  This 
effort  is  analogous  to  that  which  we  exert  in  raising  a  weight.  Forces 
are  real  pressures.  Pressure  may  be  strong  or  feeble;  it  therefore 
has*  magnitude,  and  may  be  expressed  in  numbers  by  assuming  a 
certain  pressure  as  unity.  The  unit  of  pressure  will  be  taken  to  be 
tnat  exerted  by  the  weight  of  -y^^j  part  of  a  cubic  foot  of  distilled 
water,  at  38°,75,  and  is  called  a  pound, 

§  30. — ^The  intensity  of  a  force  is  its  greater  or  less  capacity  to 
produce  pressure.  This  intensity  may  be  expressed  in  pounds,  or  in 
quantity  of  motion.  Its  value  in  pounds  is  called  its  statical  mea- 
sure ;  in  quantity  of  motion,  its  dynamical  measure. 

§31. — The  point  of  application  of  a  force,  is  the  material  point  to 
which  the  force  may  be  regarded  as  directly  applied. 

§  32. — The  line  of  direction  of  a  force  is  the  right  line  which  the 

point  of  application  would  describe,  if  it  were  perfectly  free. 

•  ■ 

§33. — The  e^ect  of  a  force  depends  upon  its  intensity,  point  of 
application,  and  line  of  direction,  and  when  these  are  given  the  force 
is  known. 

§34. — ^Two  forces  are  equal  whin  substituted,  one  for  the  othor, 
in  the  same  circumstances,  they  produce  the  same  effect^  or  when 
directly  opposed,  they  neutralize  each  other. 

§85. — ^There  can  be  no  action  of  a  force  without  an  equal  and 
contrary  reaction.  This  is  a  law  of  nature,  and  our  knowledge  of  it 
oomes  from  experience.  If  a  force  act  upon  a  body  retained  by  a 
fixed  obstacle,  the  latter  will  oppose  an  equal  and  contrary  resistance. 
If  it  act  upon  a  free  body,  the  latter  will  change  its  state,  and  in 
the  act  of  doing  so,  its  inertia  will  oppose  an  equal  and  contrary 
resistance.  Action  and  reaction  are  ever  equal,  contrary  and  simultO' 
fieous. 

§36. — If  a  free  body  be  drawn  by  a  thread,  the  thread  will  stretoh 

and  even  break  if  the  actiop  be  too  violent^  and  this  will  the  mora 

probably  happen  in  proportion  aa  the  bod^  ia  more  ma«lf««     V  fr 
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bod^    be  suspended  by  means  of  a  vertical   chain,   and  a  weighing 
spring  be   interposed  in  the  line  of  traction,  the  graduated  scale  of 
the  spring  will  indicate  the  weight  of  the 
body  when   the   latter  is  at  rest;   but  if 
the  upper  end  of  the  chain  be  suddenly 
elevated,  the  spring  will  immediately  bend 
more    in    consequence    of    the    resistance 
opposed  by  the  inertia  of  the  body  while 
acquiring  motion.      When  the  motion    ac- 
quired becomes    uniform,  the    spring    will 
resume  and  preserve  the  degree  of  flexure 
which  it  had  at  rest     If  now,  the  motion 
be  diecked  by  relaxing  the  effort  applied 
to  the  upper  end  of  the  chain,  the  spring 
will   unbend  and   indicate  a  pressure  less 
than  the  weight    of   the  body,   in   conse- 
quence of  the  inertia  acting  in  opposition   to  the  retardation.     The 
oscillations  of  the  spring  may  therefore  serve  to  indicate  the  varia- 
tions  in  the    motions  of    a  body,   and   the   enci^y   of  its  force  of 
inertia,  which  acts  against  or  with  a  force,   according    as   the  velo- 
city is  increased  or  diminished. 


§87.— Forces  produce  various  effects  according  to  circumstances. 
Hicy  sometimes  leave  a  body  at  rcst^  by  balancing  one  anpther, 
through  its  intervention ;  sometimes  they  change  its  form  or  break  ' 
it;  sometimes  they  impress  upon  it  motion,  they  accelerate  or  retard 
that  whidi  it  has,  or  change  its  direction ;  sometimes  these  effects  are 
produced  gradually,  sometimes  abruptly,  but  however  produced,  they 
reqiuro  some  definite  time,  and  are  effected  by  continuous  decrees.  If 
a  bndy  is  sometimes  seen  to  change  suddenly  its  state,  cither  in 
respect  to  the  direction  or  the  rate  of.  its  motion,  it  is  becaupc  the 
force  is  80  great  as  to  produce  its  effoct  in  a  time  so  short  as  to 
make  its  duratioa  imperceptible  to  our  senses,  yet  some  defmite  por- 
of  time  18  necessary  for  the  change.  A  ball  fired  from  a  gun 
hrt/k  dnoogh  a  pane  of  glass,  a  piece  of  boards  or  a  ^<^^  c( 
IMjjr  mupeoded,  with  4  rapidity  so  great  aa  to  c^  ixfti 
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action  a  force  of  inertia  in  the  parts  which  remain,  greater  than 
the  molecular  forces  which  connect  the  latter  with  those  torn  awaj. 
In  such  cases  the  effects  are  obvious,  while  the  times  in  which 
they  are  accomplished  are  so  short  as  to  elude  the  senses :  and  yet 
these  times  have  had  some  definite  duration,  since  the  changes,  corres 
ponding  to  tliese  effects,  have  passed  in  succession  through  their  differ 
ent  degrees  from  the  beginning  to  the  ending. 

§38. — Forties  which  give  or  tend  to  give  motion  to  bodies,  are 
called  motive  forces.  The  agent,  by  means  of  which  the  force  ia 
exerted,  is  called  a  Motor, 

§39. — The  statical  measure  of  forces 
may  be  obtained  by  an  instrument  called 
the  Dynamometer,  which  in  principle  does 
not  differ  from  the  spring  balance.  The 
dynamical  measure  will  bo  explained  fur- 
ther on. 


§  40. — When  a  force  acts  against  a  point 
in  the  surface  of  a  body,  it  exerts  a  pres- 
sure which  crowds  together  the  neighbor- 
ing particles  ;  the  body  yields,  is  compress- 
ed  and   its  surface  indented;   the  crowded 

particles  make  an  effort,  by  their  molecular  forces,  to  regain  th^ 
primitive  places,  and  thus  transmit  this  crowding  action  even  to  the 
remotest  particles  of  the  body.  If  these  latter  particles  are  fixed  or 
prevented  by  obstacles  from  moving,  the  result  will  be  a  compression 
and  change  of  figure  throughout  the  body.  If,  on  the  contrary,  these 
extreme  particles  are  free,  they  will  advance,  and  motion  will  be  com- 
mimicated  by  degrees  to  all  the  part-s  of  the  body.  This  internal  motion, 
the  result  of  a  series  of  compressions,  proves  that  a  certain  time  ia 
necessiiry  for  a  force  to  produce  its  entire  effect,  and  the  error  of 
supposing  that  a  finite  velocity  may  be  generated  instantaneously. 
Tlie  same  kind  of  action  will  take  place  when  the  force  is  employed 
to  destroy  the  motion  which  a  body  has  already  acquired;  it  will 
first  destroy  the  motion  of  the  molecules  at  and  nearest  the  poiBi  of 
Mct/on,  and  tiren,  by  degrees,  that  of  those  wlddi  are  aioie  ssB 
ia  the  order  of  distance. 
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The  molecular  springs  cannot  be  compressed  without  reacting  in  a 
contrary  direction,  and  with  an  equal  effort.  The  agent  which  presses 
a  body  will  experience  an  equal  pressure;  reaciion  is  equal  and  con* 
trary  to  action.  In  pressing  the  finger  against  a  body,  in  pulling  it 
wiUi  a  thread,  or  pushing  it  with  a  bar,  we  are  pressed,  drawn,  at 
pushed  in  a  contrary  direction,  and  with  an  equal  effort.    Two  weigh- 


ing q>nngs  attached  to  the  extremities  of  a  chain  or  bar,  will  indicate 
the  same  .degree  of  tension  and  in  contrary  directions  when  made  to 
act  upon  each  other  through  its  intervention. 

In  every  case,  therefore,  the  action  of  a  force  is  transmitted  through 
a  body  to  the  ultimate  point  of  resistance,  by  a  series  of  equal  and 
contrary  actions  and  reactions  which  balance  each  other,  and  which 
the  molecular  springs  of  all  bodies  exert  at  every  point  of  the  right 
line,  along  which  the  force  acts.  It  is  in  virtue  of  this  property  of 
bodies,  that  the  action  qf  a  force  may  be  assumed  to  be  exerted  at 
aHy  paint  in  its  line  of  directioti  within  the  boundary  of  the  body, 

§41. — Bodies  being  more  or  less  extensible  and  compressible,  when 
interposed  between  the  motor  and  resistance,  will  be  stretched  or 
compressed  to  a  certain  degree,  depending  upon  the  energy  with  which 
these  forces  act;  but  as  long  as  the  force  and  resistance  remain  the 
same,  the  body  having  attained  its  new  dimensions,  will  cease  to 
change.  On  this  account,  we  may,  in  the  investigations  which  follow, 
assume  that  the  bodies  employed  to  transmit  the  action  of  forces  from 
one  point  to  another,  are  inextensible  and  rigid. 

WORK. 

§42.— To  work  is  to  overcome  a  resistance   continually  recurring 
djD^g  tome  path.    Thus,  to  raise  a  body  through  a  vertical  height^  ita 
^  mnflt  be  overooiiie  at  every  point  of  the  vc^rtVcaX  ^\]^   M  r 


38  ELEMENTS    OF    AXALYTICAL    MECHANICS. 

bodv  fall  through  a  vertical  height,  its  weight  derelops  its  inertia,  at 
every  point  of  the  descent.  To  take  a  shaving  from  a  board  with  a 
plrjie.  the  cohesion  of  the  wood  must  be  overcome  at  every  point 
along  the  entire  length  of  the  path  described  by  the  edge  of  the  chisel. 

§43. — The  resistance  may  be  constant,  or  it  may  be  variable.  In 
the  first  case,  the  quantity  of  vork  performed  is  the  constant  resistanco 
taken  as  many  times  as  there  are  points  at  which  it  has  acted,  and 
is  measured  by  the  product  of  the  resistance  into  the  path  described 
by  its  point  of  application,  estimated  in  the  direction  of  the  resistance. 
When  the  resistance  is  variable,  the  quantity  of  work  is  obtained  by 
estimating  the  elementary  quantities  of  work  and  taking  their  sum. 
By  the  elementary  quantity  of  work,  is  meant  the  intensity  of  the 
variable  resistance  taken  as  many  times  as  there  are  points  in  the 
indetinitoly  small  path  over  which  the  resistance  may  be  regarded  as 
constant :  and  is  measured  bv  the  intensitv  of  the  resistance  into  the 
dilTerential  of  the  path,  estimated  in  the  direction  of  the  resistance. 

§  44. — In  general,  let  P  denote  any  variable  resistance,  and  i  the 
path  described  by  its  point  of  application,  estimated  in  the  direction 
of  the  resistanee;  then  will  the  quantity  of  work,  denoted  by  Q,  be 
given  bv 

Q=/P.d* (7) 

which  integrated  between  certain  limits,  will  give  the  value  of  Q, 

§45. — T\w  simplest  kind  of  work  is  that  performed  in  raising  a 
weight  through  a  vertical  height,  it  is  taken  as  a  standard  of  com- 
parison, and  suggests  at  once  an  idea  of  the  quantity  of  work 
expended   in   any  particular  case. 

Lot  the  weight  be  denoted  by   IF,  and  the  vertical  height  by  J?; 

then  will 

Q^~  W.H (8). 

If  W  become  one  pound,  and  //  one  foot,  then  will 

aiul   the  unit  of  work  isf^  therefore,  the  unit  of  force,  one  poand, 
(\\orri\{  i>\er  the  unit  of  oUtance,  «Mift  fuot*,  and  is  measared  bj  m 

\ 
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•qusTO  (.>f  which  tho  adjacent  si^es  are  respectively  one  foot  wad  one 
pound,  taken  from  the  same  scale  of  equal  parts. 

§46.— To  illustrate  the  uae  of  Equation  (7),  let 
It  be  required  U  compute  the  quantity  of  worit 
necessary  to  compress  the  spiral  spring  of  the 
common  spring  balance  to  any  given  degree,  say 
from  the  length  AB  to  I>B.  Let  the  resistance 
vary  directly  as  the  de^ee  of  compression,  and 
denote  the  distance  AJ>'  by  «;   then  vill 


in  which  C  denotes  the  resistance  of  the  spring 
vben  the  balance  is  compressed  through  the  dis- 
tance unity. 

TWa  ^-alue  of  i*  in  Equation  (7),  gives 

vhich  mtegratcd   between  the  limits  x  =  Q   and  x  =:  Ajf  =  a,  gnta 


Let  C=10  pounds,  a  =  3  feet;  then  will 

Q  =3  45     units  of  vork, 
and    ihe   quantity  of  work  will   be   equal  to  that  required   to  raise 
45    pounds   through   a   vertical  height  of   one  foot,   or  one   pound 
through   a  height  of   45  feet,  or  0    pounds    through    5   feet,   or  5 
pounds  through  9  feet,  &c,  all  of  which  amounts  to  the  same  thing. 

§47. — A  wean  rfjijten«  is  that  which,  multiplied  into  the  entire 
path  described  in  the  direction  of  the  resistance,  will  give  the  entir« 
quantity  of  work.  Denote  this  by  Ji,  and  tho  entire  path  by  >, 
and  from   the  definition,  we  have 


wbcncc. 


_fP.d, 


^\ 
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That  is,  the  mean  resistanoe  is  equal  ta  Hie  entire  work,  dirided 
by  the  mtire  path. 

Id  the  above  example  the  path  being  3  feet,  the  mean  resistanoa 
would  be   15   pounds. 


§48. — Equation  (7)  shows  that  tbo  quantity  of  work  is  equal  to 
the  area  included  between  the  path  t,  in  the  direction  of  the 
resistanoe,  the  curve  whose  ordinates  are  the  different  values  of  P,  and 
the  ordinates  which  denote  the  extreme  resistances.  Whenever, 
therefore,  the  curve  which  connects  the  resistance  with  the  path  is 
known,  the  process  for  finding  the  quantity  of  work  ia  one  of 
simple  integration. 

Sometimes  this  law  cannot   be  found,  and    the   intensity  of  the 
resistance  is  given  only  at  certain  points  of  the  path.    In  this  case 
wo    proceed    as   follows,   viz. :    At   the    several    points  of    the  path 
where  the  resistance  is    known,  erect    ordinates    equal  to  the  cor- 
responding   resistances,   and  connect    tlteir    extremities   by   a    curved 
line ;   then  divide  the  path  descril>ed  into  any  evtn  number  of  equal 
parts,  and  erect  the  ordinates 
at  the  points  of  division,  and 
at   the    extremities ;    number 
the    ordinates    in    the    order 
of  the  natural  numbers;   aiid 
toye&tr   Ike  extreme  ordinatei, 
inereaie  ikU  sum  £y  /our  limes 
that  of  Ae  even  ordinatet  and 
tioice  that  of  the   wiewn  ordi- 
nates, and  multiply  by  one-third 
of    the    diilanee    between    any 
two  eoiieecutive  ordinates. 

Demonttration :  To  compute  the  area  comprised  by  a  curve,  any 
two  of  its  ordinates  and  the  axis  of  abscisses,  by  plane  geometry, 
divide  it  into  elementary  areas,  by  drawing  ordinates,  as  in  the 
Uot  figure,  and  regard  each  of  the  elementary  figures,  «,  e,  r,  r„ 
<b  4  **  'm   ^^   ■"    trapetoids ;   it   Is   obvious    that    the    error  of 
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this  suppoution  will  be  less,  in  proportion 
»s  the  number  of  trapezoids  between  given 
UmitB  is  greater.  Take  the  first  two  trape- 
zoids of  the  preceding  figure,  and  divide  the 
distance  «,  r,  into  three  equal  parts,  and  at 
the  points  of  di virion,  erect  the  ordinates 
m  M,  nti  "i ;  ^0  ^'^^  computed  from  the  three 
trapezoids  e,mnr„  mm,  n,n,  m,e,r,n„  will 
be  more  accurate  than  if  computed  from  the 
two  €,e,r,r„  e,etrtr^ 

Hie  area  b;  the  three   trapezoids  is 


»^ 


'.r,  +  wn 


tnn  +  nil  n 


Ba*   by  construction, 

and   the  above  may  be  written, ' 

but    in   the  trapezoid  m  tn,  n,  n, 

2  nm  -{-  S  m,  n,  =  4  «,  r„     very  nearly ; 
whence  the  area  becomes 

i*.e.(«,n  +  4*,r.  +  <.r,); 
the    area  of   the    next    two    trapezoids    in  order,  of    the 
figure,  will  be 

and  rimiloT  expressions  for  each  succeeding  pair  of  trapezoids. 
Taking  the  sum  of  these,  and  we  have  the  whole  area  bounded  by 
the   curve,  its  extreme  ordinates,  and   the   axis  of  abscisses ;   or, 

^  =1  i<,»,[«ir,  +  4<.r,  +  2«,r,  f  4^r.  +  2«.r.  +  4e,r,  +  e,r,l  .  (10) 

M»  tba  rale. 
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§49. — By  the  processes  now  explained,  it  is  easy  to  estimate  thd 
quantity  of  work  of  the  weights  of  bodies,  of  the  resistances  due  to 
the  forces  of  affinity  which  hold  their  elements  together,  of  their 
elasticity,  dec.  It  remains  to  consider  the  rules  by  which  the  quantity 
of  work  of  inertia  may  be  computed.  Inertia  is  exerted  only  during 
a  change  of  state  in  respect  to  motion  or  rest,  and  this  brings  us 
to  the  subject  of   varied  motion. 

VARIED    MOTION. 

§  50. — Varied  motion  has  been  defined  to  be  that  in  which  unequal 
spaces  are  described  in  equal  successive  portions  of  time.  In  this 
kind  of  motion  the  velocity  is  ever  varying.  It  is  measured  at  any 
given  instant  by  the  length  of  path  it  would  enable  a  body  to 
describe  in  the  first  subsequent  unit  of  time,  were  it  to  remain 
unchanged.  Denote  the  space  described  by  s,  and  the  time  of  its 
description    by    t. 

However  variable  the  motion,  the  velocity  may  be  regarded  as 
constant  during  the  indefinitely  small  time,  dt.  In  this  time  the 
body  will  describe  the  small  space  ds ;  and  as  this  space  is  des- 
cribed uniformly,  the  space  described  in  the  unit  of  time  would, 
were  the  velocity  constant,  be  ds  repeated  as  many  times  as  the 
unit  of  time  contains  dt.  Hence,  denoting  the  value  of  the  velo- 
city at  any   instant  by  v,   we   have 

or, 

•=^ (>') 

§51. — Continual  variation  in  a  body's  velocity  can  only  be  pro- 
duced by  the  incessant  action  of  some  force.  The  body's  inertia 
opposes  an  equal  and  contrary  reaction.  This  reaction  is  directly 
proportional  to  the  mass  of  the  body  and  to  the  amount  of  change 
in  Its  velocity;  it  is,  therefore,  directly  proportional  to  the  product 
of  the  mass  into  the  increment  or  decrement  of  the  velocity.  The 
product  of  A  mass  Into  a  velooity,  represents  a  guon/ity  q^  moilmi. 
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Hie  intensity  of  a  moUve  force,  at  any  instant,  is  assumed  to  be 
measured  by  the  quantity  of  motion  which  this  intensity  can  generate 
in  a  unit  of  time. 

Hie  mass  remaining  the  same,  the  velocities  generated  in  equal 
micoessive  portions  of  time,  by  a  constant  force,  must  be  equal  to 
each  other.  However  a  force  may  vary,  it  may  be  regarded  as 
constant  during  the  indefinitely  short  interval  dt\  in  this  time  it  will 
generate  a  velocity  dv^  and  were  it  to  remain  constant,  it  would 
generate  in  a  unit  of  time,  a  velocity  equal  to  dv  repeated  as  many 
times  as  e/<  is  contained  in  this  unit;  that  is,  the  velocity  generated 
would  be  equal  to 

dt"  dt' 

and  denoting  the  intensity  of  the  force  by  P,  and  the  mass  by  if, 
we  shall  have 

P  =  M.^ (12) 

dt  ^ 

Again,  differentiating  Equation  (11),  regarding  /  as  the  independent 
Tadable,  we  get, 

and   this,  in  Equation  (12),  gives 

P  =  M.^ (13) 

dfi 

[From  Equation  (11),  we  conclude  that  in  varied  motion,  the  velocity 
ui  any  instant  is  equal  to  the  first  differential  co-efficient  of  the  space 
regarded  as  a  /unction  of  the  time. 

From  Equation  (12),  that  the  intensity  of  any  motive  force,  or  of 
the  inertia  it  develops,  at  any  instant,  is  measured  by  the  product  of 
ike  mass  into  the  first  differential  co-efficient  of  the  velocity  regarded  as 
«  fknetiim  of  the  time. 

And  from  Equation  (13),  that  the  fntensity  of  the  motive  force  or 

%wrtiay  is   measured   by   the  product  of  the   mans   into   the  second 
itftf  etHjUent  ^  thi  space  regarded  as  a  jftincHon  o/  the  t\m«* 
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§52. — To  illustrate.     Let  there  be  the  relation 


M=zaP  +  bfi 


(14) 


required  the  space  described  in  three  seconds,  the  ^velocity  at  the  end 
of  the  third  second,  and  the  intensity  of  the  motive  force  at  the  same 
instant 

Differentiating  Equation  (14)  twice,  dividing  each  result  by  <//,  and 
multiplying  the  last  by  if,  we  find 


dt 


M-^^  =  P  =  M[6at  +  2b] 


•         •         • 


•         • 


(15) 


(16) 


Make  a  =  20  feet,  6  =  10  feet,  and  <  =  3  seconds,  we  have, 
from  Equations  (14),  (15),  and   (16), 

8  =  20.33  +  10.32  =  630  feet; 

v=  3.20.32  +  2.10.3  =600  feet; 

P=  if (6. 20.3  +  2.10)  =  380.  if. 

That  is  to  say,  the  body  will  move  over  the  distance  630  feet  in 
three  seconds,  will  have  a  velocity  of  600  feet  at  the  end  of  the 
third  second,  and  the  force  will  have  at  that  instant  an  intensity 
capable  of  generating  in  the  mass  Jf,  a  velocity  of  380  feet  in  one 
secoud,  were  it  to  retain  that  intensity  unchanged. 

§53. — Dividing  Equations   (12)   and   (13)   by  M,  they  give^ 


p 

dv 

M" 

dt 

P 

d:^8 

Jf  "" 

dt^ 

•  •••••• 


(17) 


(18) 


The  first  member  is  the  same  in  both,  and  it  is  obviously  that 
portion  of  the  forceps  intensity  which  is  impressed  upon  the  unit  of 
mass.  The  second  member  in  each  is  the  velocity  impressed  in  the 
unit  of  time,  end  is  called  the  acifeteroHon  due  to  the  motive  fo**oe* 
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§54. — From  Equation  (11)  we  have, 

^s  =  v.dt (19) 

multipljing  this  and  Equation  (12)  together,  there  will  result, 

F.ds  z=  M.v.dv      .     .     .     .     (20) 


and  integrating, 


fP.^  =  '^ (21) 


The  first  member  is  the  quantity  of  work  of  the  motive  force, 
which  is  equal  to  that  of  inertia;  the  product  M.v^,  is  called  the 
living  force  of  the  body  whose  mass  is  M,  Whence,  we  see  that 
the  work  of  inertia  is  equal  to  half  the  living  force ;  and  the  living 
force  of  a  body  is  double  the  quantity  of  work  expended  by  its  inertia 
while  it  is  acquiring  its  velocity, 

§  55. — If  the  force  become  constant  and  equal  to  F,  the  motion 
will   be  uniformly  varied^   and   we  have,   from   Equation   (18), 

F  _dh 
M  ""  d(^' 

Moldplying  \}y  dt  and  integrating,  we  get 

|..  =  i*+C=»+C     .    .    (22) 

and  if  the  body  be  moved  from  rest,  the  velocity   will   be  equal  to 
lero  when  t  is  zero ;  whence  (7  =  0,  and 

1"  =  " (23) 

Multiplying  Equation   (22)   by    dt,   after  omitting  C  from  it,  and 
integrating  again,  we  fmd  • 

F    ^ 

Md  if  the  body  start  from  the  origin  of  spaces,  C^  will  be  zero,  and 

F  t* 

Jf'8=' ^^ 
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Making   t  equal   to   one  aeoond,  in  Equations  (24)  and  (23),  and 
diyiding  the  last  by  the  first,  we  have 


2 


V 


or. 


V  =  2« 


(25) 


That  is  to  say,  the  velocity  generated  in  the  first  unit  of  time  is 
measured  by  double  the  space  described  in  acquiring  this  velocity. 
Equations  (23),  (24),  and  (25)    express  the  laws  of  constant  forces. 

§56. — The  dynamical  measure  for  the  intensity  of  a  force,  or  the 
pressure  it  Is  capable  of  producing,  is  assumed  to  be  the  efiect  this 
pressure  can  produce  in  a  unit  of  time,  this  effect  being  a  quantity 
of  motion,  measured  by  the  product  of  the  mass  into  the  velocity 
generated.  This  assumed  measure  must  not  be  confounded  with  the 
quantity  of  work  of  the  force  while  producing  this  effect.  The 
former  is  the  measure  of  a  single  pressure;  the  latter,  this  pressure 
repeated  as  nTany  times  as  there  are  points  in  the  path  over  which 
this  pressure  is  exerted. 

Thus,  let  the  body  be  moved  from  A  to 
By  under  the  action  of  a  constant  force,  in 
one  second;  the  velocity  generated  will. 
Equation  (25),  be  2A£.  Make  BC  =  2AB, 
and  complete  the  square  BCFE,  BE  will 
be  equal  to  v;  the  intensity  of  the  foice 
will  be  M,v\  and  the  quantity  of  work, 
the  product  of  M,v  by  AB^  or  by  its 
equal  \  v ;  thus  making  the  quantity  of 
work  ^Mv\  or  the  mass  into  one  half  the 
square  BF'^  which  agrees  with  the  result  obtained  from  Equation  (21). 


EQUnJBBIUlC 


g57. — Equilibrium    is  a  term  employed  to  express  the  state  of 
two  or  more  forces  which  balance  one  another  through  the  interveoo 
tioa  of  some  body  subjected  to  their  siniultaneous  action.    When 
MfplM  to  M  hodj,  it  means  that  the  body  is  at  n»t 
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We  must  be  careful  to  distinguish  between  the  extraneous  forces 
ivhich  act  upon  a  body,  and  the  forces  of  inertia  which  they  may,  or 
may  not,  develop. 

If  a  body  subjected  to  the  simultaneous  action  of  several  extraneous 
forces,  be  at  rest,  or  have  uniform  motion,  the  extraneous  forces  are 
in  equilibrio,  and  the  force  of  inertia  is  not  developed.  If  the  body 
have  varied  motion,  the  extraneous  forces  are  not  in  equilibrio,  but 
develop  forces  of  inertia  which,  with  the  extraneous  forces,  are  in 
equilibrio.  Forces,  therefore,  including  the  force  of  inertia,  are  ever 
in  equilibrio ;  and  the  indication  of  the  presence  6r  absence  of  the 
force  of  inertia,  in  any  case,  shows  that  the  body  is  or  is  not  chang 
ing  its  condition  in  respect  to  rest  or  motion.  This  is  but  a  conse- 
quence of  the  universal  law  that  every  ciction  is  accompanied  by  an 
equal  and  contrary  reaction, 

THE    CORD. 

g  58. — A  card  is  a  collection  of  material  points,  so  united  as 
to  form  one  continuous  and  flexible  line.  it  will  be  considered. 
In  what  immediately  follows,  as  perfectly  flexible^  iuexlenaihle^  and 
without  thickness  or  weight, 

§59. — By  the  tension  of  a  cord  is  meant^  the  effort  by  which  any 
two  of  its  adjacent  particles  are  urged  to  separate  from  each  other. 

§60. — ^Two   equal   forces,  P   and  P\  applied   at   the   extremities 
A^  A'  of  a  straight  cord,  and 
acting  in  opposite  directions 

from  its  middle  point,  will  £1 ^ 

maintain  each  other  in  equi-  ^ 
librio.      For,   all   the   points 

of  the  cord  being  situated  on  the  line  of  direction  of  the  forces,  any 
one  of  them,  as   0,  may  be  taken  as  the  common  point  of  applica- 
tioii  without  altering  their  effects ;   but  in  this  ease,  the  forces  \xkag 
pal  will,    §84^    neutralize  each  other. 


0 
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g61. — If  two  equal  forces,  P  and  P',  solicit  in  opposite  directiona 
the  extremities  of  the  cord 
A  A\  the  tension  of  the  cord 

will  be  measured  by  the  in-  ^ Jt  ^^  A  "B 

tensity  of  one  of  the  forces. 

For,  the   cord   being  in  this  ^ 

case  in  equilibrlo,  if  we  suppose  any  one  of  its  points  as  0,  to  become 
fixed,  the  equilibrium  will  not  be  disturbed,  while  all  communica- 
tion between  the  forces  will  be  intercepted,  and  either  force  may 
be  destroyed  without  affecting  the  other,  or  the  part  of  the  cord  on 
which  it  acts.  But  if  the  part  A  0  of  the  cord  be  attached  ^to  a 
fixed  point  at  0,  and  drawn  by  the  force  P  alone,  this  force  must 
measure  the  tension. 

THE    MUFFLE, 


§  62. — Suppose  A^  A\  B,  Ry  &c.,  to   be   several   small  wheels  or 
pulleys  perfectly  free 
to  move  about  their 
centres,    which,   con- 
ceive for  the  present 
to    be  fixed    points. 
Let  one  end  of  a  cord 
be  fastened  to  a  fixed 
point     C,     and     be 
wound    around    the 
pulleys  as  represent- 
ed in  the  figure;   to  the  other  extremity,   attach  a  weight  t9.     Tho 
weight  w  will  be  maintained  in  equilibrio  by   the   resistance  of  the 
fixed  point  C,  through  the  medium  of  the  cord.     The  tension  of  the 
cord   will   be  the  same    throughout  its  entire  length,   and   equal   to 
the  weight  tr ;   for,  the   cord   being  perfectly  flexible,  and   the  wheels 
perfectly   free  to    move    about    their    centres,   there    is    nothing    to 
intercept  the  free  transmission  of  tension  from  one  end  to  the  other. 

Let  the  points  t  and  r  of  the  oord  be  supposed  for  a  moment^' 
fixed;  the  intermediate  portion  i r  may  be  removed  without  affecting 


MECHANICS    OF    SOLIDS.  ^9 

the  tension  of  the  cord,  or  the  equilibrium  of  the  weight  w.  At 
the  point  r,  apply  in  the  direction  from  r  to  a^  a  force  whose  inten- 
sity  is  equal  to  the  tension  of  the  cord,  and  at  «  an  equal  force 
acting  in  the  direction  from  s  to  b]  the  points  r  and  s  may  now  be 
regarded  as  free.  Do  the  same  at  the  points  s\  r\  $^\  r^\  a^^'  and 
f^^%  and  the  action  of  the  weight  w,  upon  the  pulleys  A  and  A^  will 
be  replaced  by  the  four  forces  at  *,  *^,  «^'  and  9i^^\  all  of  equal  in- 
tensity and  acting  in  the  same  direction. 

Now,  let  the  centres  of  the  pulleys  A  and  A^  be  firmly  'con- 
nected with  each  other,  and  with  some  other  fixed  point  as  m,  in 
the  direction  of  BA  produced,  and  suppose  the  pulleys  diminished 
indefinitely,  or  reduced  to  their  centres.  Each  of  the  points  A  and 
A^  will  be  solicited  in  the  same  direction,  and  along  the  same  line, 
by  a  force  equal  to  2w^  and  therefore  the  point  m,  by  a  force 
equal   to  4w, 

Had  there  been  six  pulleys  instead  of  four,  the  point  m  would 
have  been  solicited  by  a  force  eqi^al  to  ^w^  and  so  of  a  greater 
number.  That  is  to  say,  the  point  m  would  have  been  solicited  by 
a  force  equal  to  t9,  repeated  as   many  times  as  there  are  pulleys. 

If  the  extremity  C  of  the  cord  had  been  connected  with  the  point 
fit,  after  passing  round  a  fiflh  pulley  at  C,  the  point  m  would 
have  been  subjected  to  the  action  of  a  force  equal  to  buj ;  if 
seven  pulleys  had  been  employed,  it  would  have  been  urged  by  a 
force  7i£f;  and  it  is  therefore  apparent,  that  the  intensity  of  the 
force  which  solicits  the  point  m,  is  found  by  multiplying  the  tensiim 
of  the  cord,  or  weight  w,  by  the  number  of  pulleys. 

This  combination  of  the  cord  with  a  number  of  wheels  or  pulleys, 
is  called  a  muffle. 

%QS. — Conceive  the  point  m  to  be  transferred  to  the  position 
mf  or  m^",  on  the  line  AB.  The  centres  of  the  pulleys  A,  A\  dec, 
being  invariably  connected  with  the  point  m,  will  describe  equal 
paths,  and  each  equal  to  m  m\  or  m  m'\  so  that  each  of  the  parallel 
portions  of  the  cord  will  be  shortened  in  the   first  case,  or  length- 

fl  in  the  seocmd,  by  equal  quantities;  and  if  0  denote  the  length 

he  peth  dMcribed  by  m^  n  the  number  of  paraUeV  ^tlXoiA  0I 
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the  cord,  which  is  equal  to  the  number  of  pulleys,  and  f,  the  change 
in  length  of  the  portion  uw  in  consequence  of  the  motion  of  m^ 
we  shall  have,  because  the  entire  length  of  the  cord  remains  the  same» 

n.e  =  g (26) 

The  first  member  of  this  equation  we  shall  refer  to  as  the  change 
in  length  of  cord  on  the  pulleys, 

§04. — The  action  of  anj  force  P,  upon  a  material  point,  maj  be 
replaced  by  that  of  a  muffle,  by  making  the  tension  of  its  cord  equal 
to  the  intensity  of  the  given  force^  divided  by  the  number  of  parallel 
portions  "of  tlu  cord^  or  number  of  pullies. 

VIKIUAL  VELOCITIES. 

§  65. — Let  M  represent  a  collection  of  material  points,  united  in 
any  manner  whatever,  forming  a  solid  body,  and  subjected  to  the 
action  of  several  forces,  P,  P^,  P''^,  P'^,  6iC.  ;  and  suppose  these 
forces  in  equilibrio. 

Find  the  greatest  force  t?,  which  will  divide  each  of  the  given 
fi>rees  without  a  remainder;  replace  the  force  P  by  a  muffle^  having 


p 

A  number  of  pulleys  denoted  by  — ;   Uie  tension  of  the  corf  will 
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be  denoted  bj  w.  Do  the  same  for  each  of  the  forces,  and  wo 
shall  have  as  many  muffles  as  there  are  forces,  and  all  the  cords 
will  have  the  same  tension. 

Let  the  several  cords  be  united   into   one,  as  represented  in  the 
figure,  one  end  being  attached  at  C,  the  other  acted  upon  by  a  weight 

equal  to  the  force  to.      The  action    upon    the  body  will  remain  un- 

< 

changed ;   that  is,  the  substituted  forces,  including  tr,  will  be  in  equi- 

librio. 

In  this  state  of  the  systen),  let  a  force  Q  be  applied  to  put  the 

body   in   motion,  and  at  the    instant  motion    begins,   withdraw   this 

'force  and  stop  the  motion  before  the  equilibrium  of  the  forces  is  des 

troyed.     The  points  of  application  of 

the    original   forces   will   each  have 

described  an  indefinitely  small  path, 
as  juifi.  Let  mrbe  the  projection 
of  this  path  upon  the  original  dircc- 
CJon  of  the  force,  and  denote  the 
length  of  this  projection  by  e.  Join 
the  point  n  with  any  point  o,  on 
Che  direction  of  the  force  and  at 
some  definite  distance  from  m.    From  the  triangle  onr,  we  have 

— 3        — 3         — 2 

on    z=z  or   '\'  nr  I 

the  displaeement  bemg  indefinitely  sraali,  nr  may  be  neglected  in 
comparison  with  or  ,  being  an  indefinitely  small  quantity  of  tiie  second 
order;  heace. 


and. 


on  =  or. 


ow  —  on  =  om  —  or  z=  e^ 


Bot  the  number  of  pulleys  in   the   muffle    which  acts   along  the 
of  the  force  f  is,     ' 


w 


hogth 
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muffle,  caused  bj  the  slight  motion  of  the  point  of  application  of  the 
force  P,  will,  since  the  centre  of  the  pulley  B  is  fixed,  be 

> 

to 

and  denoting  bj  e^,  e"y  e"\  dec,  the  projections  of  the  paths  described 
by  the  points  to  which  the  forces  P\  F"^  P^'\  &c.,  are  respectirely 
applied,  on  the  original  directions  of  these  forces,  we  shall  have 


P\  e     P"'.  ^'     P"''.  tf 


'// 


,      9 


W  V9  V9 


>    &C, 


for  the  corresponding  changes  in  the  length  of  the  cord  on  the  other 
muffles. 

In  all  these  changes,  the  cord  being  inextensible,  its  entire  length 
remains  the  same,  and  if  the  change  in  length  which  the  portion  uw 
midergoes    be  denoted  by  g,  we  shall  have 

—  (P. tf  -f  P'. c'  +  P".  e"  +  P"\ t"'  +  <kc.)  +  g  =  0     .     .  (27) 

This  equation  expresses  the  algebraic  sum  of  all  the  changes  id 
the  lengths  of  the  several  parts  of  the  cord,  between  the  points  of 
application,  and  the  fixed  points  towards  which  the  points  of  applica- 
tion are  solicited;  the  effect  of  these  changes  being  to  shorten  some 
and  lengthen  others,  some  of  the  terms  of  Equation  (27)  must 
be  negative. 

Now  it  i^  one  of  the  essential  properties  of  a  system  of  forces 
in  cquilibrio,  to  leave  a  body  subjected  to  their  action  as  free  to 
move  as  though  these  forces  did  not  exist.  The  additional  force  Q, 
therefore,  was  wholly  employed  in  developing  the  inertia  of  the 
body  M\  it  was  neither  assisted  nor  opposed  by  the  forces  repre- 
sented by  the  action  of  the  muffles,  because  these  forces  balanced 
each  other,  and  the  motion  was  arrested  before  the  points  of  appli- 
cation were  sufficiently  distorbed  to  break  up  the  equilibrium;  nor, 
reciprocally,  §85,  was  the  action  of  the  muffles,  nor  the  tension  of 
the   cord   whUk  produced   this   actio&i'  affected   by  Q«     Hence  fhf[ 
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tension  of  tlio  cord  was  invariable  danng  the  disturbance.     But  an 

invariable  tension  must  have  kept  the  weight  vf  at  rest  during  the 

displacement,  and  we  have 

1=0, 

and  Equation  (27)  will  reduce  to, 

Pe  +  F'e'  +  F"e'  +  P^'t"'  +  &c.  =  0  ;     .    .     .     .  (28) 

§6d. — ^It  may  be  objected,  that  the  given  forces  are  incommensu- 
rable, and  that  therefore,  a  force  cannot  be  found  which  will  divide 
each  without  a  remainder;  to  which  it  is  answered,  that  Equation 
(5^),  being  perfectly  independent  of  the  value  of  the  weight  t^,  or 
tension  of  the  cord,  this  weight  may  be  taken  so  small  as  to  render 
the  remainder  afler  division  in  any  particular  case,  perfectly  inappre- 
ciable. 

§€7. — ^The  indefinitely    small   paths  ntn,  m'n\   described    by    tlie 
points  of  application  of  the  forces,  P  and  P%  during  the  slight  motion 
we  have  supposed,  are  called  virtual  veloci- 
ties ;  and  they  arc  so  called,  because,  being 

the   actual    distances    passed    over    by   the  y/\ 

points  to  whidi  the  forces  are  applied,  in        n'v^ 
tlie   same  time,  they  measure  the  relative         ^  ^  nu?^ 

rates  of  motion  of  these  points.      The  dis- 
tances rm  and  r*m%  represented  by  e  and 

e',  are  therefore,  the  projections  of  the  virtual  velocities  upon  the 
directions  of  the  foroes.  These  projections  may  fall  on  the  side 
towards  which  the  forces  tend  to  urge  these  points,  or  the  reverse, 
depending  upon  the  direction  of  the  motion  imparted  to  the  system. 
In  the  first  case,  the  projections  are  regarded  as  positive,  and  in  the 
second,  as  negative.  Thus,  in  the  case  taken  for  illustration,  mr  is 
positive,  and  mV  negative.  The  products  Pe  and  P'e\  are  called 
virtual  moments.  They  are  the  elementary  quantities  of  work  of  the 
forces  P  and  P^,  The  forces  are  always  regarded  as  positive ;  the 
dgn  of  a  virtual  moment  will,  therefore,  depend  upon  that  of  the 
pngection  of  the  virtual  velocity. 

^|M. — Refening  to  Equation  (28),  we  conclude,  therefore^  ihat  uK«!^- 
iwmf  fBTOB  ar$  m  eguilibrio^  the  alffehraic  sum  of  thcVr  wIidqX 


■*P 
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momenta  ia  equal  to  zero ;  •  and  in  tliis  consists  what  is  called  the  prin 
ciple  of  virtual  velocities. 

§69. — Conversely,  if    in  any  system  of  forces,  the  algebraic  sum 
'  of  the  virtual  moments  be  equal  to  zero,  the  forces  will  be  in  equi« 

librio.  For,  if  they  be  not  in  equilibrio,  some,  if  not  all  the  points 
of  application  will  have  a  motion.  Let  q,  q\  q'\  dsc,  be  the  pro- 
jections of  the  paths  which  these  points  describe  in  the  first  instant 
of  time,  and  Q,  Q',  Q",  6ec.,  the  intensities  of  such  forces  as  will, 
when  applied  to  these  points  in  a  direction  opposite  to  the  actual 
motions,  produce  an  equilibrium.  Then,  by  the  principle  of  virtual 
velocities,  we  shall  have 

Pe  +  P'e'  +  P"e"  +  &c.  +  Qq  +  Q'q'  +  Q'Y  +  &c.  =  0 

But  by  hypothesis, 

Pe  +  P'e'  +  P"e"  +  &c.  =  0, 
and  hence, 

Qq  +  Q'q'  +  Q'Y  +  &c.  =  o  .    .    .    (28)' 

Now,  the  forces  Q,  Q^,  Q^\  &c.,  have  each  been  applied  in  a  direc- 
tion contrary  to  the  actual  motion ;  hence,  all  the  virtual  moments  in 
Elquation  (28)'  will  have  the  negative  sign ;  each  term  must,  therefore, 
be  equal  to  zero,  which  can  only  be  the  case  by  making  Q,  Q\  Qf^^ 
&c.,  separately  equal  to  zero,  since  by  supposition  the  quantities 
denoted  by  ^,  q\  q'\  are  not  so.  We  therefore  conclude,  that  when 
the  algebraic  sum  of  the  virtual  moments  of  a  system  of  forces  ia 
equal  to  zero,  the  forces  will  be  in  equilibrio. 

Whatever  bo  its  nature,  the  effect  of  a  force  will  be  the  same  if 
we  attribute  its  effort  to  attraction  between  its  point  of  application 
and  some  remote  point  assumed  arbitrarily  and  as  fixed  upon  its  line 
of  direction,  the  intensity  of  the  attraction  being  equal  to  that  of  the 
foroe.  Denote  the  distance  from  the  point  of  application  of  P,  to 
that  towards  which  it  is  attracted,  by  p^  and  the  corresponding  dis- 
tances in  the  case  of  the  forces  P\  P*\  &c.,  by  />',  /)",  &c.,  respect- 
ively ;  also,  let  hp^  6p\  ^p",  &C.,  represent  the  augmentation  or  dimi- 
DuUon  of  these  distances  caused  by  the  displacement,  supposed  indefi- 
Ditely  small,  then  §<V5,  will 

e  =  ijp,  •'  =  Sp\  e"  =  ^,  dco, 
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•nd  Equation  (28)  may  be  written 

PSp  +  F'Sp'  +  P"Sp"  +  &c.  =  0    .    .    .  (29) 

in  which  the  Greek  letter  S  simply  denotes  change  in  the  value  of 
tSe  letter  written  immediately  aflcr  it,  this  change  arising  from  the 
small  displacement. 

§70. — If  the  extraneous  forces  applied  to  a  body  be  not  in  equl- 
librio,  they  will  communicate  motion  to  it,  and  will  develop  forces  of 
inertia  in  its  various  elementary  masses  with  which  they  will  be  in 
equilibrio ;  and  if  extraneous  forces  equal  in  all  respects  to  these  forces 
of  inertia  were  introduced  into  the  system,  the  algebraic  sum  of  the 
virtual  moments  would  be  equal  to  zero. 

But  if  m  denote  the  mass  of  any  element  of  the  body,  s  the 
path  it  describes,  its  force  of  inertia  will,  Eq.  (13),  be 

m, ; 

fluid  denoting  the  projection  of  its  virtual  velocity  on  8  by  Ss,  its  vir- 
tual moment  will  be 

m .  _1 .  Sg  • 

and  because  the  forces  of  inertia  act  in  opposition  to  the  extraneous 
fbrees,  their  virtual  moments  must  have  signs  contrary  to  those  of 
the  latter,  and  Equation  (29)  may  be  written 

J^FJp  ^Im.^.Ss  =  0;  .    .    .    .  (30), 

in  which  2  denotes  the  algebraic  sum  of  the  terms  similar  to  that 
written  immediately  after  it. 

PRINCIPLE    OP    D'ALEMBERT. 

§71. — ^This  simple  equation  involves  the  whole  doctrine  of  Mechanics. 
The  extraneous  forces  jP,  P',  P",  &c.,  are  called  impressed  forces. 
Tlie  forces  of  inertia  wliich  they  develop  may  or  may  not  be  equal  to 
lliem,  depending  upon  the  manner  of  their  application.  If  the  impressed 
be  in  eifuiUbrio,  for  instance,  they  will  dovelup  no  force  oC  vci^t^^v 
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but  in  all  cases,  the  forces  of  inertia  developed  will  be  equal  and  con- 
trary to  so  inucb  of  the  impressed  forces  as  determines  the  change  of 
motion.  The  portions  of  the  impressed  forces  which  determine  a  change 
of  motion  are  called  effective  forces ;  and  from  Equation  (30),  we  infer 
that  the  impressed  and  effective  forces  are  always  in  equilibrio  when  the 
directions  of  the  latter  are  reversed.  This  is  usually  known  as  D^Alem- 
berfs  Principley  and  is  nothing  more  than  a  plain  consequence  of  the 
law  that  action  and  reaction  are  ever  equal  and  contrary. 

This  same  principle  is  also  enunciated  in  another  way.  Since  the 
effective  forces  reversed  would  maintain  the  impressed  forces  in  equi- 
librio, and  prevent  them  from  producing  a  change  of  motion,  it  follows 
thai  whatever  forces  may  he  lost  and  gained  must  he  in  equilibrio;  else 
a  motion  different  from  that  which  actually  takes  place  must  occur. 

REFEUENCE  IX)  CO-ORDINATE  AXES. 

g  72. — First  Transformation.  Equation  (30)  is  of  a  form  too  general 
lor  easy  discussion,  and  may  be  simplified  by  referring  the  forces  and 
motions  to  rectangular  axes. 

Denote  by  a,  j9,  7,  the  angles  which  the  direction  of  the  force 
P  makes  with  the  axes  ar,  y,  2,  respectively;  by  a,  6,  c,  the  angles 
which  its  virtual  velocity  makes  with  the  same*axes;  and  by  9,  the 
angle  which  the  virtual  velocity  and  direction  of  the  force  make  with 
each  other,  then  will 

»  cos  9  r=  cos  a  .  cos  a  +  cos  h .  cos  P  +  cos  e .  cos  y. 

Denote  by  k^  the  virtual  velocity,  and  multiply  the  above  equation 
by  Pk\  and  we  have 

Pk  cos  p  =  Pk  cos  a .  cos  a  +  Pkcos  b .  cos  )8  -j-  Pk  cos  c .  cos  y ; 

But  denoting  the  co-ordinates  of  the  point  of  application  of  P  by 
jp,  y,  2,  we  have 

k  cos  ^  =  dp  \  k  cos  a  z=  Sx  'y  k  cos  b  =  61/  ;  k  cos  e  =  Sz  • 
and  these  valuer  substituted  above,  giVe 

P.J/>  =  Pcosa.Jar  + -Pcos/S.iy  4.  Pcos/.fe.  .  .(31). 
Similar  valuei«  may  be  found  for  the  Tirtusl  moments  of  other  forcea. 
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§  73. — If  P  be  replaced  by  the  force  of  inertia,  then  will  a,  /?,  and 
y  denote  the  inclinations  of  the  direction  of  this  furcc  to  the  axes  xyz\ 
k  its  virtual  velocity;  a,  6,  and  c  the  inclinations  of  the  latter  to  the 
axes,  and  ^  its  inclination  to  the  direction  of  the  force  of  inertia,  and 
we  may,  £q.  (13),  nvrite 

«-Trj»*co8^  =  m— 'COS  a.  A;  COS  a +  rn— COS  p. it;  ooe  6+ m-j~  COS  y.  A;  cose. 

Bat 

it  cos  0  =  d9 ;     k  cma  =  6x;      Ar  cos  6  =  dy ;      Ar  cos  c  =  d^ ; 

tPs,coBa=z€Px\    <P8  COB  Pz=(Py\    (]?*«  cos  y  =  rf'if ; 
whence, 

and  similar  expressions  may  be  found  for  the  virtual  moments  of  the 
forces  of  inertia  of  the  other  elementary  masses. 

§  74. — If  the  intensity  of  the  force  P,  be  represented  by  a  portion 
of  its  line  of  direction,  which  is  the  practice  in  all  geometrical 
illustrations  of  Mechanics,  the  factors  P  cos  a,  P  cos  ^,  and  P  cos  y, 
in  Equation  (31),  would  represent  the  intensities  of  forces  equal  to 
the  projections  of  the  intensity  P,  on  the  axes ;  and  regarding  these 
aB  acting  in  the  directions  of  the  axes,  the  factors  6x^  6y,  and  Sz^  will 
represent  the  projections  of  their  virtual  velocities,  which  virtual  veloci- 
tiea  will  coincide  with  that  of  the  force  P. 
Again,  Equation  (32), 

cPx  d^y  d}z 

"^'-w  "^'w  '"•^' 

are  ibrces  of  inertia  in  the  directions  of  the  axes,  and  ^£,  ^y,  iz^  are 
the  projections  of  their  virtual  velocities ;  these  virtual  velocities  coincide 
with  that  of  the  inertia  of  m. 

The   values  of  these  virtual  velocities  depend  upon  the  nature  of 
the  diq>lacemeDt» 
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FREE   MOTION   OF   A   RIGID   8T8TEM. 

§  75. — Second  Transformation.    By  the  substitation,  in  Equation  (30), 
for  Pdp  and  m .  -t-j  .  6  s,  their  values  in  Equations  (31)  and  (32),  there 

would  result  an  equation  containing,  in  general,  three  times  as  many  vari- 
ations o(  xyz  as  there  are  extraneous  forces  and  elementary  masses,  m. 
Where  the  forces  arc  applied  to  a  body  whose  elementary  masses  are  in- 
variably connected — that  is,  to  a  rigid  solid— the  n%mber  of  these  varia- 
tions is  greatly  reduced,  in  consequence  of  the  relations  determined  by 
this  connection. 

The  most  general  motion  we  can  attribute  to  a  body  is  one 
of  translation  and  of  rotation  combined.  A  motion  of  transla- 
tion carries  a  body  from  place  to  place  through  space,  and  its 
position,  at  any  instant,  is  determined  by  that  of  some  one  of  ita 
elements.  A  motion  of  rotation  carries  the  elements  of  a  body 
around  some  assumed 
point.  In  this  investi- 
gation, let  this  point 
be  that  which  deter- 
mines the  body's  place. 

Denote  its  co-ordi- 
nates by  X,  y^  z^  and 
those  of  the  clement 
m,  referred  to  this  point 
as  an  origin  by  x\  y\ 
z* ;  there  will  thus  be 
two  sets  of  axes,  and 
supposing  them  parallel, 
we  have 


-X* 


and  differentiating. 


a?  =  a?,  +  x\ 
y  =  y,  +  y\ 
z  =  z,  +  z'-y 

dx  ^=  dx,  +  dx'y 
dy  =  dy,  +  dy\ 
dM  sz  dz,  +  d^. 


(33), 


(84). 
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Demit  firom  m,  the  per- 
pendiculars mJT,  m  Y\  mZ'^ 
upon  the  movable  axes. 
I>enote  the  first  by  r\  the 
.  second  by  r'\  and  the  third 
by  r"'.  Let  0',  (T',  0"', 
be  the  projections  of  m,  on 
the  planes  rry,  xz^  yz,  res- 
pectively. Join  the  several 
points  by  right  lines  as 
indicated  in  the  figure. 

Denote  the  angle 


llien  will 


mZ'  0"  by  9, 
mX'O'  by  zs, 
m  T  0'"  by  4.. 


I   a?'  =  r"'  cos  9,  )  ,„-v 

the  triangle  mZ'  (/^  give  )  ^,  ^  ^,„  ^^^^^\ (35), 

(  x'  z=z  r"  sin  X,  1  ,^^. 

the  triangle  m  F  0'".       \,,^^,^.\ (36), 

I  y'  ^r'  cos  «r, ) 
the  triangle  mJT'O',  j  ,,  ^  ,,  ,i„  « j (37). 

We  here  have  two  values  of  x\  one  dependent  upon  9,  and  the 
other  upon  4/.  If  the  body  be  turned  through  an  indefinitely  small 
angle  about  the  axis  z\  the  corresponding  increment  of  x^  is  obtained 
by   differentiating   the   first   of  Equations   (35) ;    and    we   have 

dx'  =:  —r'"  sin  9 .  c/  9 ; 

if  it   be   turned   through   a   like  angle   about    the   axis  y\    the    cor* 

responding   increment  of  x'   is  found   by    differentiating   the   firbt  of 

Equations  (36),  and 

dx'  -=,  r" cos C  .  (/ 4. 

If  these  motion:!  take  placis  simultaneously  about  both  axes,  the 
»b«ive  becuine  partial  differentiuU  of  x\  and  we  have  for  its  total 
diflbrential, 
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replacing  r"  cos  4^  and  r'"  sin  9,  by  their  values  in  the  above  Equ» 
tions,  and  we  get 

and  in  the  same  way, 

dy'  =  x'  ,d(p  —  z'  ,dzs^ 
dz'  =  y'  .dv(  —  x'  ,d  ^^ 


>   .    .     .(38) 


which  substituted  in  Equations  (34),  give 

dx  =  dx,  +  z'  .d-ii^  — 

dy  =  dy^  +  x'.rf  9  — 
dz  =  d  z^  +  y'.rf'cr  — 


y'.rf9,  ' 
z' .  <;?Br, 


.    .(39) 


and  because  the  displacement  is  indefmitely  small,  we  may  write 


6x  = 

Sy  = 

dz  = 


6x^  -j-  z'.d']/  —  y''^9» 
$y^  +  x\$(p  --  z'  .Szs, 


.    .     .(39)' 


and  tnese  in  Equations  (31)  and  (32),  give 

"  Fcosa.Sx^  +Pcos^.^y^  H-Pcosy.fe^  ' 
PSd=    h    + -^-(^'-cos^  —  y'-cosa).^9 


+  P  ,{z' .  cos  a  —  ar' .  cos  y) .  ^>J/ 
L  +  P  >{y*  •  cos  y  —  2' .  cos  P) .  te. 


m  •  — r:r  •  0^^  +  m  •  — ^  •  oy^  +  m  •  — r=  •  Oz 


dfi  '      •  rf/2 


(//2 


dfi 


+  m 


-j-  m 


+  tn 


dC^ 
z' .  d^x  —■  x\d^z 

y\drz  —  z\  d^y 


^9 


54. 


(//2 


—  — .  to. 


,   d^s' 


Similar  values  may  be  found  for  P' .  Sp'  and  m' .  -r-r-  •  Ss'^  &c     in 

these  values  Sx^j  Sy.  and  Sz^^  will  be  the  same,  as  also  £9,^4^  apd 
S%  for  the  first  relate  to  the  movable  origin,  and  the  latter  to  the 
angular  rotation  which,  aincc  the  body  is  a  solid,  must  be  of  ^uti 
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Talues  for  all  the  elements ;  so  that  to  find  the  values  of  the  virtual 
moments  of  the  other  forces,  it  will  be  only  necessary  suitably  to 
accent  -P,  a,  ^,  7,    a?,  y,  z,   x\  y\  z\ 

These  values  being  found  and  substituted  in  Equation  (30),   we 
shall  find. 


r 2 P.  cos  a  —  ^^'-'^\  ^^t 
+  (2P.co8/3-.2w».Jf-)^y, 


(drz  \ 
2P.cos7-2m.-^^^«, 

•f  ^27>.(a;^oosig~y^co8a)-2>n>^''^^""^'''^^]  ^9 


V  =0 .  (40) 


+   r2P.(z\cosa-g\cos7)~2m.^'''^^"^''  — 1  6^ 
+   [2P.(y'.cos7-z'.cos/3)-2m.?^^^^?^— "^-^J  i;tf 


Now  the  displacement  was  wholly  arbitrary;  the  values  of  dr  ,  dy^, 
dz^^  d9,  d4/,  d-a^  determined  by  this  displacement,  are  also  arbitrary; 
whence,  by  the  principle  of  indeterminate  co-efficients, 


2P.00S  a  —  2m 


2-P.C08/3  —  2m 


'dfl 
cPz 


=  0, 


=  0, 


2jP.oos7  —  2m.  -^  =  0; 


(^) 


lP.(«'.C08i8  —  y'.cosa)  —  2m 
ljP.(«'.oo»a  — «'.oo8  7)  —  2m' 
XP.  (/ .  cosy  —  f' .  oosiS)  —  2  m . 


x\  iPy  —  y\  cPx 

z'.  d^x  —  x\  <Pz 
d(* 

/.  d^z  —  ^^  dhf 


=  0, 


=  0, 


=  0. 


•  {B) 
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§76. — These  six  equations  express  either  all  the  circumstanoes  of 
motion  attending  the  action  of  forces,  or  all  the  circumstances  of 
equilibrium  of  the  forces,  according  as  inertia  is  or  is  not  brought 
into  action;  and  the  study  of  the  principles  of  Mechanics  is  little 
else  than  an  attentive  consideration  of  the  conclusions  which  follow 
from  their  discussion. 

Equations  (A)  relate  to  a  motion  of  translation,  and  Equations 
{B)  to  a  motion  of  rotation.  They  are  perfectly  symmetrical  and 
may  be  memorized  with  great  ease. 

COMPOSITION    AND    BESOLUTION    OF    FORCES. 

§  77. — When  a  free  body  is  subjected  to  the  simultaneous  action 
of  several  extraneous  forces  which  are  not  in  cquilibrio,  its  state  will 
be  changed ;  and  if  this  change  may  be  produced  by  the  action  ot 
a  single  force,  this  force  is  called  the  resultant^  and  the  several  forces 
are  termed  components, 

9 

The  resultant  of  several  forces  is  a  single  force  which^  acting  dUmc^^ 
will  produce  the  same  effect  as  the  several  forces  acting  simultaneously ; 
and   the  components  of  a  single  force,  are  several  forces  whose  eimulta- 

9 

neous  action  produces   the  sam£  effect  as   the  single  force. 

If,  then,  several  extraneous  forces  applied  to  a  body,  be  not  in 
equilibrio,  but  have  a  resultant,  a  single  force,  equal  in  intensity  to 
this  resultant,  and  applied  so  as  to  be  immediately  opposed  to  it^ 
will  produce  an  equilibrium;  or,  what  amounts  to  the  same  thing, 
if  in  any  system  of  extraneous  forces  in  equilibrio,  the  resultant  of  all 
the  forces  but  one  be  found,  this  resultant  will  be  equal  in  intensity 
and  immediately  opposed  to  the  remaining  force;  otherwise  the  8ys> 
tern  could  not  be   in  equilibrio. 

Conceive  a  system  of  extraneous  forces,  not  in  equilibrio,  and 
applied  to  a  solid  body,  and  suppose  that  the  equilibrium  may  be 
produced  by  the  introduction  of  an  additional  extraneous  ibroe. 
Denote  the  intensity  of  this  force  by  R^  the  angles  which  its  direo- 
lion  makes  with  the  axes  x,  y  and  ir,  by  a,  b  and  c,  respeetively, 
and  the  coordinates  of  its  point  of  application  by  jt,  y,  ff.  Then, 
because  the  inertia  cannot  act,  cPx^  dhf^  d?z  will  be  seerOi  mid  tekf 
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the  two  origins  to  coincide,  Equations  {A)  and  (jB),  will  give 


BcoBa  +  P'  cos  a'  +  P"  cos  a"  +  i>'"  cos  a'"  +  &c. 
^  cos  6  +  P'  cos  jS'  +  P"  cos  i8"  +  P'"  cos  /S'"  +  &c. 
22  cos  c  +  P'  cos  7'  +  P"  cos  7"  +.P'"  cos  7'"  +  &c. 

^  (4;  cos  6  —  y  cos  a)  +  P'  (a?'  cos  /8'  —  y'  cos  a') 
+  P"  (a?"  cos  ^"  -  y"  cos  a")  +  &c. 

B{z  cos  a  —  a?  cos  c)  +  P'  (2?'  cos  a'  —  x'  cos  7') 
+  P"  («"  cos  a"  -  a:"  cos  7")  +  &c 

^  (y  cos  c  —  2?  cos  6)  +  P'  (y'  cos  7'  —  2'  cos  j9') 
+  P"  (y"  cos  7"  -  «"  cos  p")  +  &c. 


=  0, 
=  0, 
=  0; 


(  = 


0. 


Now  B  is  equal  in  intensity  to  the  resultant  of  all  the  other 
forces  of  the  system,  or  in  other  words,  to  the  resultant  of  all  the 
original  forces ;  and  if  we  give  it  a  direction  directly  opposite  to  . 
that  in  which  it  is  supposed  to  act  in  the  above  equations,  it  be- 
oomes  in  all  respects  the  same  as  that  resultant,  being  equal  to  it 
In  intensity  and  having  the  same  point  of  application  and  lino  of 
direction.  Adding,  therefore,  180°  to  each  of  the  angles  a,  6,  and  c, 
the  first  terms  of  the  foregoing  equations  become  negative,  and 
transposing  the  other  terms  to  the* second  member  and  changing  all 
the  signs,  we  have, 

iJcosa  =  P' cos  a'  +  P" cos  a"  +  P"' cos  a'"  +  &c.  = 
/Jooe  6  =  P'  cos  jS'  +  P"  cos  /S"  +  P'"  cos  /3'"  +  &c.  = 
/Jogs  c  =  P'  cos  7'  +  P" cos  7"  +  P'"  cos  7'"  +  &c.  = 


fi(arooB6  — ycosa)  = 


B{MC09a  —  arcose)  = 


P'(a;'cosi8'  - 
+P"(a:"cosi8"- 

+  &C. 

P'  («'  COS  a'  - 
+P"(z"co8a"- 

+  &C. 


ecwe  — f/Bos6)= 


P'  (y'lJos  f  - 
+P"(y"  cos  7" 
^dra 


y'  cos  a') 
-  y"  cos  a") 

x'  cos  y') 
•  x"  cos  7") 

f'cosiS') 

.  «"C08|3") 


=Z; 


=if., 


=ir. 


(42) 


\ 
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or. 


jR  cos  a  =  JT, 
Bcosb  =  r, 
R  cos  e  =  Z. 

R  {x  cos  h  —  y  cos  a)  =  Z,  ^ 
i2  (2  cos  a  —  X  cos  c)  =  If^  ► 
R  (y  cos  c  —  z  cos  6)  =  iV.  J 


(43) 


(44) 


Eliminating  72  cos  a,  i2  cos  6  and  R  00s  c,  from  Equations  (44), 
Dj  means  of  Equations  (43),  we  get,  bj  transposing  all  the  terms  to 
the  first  member, 


Xy  --Yx  +  L  =0A 
Zx  -  X«  -f  ir=  0,  ^ 
Fz  -  Zy  +  iV^  =  0. 


(45) 


Either  one  of  these  equations  is  but  a  consequence  of  the  olher  two. 
Tliey  are,  therefore,  the  equations  of  a  right  line — the  locoa  of  the 
|K>intt  of  appiicaiion;  and  from  which  it  is  apparent,  that  the  point  of 
Application  of  a  force  may  be  taken  anywhere  on  its  line  of  direction, 
within  the  limits  of  the  body,  without  altering  the  effecis  of  the  force. 
The  Condition  expressive  of  the  existence  of  the  dependence  of  one  of 
thcHc  equation^t  on  the  others,  will,  also,  express  the  existence  of  a  single 
resultant. 

g  7h. — To  fmd  this  condition,  multiply  the  first  of  these  Equations 
by  Z,  the  second  by  F,  the  third  by  X,  and  add  the  products; 
we  obtain, 

ZL+  YM^  XN=:0 (46). 

jj7(l, — Having  ascertained,  by  the  verification  of  this  Equation, 
iliat  .the  forces  have  a  single  resultant,  its  intensity,  direction,  and 
thit  A/pjations  of  iu  direction  may  be  readily  found  from  Equations 
(4»)  and  (44). 

Hnuarlntf  each  of  the  group  (43),  ffid  addmg,  we  obtain. 


JiP  (00^  a  +  oos«  i  +  cos*  c)  =  JP  +  F*  +  A 
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Eztntctiiig  the  square  root  and  reducing  by  the  relation, 

cos'  a  +  cos'  b  +  COS*  c  =  1, 
there  will  result, 

B  =  V^a  +  Y^  +  ^ (47) 

which  gives  the  intensity  of  the  resultant,  since  X,   Y  and  Z 
known. 

Again,  from  the  same  Equations, 

X    > 
,  cos  a  =  -^t 

r 

cos  6  =  ^    }• (48) 

Z 

cos  c  =  —• 

which  make  known  the  direction  of  the  resultant 
The  group  of  Equations  (45)  give, 

Xy  —  Fa;  +  2  P'  (cos  /S'  z'  —  cos  a'y')  =  0, 1 

Z  a;  -  X«  +  2  jP'  (cos  a'  «'  —  cosy' a;')  =  0,  l   .     •    •     (49) 

Yz-Zy  +  IF' {cos  /y'  -  cos/S'z')  =  0.  J 

which  are  Ihe  equations  of  the  line  of  the  resultant 


PASALLELOOBAH  OF  F0B0E8. 

gSO. — If  all  the  forces  be  applied  to  the  same  point,  this  point 
may  be  taken  as  the  origin  of  coordinates,  in  which  case, 

x'  =  x"  =  x'"  &c.  =  0, 
y'  =  y"  =  y'"  &c.  =  0, 
«'  =  z"  =  «'"&c.  ='0, 

md  the  last  term  in  each  of  Equations  (49),  will  reduce  to  zero., 
lae^  to  det^mine  the  intensity,  direction  and  equaUou'  of   ^Sm^ 

5 
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line  of  direction   of  the  resultant,  we  have,  Equations  (47),  (48) 
and  (49), 

R  =  v^Xa  +  Y^+  Z^    ....        (50) 


cos  a  =  ~9 

XV 


cos  h  -=. 


R'    ' 


COS  c  =  -^  > 


(51) 


Xy-  rx  =  0,] 

Zx  —  Xe  =0,> (52) 

F«-Zy  =  O.J 

The  last  three  equations  show  that  the  direction  of  the  r^ultant 
passes  through  the  common  point  of  application  of  all  the  fbroes, 
which  might  have  been  anticipated. 

§81. — Let  the  forces  be  now  reduced  to  two,  and  take  the  plane 
of  these  forces  as  that  of  ;ry;  then  will 

y'  =  /'  =  y'"  =  &c.  =  90*» ;  «  =  0, 
the  last  Equation  of  group  (41)  reduces  to, 


Z  =  0; 

and  the  above  Equations  become, 

X  ^ 

cos  a  =  ~> 

.     r 

cos  b  =  -^ 

cos  e  =  0, 
Xy-  Far=0  . 


•    • 


•    • 


(58) 


(54) 


.... 


(55) 


The  last  Is  an  equation  of  a  right  lipe  passing  through  the 
origin.  The  direction  of  ths  reiultant  vnU^  therefore,  pass  through  the 
pomi  of  a^apUeaiUm  of  Ai  foreet.  The  oos  c  being  zero,  r  is  90^, 
and  Ao  dbr$cikm  of  Ao  ntiriftiil  U  Aorefm  in  At  piane  of  A§  forcu. 
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Substituting  in  Equation  (53),  for  X  and   7*,   their  values   firom 
EU^uations  (41),  we  obtain, 

R  =  v^  (P'  cos  a'  +  P"  008  a")»  +  (/>'  cos  jS'  +  i>"  eos  ^"f ; 
and  aiaoe 

O08«  «'  +  co^  jS'   =  1, 
008»  a''  +  cos»  i8"  =  1, 

tliis  reduces  to 


B  =  y/P^  +  P"*  +  2P'i>"  (cos  a'  cos  a"  +  cos  ^'  cos  i3") ; 

denoting  the  angle  made  by  the  directions  of  the  forces  hj  S^  we 

have,. 

008  a*  cos  a"  +  cos  /Q'  cos  /8"  =  cos  ^ ; 


and  therefore, 

B  =  i/P^  +  JP"^  H-  2  P'P"  cos  5 


•  •  •  • 


(56) 


finom  which  we  conclude  that  the  intensity  of  the  resultant  is  equal 
k>  that  diagonal  of  a  parallelogram  whoee  adjacent  sides  represent  the 
direeiiom  eoA  inteneitiee  of  the  componefUs^  which  passes  through  the 
poitU  of  appUeation. 

§82. — Substituting  in  Equations  (54),  the  values  of  X  and  F,  from 
Equations  (41),  we  have, 

22  008  a  =  P'  cos  a'  +  jP'  cos  a", 

5  cos  6  =  P'  cos  i3^  +  P"  cos  iS", 

and  heoaase 

a'   =  90<>  -  /S', 
a"  =  90°  -  /3", 
a     =90^  -  &, 

Equations  reduce  to, 

iZ  coa  a  s  P'  COS  a'  +  i^'  eos  a/\ 


I 
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and,  by  division, 


sin  a      P'  sin  a'  -f*  -^"  sin  a 
cosa  ""  i-*'  COB  a'  +  -P"  c<»  * 


//  T 


clearing  fractions  and  transposing,  yre  find, 

P"  (sin  a"  cos  a  —  cos  a"  sin  a)  =  /*'  (sin  a  cos  a'  —  cos  a  sin  a') ; 


wbence, 


P'  __  sin  a"  cos  a  —  cos  a"  sin  o  ___  sin  (a"  —  «r) 
P"  "~   sin  a  cos  a'  —  cos  a  sin  a'        sin  (a  —  a') 


.     (50)' 


That  is  to  say,  the  intensities  of  the  components  are  inversely  propor- 
tional to  the  sines  of  the  angles  wlfch  their  directions  make  with  that 
of  their  resultant ;  but  this  is  the  relation  that  subsists  between  the 
two  adjacent  sides  of  a  parallelogram  and  the  sines  of  the  angles  which 
they  make  with  tlie  diagonal  through  their  point  of  meeting.  Whence, 
Eqs.  (50)  and  (50/, 

77*f  resultant  of  any  (ufo  forces^  applied  to  the  same  pointy  iV  repre" 
tented^  in  intensity  and  direction^  by  that  diagonal  of  a  parallelogram  of 
which  tJke  adjacent  sides  represent  the  components* 

Making 

a  —  a'  =  the  angle  RmP'  =  9', 

and 


2 


=  S, 


we  have,  from  tlie  usual  trigonometrical  formula. 


Bi^W=W~ jfjTr ' (57) 


§  83. — In  the  triangle  iJmP*,  since  P'  R  is  equal  and  parallel  to 
the  lino  which  represents  the  force  P",  the  angle  m  P' R  =:  (p,  is  the 
supplement  of  tlio  angle  6,  made  by  the  directions  of  the  coniponents, 
and  there  will  result  the  following  equation : 


1^       -1         , /(^-P')  (6' -  P') 

i*  =  ain^(p  =  yi ^±y^^ .    .    . 


(58> 
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Equation  (57),  will  make  known  the  angle  made  by  the  direction 
of  the  resultant  with  that  of  either  of  two  oblique  components,  pro 
Tided,  the  intensities  of  the  components  and  resultant  be  known. 

§84. — ^Also,  from  the  two  triangles  BmF^  and  RmB*\  we  find, 


.      ,      i>".8inJ       1 
in  9'= ; 

I  .  .  (59), 


sin  (^"  = 


E'  .jin  J 
R 


from  which  the  angles  made 
bj  the  direction  of  the  result- 
ant with  its  two  components  may  be  found. 

§85. — ^Let  there  now  be  t^e  three  forces  P,  P',  P",   applied   to 
the    material    point    m,    in 
the    directions    m  P^    m  P*^ 
JM  P"^  not  in  the  same  plane ; 
the  resultant  will  be  repre- 
sented in  intensity  and  direc- 
tion by  the  diagonal  of  a 
panllelopipedon,  constructed 
upon  the  lines  representing 
the  directions  and  intensities 
of  these  compon^ts.     For, 
lay  off  the    distances   mA^ 
m  Cy  and  m  E^  proportional 
to  tlie  intensities  of  the  com- 
ponents which  act  in  the  direction  of  these  lines,  and  construct  the 
parallelopipedon  EB  \    the  resultant  of  the  components  P*  and  P 
^^  §  82,   be  represented  by  the  diagonal  m  j9,  of  the  parallelogram 
mABC'j    and  the  resultant  of  this  resultant  and  the  remaining  oom- 
ponent  P",  will  be  represent^ed  by  the  diagonal  m  2>  of  the  parallelo- 
gram EmBDy  which  is  that  of  the  parallelopipedon. 

§86« — ^If  the  forces  act  at  right  angles  to  each  other,  the  parallel* 
Hfipedon  will  beoome  rectangular,  and  the  intensity  of  the  resultant, 
lotoi  by  Bt  ^"^  beoome  knows  Ax>ni  the  formula 
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i?=  -/pa  +P^+P"i; 


and  if  the  angles  which  the 
direction  of  the  resultant 
makes  iinth  those  of  the 
forces  P,  P'  and  P",  be 
represented  by  a,  5,  and  e, 
respeetiyely,  then  will 

i2  cos  a  =  P, 
J2  coi  5  =  P', 
i2  cos  e  =  P". 


Let  three  lines  be  drawn  through  the  point  of  application  m\  of 
the  force  P\  parallel  to  any  three  rectangular  axes  «,  y,  2 ;  and  denote 
by  a\  /3',  y',  the  angles  which 
the  direction  of    this    force 
makes   with  these  axes  res- 
pcctirely ;  then  will 

P'  cos  a', 
P'cos/S', 
P'  cosy', 


be  the  components  of  the  force  P',  in  the  direction  of  the  axes,  and 
they  will  act  along  the  lines  drawn  through  the  point  m\  These  are 
the  same  as  the  terms  composing  in  part  Equations  (A^  and  as  the 
effect  of  the  components  is  identical  with  that  of  the  resultant,  these 
components  may  always  be  substituted  for  the  force  P'.     Hie  same 


tPx       dh/ 
for  the    forces  of  inerti<u  and    ni'-r-ry  m»>7^i 

at*        ar 


dH 
and  M*^  denote  th^ 


eomponents  of  this  force  in  the  directions  of  the  axes. 
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§87. — Examples. — 1.  Let  the  point  m,  be  solicited  by  two  forces 
whose  intensities  are  9  and  5,  and  whose  directions 
make  an  angle  with  each  other  of  57^  30'.  Be> 
quired  the  intensity  of  the  force  by  which  the 
point  is  urged,  and  the  direction  in  which  it  is 
compelled  to  move.  -^ 

First,  the  intensity;  make  in  Equation  (56), 

-P  =9, 
P"  =  5, 
S  z=5T  30' ; 

and  there  will  result, 


B  =  -/SI  +25  +  90  X  0,537  =  12,422. 

Again,  substituting  the  values  of  S,  P*  P*'  ai^d  i2  in  the  first  4f 
Equations  (59),  we  have, 

.      ,       5  X  sin  57<>  30' 

sm  9   =  — 


or. 


12,422 


9'  =  19«  50'  35"  nearly. 


r 


which  is  the  angle  made  by  the  direction  of  the  force  9  with  that  of 
die  resultant. 


2. — Required  the  angle  under  which  two  equal  components  should 
act,  in  order  that  their  resultant  shall  be  the  n^  part  of  either  of  them 
separately. 

By  condition,  we  have 


hence, 


F  -  F'  z=nR', 


F  +  F'  +  B  nR  +  nB  +  B  _{2n+l)B 

2  =  ^  -  2  ""  2  ' 


Old,  Equation  (58), 


^  „  =  ^/SE^^EZD, 
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which  reduces  to 

If  n  be  equal  to  unity,  or  the  resultant  be  equal  to  either  finroei 

and,  §83,  the  angle  of  the  components  should  be  120°. 

3. — Required  to  resolve  the  force  18  =  a,  into  two  componenla 
whose  difference  shaU  be  5  =  5,  and  whose  directions  make  with 
each  other  an  angle  of  38°  =  S.  Also,  to  find  the  angle  which  the 
direction  of  each  component  makes  with  that  of  the  resultant. 

Writing  a  for  i?  in  Equation  (56),  we  have, 

pn  +  p//2  +,  2P'P"  cos  ^  =  o», 

and  by  condition, 

P'-P"  =  5     .    .    .   \    .    .     (c). 

Squaring  the  second  and  subtracting  it  from  the  first,  we  get 

2P'P"  (1  +  cos  ^  =  a2  -  62 ; 

which,  replacing  (1  +  cos  6)  by  2  cos^  J  J,  reduces  to 

a2  —  62 
cos*  ^  ff- 

litis  added  to  the  square  of  the  Equation  (c),  gives 

V  COS*  1^  0  ' 

from  which  and  Equation  (c)  we  finally  obtain. 


which  are  the  required  components. 

To  find  the  angles  which  their  directions  make  with  the  resoltMi^ 
we  have  from  Equations  (59), 

^"  s=  24^  =  the  angle  wUch  F''  makes  with  the  reaiiltaiit 
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and, 

9'  =  14^  r=  angle  which  P*  makes  with  the  resultant. 

4. — ^Required  the  angle  under  which  two  components  whose  inten- 

fiities  are  denoted  by  5  and  7  should  act,  to  giTe  a  resultant  whose 

intensity  is  represented  by  9. 

Am.  84<>    15'    39" 

5. — From    Equation    (56)    it    appears   that   the  resultant    of   two 

components  applied  to  the   same   pomt,  is   greatest  when  the   angle 

made  by  their  directions  is  0^,  and  least  when   180^.     Required  the 

angle   under    which   the    components  .should    act,    in    order   that  the 

resultant   may   be   a  mean   proportional   between  these  values;  and 

also  the  angle  which  the  resultant  makes  with  the  greater  component. 

Gall  P*^  the  greater  component. 

-1       P" 
Ans.  d  =  cos   —  •^« 

.-1  P" 

9  =  sm   ^' 

6. — Given  a  force  whose  intensity  is  denoted  by  17.     Required  the 
two  components  which  make  with  it  angles  of  27^  and  43°. 

§  88. — The  theorem  of  the  parallelogram  of  forces,  just  explained, 
enables  us  to  determine  by  an  easy  graphical  constructi6n  the'  in« 
tensity  and  direction  of  the  resultant  of  several  forces  applied  to  the 
same  point. 

Let  P\  P",  P"\  &c.,  be 
several  forces  applied  to  the  jp* 

same  point  m.  Upon  the 
directions  of  the  forces,  lay 
off  from  the  point  of  ap- 
plication distances  propor- 
tional to  the  intensities  of 
the  forces,  and  let  these  dis- 
lAiioes  represent  the  forces. 
JVom  die  extremity  P'  of 
Bne  mP'^  which  repre- 
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senls  the  first  force,  draw  the  line  P' n  equal  and  parallel  to  wP* 
which  represents  the  second,  then  will  the  line  joining  the  extremity 
of  this  line  and  the  point  of  application,  represent  the  resultant  of 
these  two  forces.  From  the  extremity  n,  draw  the  line  nn^  equal 
and  parallel  to  mP"*  which  represents  the  third  force;  mn'  will 
represent  the  resultant  of  the  first  three  forces.  The  construction 
being  thus  continued  till  a  line  be  drawn  equal  and  parallel  to 
every  line  representing  a  force  of  the  system,  the  resultant  of  the 
whole  will  be  represented  by  the  line,  (in  this  instance  mW)^  join- 
ing the  point  of  application  with  the  last  extremity  of  the  last 
line  drawn.  Should  the  line  which  is  drawn  equal  and  parallel  to 
that  which  represents  the  last  force,  terminate  in  the  point  of  appli- 
cation, the  resultant  will  be  equal  to  zero. 

The  reason  for  this  construction  is  too  obvious  to  need  expla- 
nation. 

§89. — If  the  forces  still  be  supposed  to  act  in  the  same  plane, 
but  upon  different  points  of  the  plane,  the  first  of  Equations  (49) 
takes  the  form, 

Yx  —  Xy  =  2.  \P'  (cos  iS'  x'  —  cos  a'  y')  ], 

thus,  differing  from  Equation  (55),  in  giving  the  equation  of  the  line 
of  direction  of  the  resultant  an  independent  term,  and  showing 
that  this  line  no  longer  passes  through  the  origin.  It  may  be  con- 
structed from   the  aboA'e  equation. 

§90. — To  find  the  resultant  in  this  case,  by  a  graphical  construo 
tion,  let  the  forces  P', 
P",  P'"  &c.,  be  ap. 
plied  to  the  points  m', 
m",  m'",  &c.,  respec- 
tively. Produce  the 
directions  of  the  forces 
P  and  P"  till  they 
meet  at  0,  and  take 
this  as  their  common 
point  of  application ; 
l&y  off  from    0,  on  the  ,v^ines  of  direction,  distaaoes  OS  mA  ^Mm 
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proportional  to  the  intensities  of  the  forces  P'  and  P'^  and  construct 
the  parallelogram  OSBffy  then  will  OB  represent  the  resultant  of 
these  forces.  The  direction  of  this  resultant  being  produced  till  it 
meet  the  direction  of  the  force  P''',  produced,  a  similar  construction 
irill  give  the  resultant  of  the  first  resultant  and  the  force  P^^'^ 
which  will  be  the  resultant  of  the  three  forces  P\  P**  and  P'''; 
and  the  same  for  the  other  forces. 

OF  PABALLEL  F0B0E8. 

§91. — ^If  the  forces  act  in  parallel  directions, 

cos  a'  =  cos  a"  =  cos  a'"  =  Ac, 
co8i8'  =  cosi8"  =  co8i8'"=  Ac, 
cos  y'  =  cos  y"  =  cos  7'"  =s  Ac, 

and  Equations  (4f)  become, 

jT  =  (i>'  +  i>"  +  P'"  +  <S5C.)  cos  a', 
Y  -[P*  Jf-  i>"  +  P"'  +  &c.)  cos  jS', 
Z  =  (P'  +  P"  +  P'"  +  <S5c.)  cos  7' ; 

these  values  in  Equation  (47)  give, 

-R  =  d=      V(P'  +  P"  +  P'"  +  &c.)2  (cos2  a'  +  cos2  ^f  4.  ^os'  ^, 

but, 

oos2  a'  +  cos2  iS'  +  cos2  7'  =  1 ; 
hence, 

R  z:z  r  '\-  P''  ^  P'"  +  &c. (60) 

If  some  of  the  f9rces  as  P",  P'",  act  in  directions  opposite  to 
the  others,  the  cosines  of  a"  and  a'"  will  be  negative  while  they 
have   the  same  numerical  value ;  and  the  last  equation  will  become 

/?  =  P'  -  P"  -  P"'  +  &c. 

Whence  we   conclude,  that  the  resultant  of  a  n%mber  of  parallel 
i$  equal  in    intensity  to  the  excess  of  the  swn  of  the  intea- 
€f   iko9§    which    act    in    ofe   direction    over    the    sum    of  the 
iOte  ^  Aost  which  act  in  the  opposite  direction. 


I 
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§92.— The  values  of  By  X,  V  md  Z  being  substituted  in  Eqw 
tions  (48)  give, 


_  {P'  -f  P''  +  P"'  +  <Sgc.)  cos  a'  _ 

OOSa  -     p,  ^  pn  j^  p,ff  j^  ^^  - 


=  008  a' 


cos 


_  (jy  +  P"  +  P'^'  -f  &c)  COS  i8^  _ 


(P'  +  P"  +  P'"  +  &c.)  cos  y' 
<^«^=    />-  + P-4-i>-  +  &c. =~^^- 

The  denominator  of  these  expressions,  being  the  resultant,  is  essen- 
tially positive;    the  signs  of  the  cosines   of  the  angles  a,  h  and  c, 
will,  therefore,  depend  upon  the  numerators;   these  are  sums  of  the 
components  parallel  to  the  three  axes. 

Hence t  the  resultant  acts  in  the  direction  of  those  forces  tohoBi 
cosine  c-oejfflcients  are  negative  or  positive  according  a*  the  sum  of  the 
former  or  latter  forces  is  the  greater, 

§93. — Equations  (49),  which  are  those  of  the  resultant,  beoomOf 
after  replacing  X,  F,  and  Z^  by  their  values  in  Equations  (41), 


Ry  .COS  a  —  Bx. co.s  b  H-  cos  fS' .  2  P'x'  —  cos  a  .  2  P'y'=  0, 


Bx .  cos  c 

Bz .  cos  b 
aiKl  because, 


Bz  .  cos  a  -f  cos  a' .  2  P'z'  —  cos  y' .  1  PV=  0, 
Bfj .  cos  c  -f  cos  y' .  2  2" if  -  cos  jS'.  2  PV=  0  ; 


cos  a  —  cos  a , 


cos  6  =  cos  jS', 
cos  c  =  cos  y  ; 


we  have. 


I.P'y') .  COB  a'-  (fl.r  -  2P'x') .  cos  /3'=  0, 
2PV)lcos  /-  {Rz  -  2P'r')  .cos  0'=.  0, 


(Rz  -^  SPV)  .  cos  ifc^'-  (R]f  -  2P'i/')  .  ctw  y'  =  0  ; 
AEi^  bccsiue  a\  fi*  and  7^  tfe  eonnected  only  by  the  rulutl..! 
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COS 


i*a'  -f-  cos'/?'  +  cos*/'  =  1  ; 


either  two  of  the  cosines  of  these  angles  are  wholly  arbitrary,  and 
f^m  the  princ^le  of  indeterminate  co-efficients,  we  have,  by  dispens- 
ing with  the  sign  £  and  writing  out  the  terms, 


Rx  =  PV  +  P"ij"  -f-  P'"aj'"  +  &c.  ' 
By  =  F'y'  +  P'V"  4-  P"y"  +  &c. 
ife  =  P'z'  +  F''z"  +  P'"2'"  +  &c.  ^ 


(61) 


Hie  forces  being  given,  the  value  of  i?,  §91,  becomes  known, 
and  the  co-ordinates  j?,  y,  2r,  are  determined  from  the  above  equations ; 
these  co-ordinates  will  obviously  remain  the  same  whatever  direction 
be  given  to  the  forces,  provided,  they  remain  parallel  and  retain  the 
same  intensity  and  points  of  application,  these  latter  elements  being 
the  only  ones  upon  which  the  values  of  ar,  y,  2,  depend. 

The  point  whose  co-ordinates  are  x^  y,  2,  which  is  a  point  of 
application  of  tHe  resultant,  is  called  the  centre  of  parallel  forcee^  and 
may  be  defined  t6  be,  that  point  in  a  system  of  parallel  forces  through 
which'  Vie  resultant  of  the  system  will  always  pass,  whatever  be  the 
direction  of  the  forces^  provided,  their  intensities  and  points  of  applu 
etUion  remain  the  same. 


g  94. — Dividing  each  of  the  above  Equations  by  B^  we  shall  have 


X  = 


y  = 


z  = 


PV  -^  P''x"  +  P"'x'"  -f  Ac. 

py  +  p'Y  -f  P"Y'  +  &c. 
P'  +  P"  4-  P'"  +  &c. 

PV  +  P''z''  +  P'"z'"  +  &c. 
P'  -i-  P"  -f  P'"  -f  &c. 


*  • 


(62) 


Hence,  either  co-ordinate  of  the  centre  of  a  system  of  parallel  forces 
*f  equal  tr.  th$  algebraic  sum  of  the  products  which  result  from  multi- 
^inff  the  intensity  of  each  force  by  the  corresponding  co-ordinate  of  its 
mi  of  eg^^Heation^  divided  by  the  algebraic  sum  of  the  forces, 

m 

1  tka  pointa  of  application  of  the  forces  be  in  the  same  plane. 
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the  co-ordinate  plane  «y,  may  be  taken  parallel  to  this  plane,  in 
which  case 


and, 


z  = 


^^  =  «"  =  z'"  =  z""  dwj. ; 


{P'  +  r'  +  P'^'  +  &c.)  z' 
P'  +  P"  +  P'"  +  &c. 


=  t 


I , 


from  which  it  follows  Uiat  the  centre  of  parallel  forces  is  also  in  this 
plane. 

If  the  points  of  application  be  upon  the  same  straight  line,  tak<» 
the  axis  of  x  parallel  to  this  line ;  then  in  addition  to  the  above  results 
we  have 

y'  =  y"  =  y'"  =  &c. ; 

and, 

_  {P'  +  r'  -f  P'''  +  &e.)  y'  _    ,, 

whence,  the  centre  of  parallel  forces  is  also  upon  this  line. 

§  95. — If  we  suppose  the  parallel  forces  to  be  reduced  to  two,  viz. 
P'  and  P",  we  may  assume  the  axis  x  to  pass  through  their  points 
of  application,  and  the  plane  «y  to  contain  their  directions,  in  which 
case,  Equations  (60)  and  (61)  become, 

R  =z  P'  +  P" 
Rx  =  PV  +  P"x" 
0  =  0  and  y  =  0. 

Multiplying  the  first  by  x\  and  subtracting 
the  product  from  the  second,  we  obtain 

R  (x  -  x')  =  P"  (x''  -  a;')  .  .  (a) 

Multiplying  the  first  by  s"  and   sub- 
tracting the  second  from  the  product^ 

we  get 

i?(«"-«)  =  P'(x"-.«')    .    .    .    .    (b) 

Denoting  by  S  and  ff\  tibe  distanoet  from  the  polnta  of  application 


\  ^ 
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of  P*  and  P"  to  that  of  the  resultant,  which  are  x^x'  and  x"^xm  x 
respectively,  we  have 

x"-«'  =  iS'  +  S"; 

and  from  Equations  (a)  and  (&),  there  will  result 

F'  :  P"  :  B  ::  S"  :  1^  :  S"  +  ff     .    .    .     .    (63) 

If  the  forces  act  in  opposite '  directions,  then,  on  the  supposition 
that  P'  is  the  greater,  will 

B  =  P'  -  P" 
Rx  =  PV  -  P"ar" 
2  =  0,  y  =  0. 

and  by   a  process  plainly  indicated    by 
what  precedes, 

P'iP"'.Ri'.ff'iS^iS!'r--S\.    (64). 


From  this  and  Proportion  (63),  it  is       jf 
obvious  that  the  point  of  application  of 
the  resultant  is  always  nearer  that  of  the 
greater  component;  and  that  when  the 

components  act  in  the  same  direction,  the  distance  between  the  point 
of  application  of  the  smaller  component  and  that  of  the  resultant,  is 
less  than  the  distance  between  the  points  of  application  of  the  com- 
ponents, while  the  reverse  is  the  case  when  the  components  act  iji 
opposite  directions.  In  the  first  case,  then,  the  resultant  is  between 
the  components,  and  in  the  second,  the  larger  component  is  always 
betwe^i  the  smaller  component  and  the  resultant. 

And  we  conclude,  generally,  thai  the  resultant  of  two  forces  which 
^ieit  two  points  of  a  right  line  in  parallel  directions^  is  equal  in  inten- 
sity to  the  sum  or  difference  of  the  intensities  of  the  components^  accord- 
ing a*  they  act  in  the  same  or  opposite  directions^  that  it  always  acts 
in  the  direction  of  the  greater  component^  that  its  line  of  direction  is 
wtsiained  in  the  plane  of  the  components,  and  that  the  intensity  of  either 
is  to  that  of  the  resultant,  as  the  distance  between  the  point 

iffpltM/lNMi  ^  the  other  component  and  that  of  the  resultant,  is  in 

Am  points  of  application  of  the  componentt*      V 
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§  96.— -£!ramp/M.— 1.  The  length  of   the   Ime    m' m"  joining  the 
points  of  application  of  two  parallel  forces 
acting  in  the  same  direction,  is  30  feet ;  the  Xk 

forces  are  represented  by  the  numbers  15 
and  5.  Required  the  intensity  of  the  re- 
sultant, and  its  point  of  application. 

i?  =  i>'  +  P"  =  15  -f  5  =  20 ; 


R    :  P'  ::  m"m'  :  m"  o. 


20  :  15  ::  30  :  tn'' o  =  22,5  feet. 

A  single  force,  therefore,  whose  intensity  is  represented  by  20,  applied 
at  a  distance  from  the  point  of  application  of  the  smaller  force  equal 
to  22,5  feet,^  will  -produce  the  same  effect  as  the  given  forces  applied 
at  m"  and  m\ 

2. — Required  the  intensity  and  point 
of  application  of  the  resultant  of  two 
parallel  forces,  whose  intensities  are  de- 
noted by  the  numbers  11  and  3,  and 
which  solicit  the  extremities  of  a  right 
line  whose  length  is  16  feet  in  opposite 
directions. 

jR  =  P'  -  P"  =  11  -  3  :f  8, 

P'  -  P"  :  P'  : :  m'' m'  :  m"o  =^f^~  =  22  feet. 

3. — Given  the  length  of  a  line  whose  extremities  arc  solicited  In 
the  same  direction  by  two  forces,  the  intensities  of  which  differ  by 
the  n'^  part  of  that   of  the   smaller.      Required  the  distance  of  the 
point  of  application  of   the  resultant  from  the  middle  of  the  line 
Let  2  /,  denote  the  length  of  the  line.    Then,  by  the  conditions, 


P'r^F'  +  Ip"  =   (^!^)  P" 

n  \     n     ^ 

B  =   C"+M  P"  +  F"  =?^5^ 
V     n     /  n 

^l±i)  P'' :  P"  : :  2/  :  m'o  = 


P" 


2nl 
2i»+  1 


rt^=r/- 


2fi/ 


ja»-^i    s»  +  i 


1 


Si ^ 
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1 07. — T^Q  rule  at  the  close  of  §05,  enables  us  to  determiDe  bj  a 
very  easj  graphical  construction,  the  position  and  point  of  application 
of  the  resultant  of  a  number  of  parallel  forces,  whose  directions, 
intensities,  and  points  of  application  are  given. 

Let  P,  P',  P",  P"',  and  P^ 
be  several  forces  applied  to  the 
material  points  m,  m',  m",  m"\ 
and  m**,  in  parallel  directions. 
Join  the  points  m  and  m'  by  a 
straight  line,  and  divide  this  line 
at  the  point  o,  in  the  inverse 
ratio  of  the  intensities  of  the 
forces  P  and  F' ;  join  the  points 
o  and  m"  by  the  straight  line 
om"y  and  divide  this  line  at  o\ 

in  the  inverse  ratio  of  the  sum  of  the  first  two  forces  and  the  force 
P" ;  and  continue  this  construction  till  the  last  point  m^  is  included, 
then  will  the  last  point  of  division  be  the  point  of  application  of  the 
resultant,  through  which  its  direction  may  be  drawn  parallel  to  that 
of  the  forces.  The  intensity  of  the  resultant  will  be  equal  to  the 
algebraic  sum  of  the  intensities  of  the  forces. 

The  position  of  the  point  o  will  result  from  the  proportion 


P  +  F'  :  F'  : :  m  m'  :  mo  =1 


P'  .mm' 
P+  P'  ' 


tliftt  of  o'  from 


P  +  P'  +  P"  i  P"  i:  om"  :oo'  =: 


Aat  of  o''  from 


P".om'' 
P  +  P'  +  P' 


I  9 


/>  +  P'  +  P"  -  P"' :  -  P"'::  o'm'"  :  o'o"  = 


finally,  that  of  o'"  from 


rr    «'-«w 


^P^'.o'm 


P  +  r+r'-P" 


r/T 
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or    00T7PLEB. 

'  %  98. — When  two  forces  J^  and  P"  act  in  oppdrite  directions,  th* 
diaUnoe  of  the  point  o,  at  which  th«  resultant 
is  applied,  from   the  point  m',  at  which  the 
component  /"  is  applied,  is  found  from  the 
formula 

m'^'.P" 


P'  -  p"  ' 

and   if   the  components  P'  and  P"  become 

equal,  the  distance  m'o   will  be   infinite,  and 

the  resultant,  zero.    In  other  words,  the  forces 

will  have  no   resultant,  and  their  joint  effect 

will  be  to  turn  the  line  m"m',  about  some  point  between  the  points 

of  application. 

The  forces  in  this  case  act  in  opposite  directions,  are  equal,  but 
tiot  immediately  opposed.  To  such  forces  the  term  eouplt  is  applied. 
A  couple  having  no  single  resultant,  their  action  caunut  be  compared 
to  that  of  a  single  force. 

gdO. — The  analytical  condition,  Equation  (46),  expressive  of  the 
existence  of  a  single  resultant  in  any  system  of  forces,  will  obviously 
be  fullilled,'when 

X=0,    r  =  0,    and  Z  =  0. 

But  this  may  arise  from  the  parallel  groups  of  forces  whose  sums 
are  denoted  by  X,  Y,  and  Z,  reducing  each  to  a  couple.  These  three 
i;<>uplcs  may  easily  be  reduced  by  composition  to  a  single  couple, 
boyond  which,  no  further  reduction  can  bo  made,  h  is,  therefore,  a 
fuling  cose  of  the  general  analytical  condition  referred  to. 

WOBK  OF  THE  EEBULTAITT  ASD  or  ITS   COMFONSNTB. 

g  100. — We  have  seen  that  when  the  resultant  of  several  fbrces 
is  introduced  as  an  additional  force  with  its  direction  revemed,  it 
wi/J  hold  itf  ctaopoaeaU  in  equilibrio.     Denoting  the  inten^^  of 
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the  resultant    by  22,  and  the  projection  of   its  virtual  velodty  bj 
f  r,  we  have  from  Equation  (29), 

-  JR6r  +  P.Sp  +  F'.Sp'  +  I^'Jp"  +  <ba  =  0, 


or. 


B$r  =zP.Sp  +  P'  Sp'  +  P"  $p''  +  &c, .    .    .    .    (65) 

in   wfaidb  P,  P'  P'\  dec  are  the  components,  and  ^jp,  dp*  dp'\  dea 
the  projections  of  their  virtual  velocities. 

§101. — Now,  the  displacement  by  which  Equation  (29)  was  de- 
duced, was  entirely  arbitrary ;  it  may,  therefore,  be  made  to  conform 
in  all  respects  to  that  which  would  be  produced  by  the  components 
Py  P'y  dec,  acting  without  the  opposition  of  the  force  equal  and 
contrary  to  their  resultant;  and  writing  dr  for  ^r,  dp  for  hp^  dsc. 
Equation  (65)  will  become 

Rdr  =  Pdp  ^P'dp'  +  r'dp''  +  dec,  .    .    .    (66) 
and  integrating, 

/Rdr  =  fPdp  +  fP'dp'  +  fPUp''  +  &C.,  .    .    (67) 

in  which  R^  P,  P*^  dca  may  be  constant  or  functions  of  r,  j},  p\  dsa, 
respectively. 

From  Equations  (66)  and  (67),  it  appears  that  the  quantity  of 
work  of  the  resultant  of  several  forces  is  equal  to  the  algebraic  sum 
of  the  quantities  of  work  of  its  components. 

Again,  replacing  Php^  ^^p\  ^^c  in  Equation  (65),  .by  their  values 
in   Equatioa  (31),  and  writing  dr  for  ^r,  dp  for  Jj?,  dsc.,  we  find, 

/Rdr  :=  flP.coaa.dz  +flP.cosfi.dy  +flP.co8y.d£,  .  •  (68) 


I         ic  which  R  may  be  constant  or  a  function  of  r;  P,  constant  or  a 
fiaedan  of  c,  y,  ir,  dsc 

If  the  forces  be  in  equilibrio,  then  will  R  =  0^  and, 

XP. «i«.rf#  +  -FP. cos /fti/y  +  2P. cos  y.d«  =  ft.  •     •    VJ«S 
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M0MKKT8. 

§  102. — ^It  is  now  apparent  that  in  the  transformation  of  Equation 
(80)  to  Equation  (40),  each  force  of  the  original  system  was  replaced 
by  its  three  components  in  directions  of  three  rectangular  axes^  arbitra- 
rily assumed. 

The  components  parallel  to  either  axis  will,  §  43,  work  during  any 
motion  which  will  carry  their  points  of  application  in  the  direction 
of  that  axis,  and  will  cease  to  work  when  the  motion  becomes  per- 
pendicular to  the  same  line. 

Let  the'  points  of  application  of  the  forces  move  in  lines  parallel 
to  the  axis  z;  the  components  parallel  to  z  alone  can  work,  for  the 
paths  being  perpendicular  to  the  directions  of  the  other  components, 
the  work  of  the  latter  will  be  nothing,  because  the  projections  of 
the  paths  upon  their  lines  of  direction  will  be  zero.  The  elementary 
work  of  the  extraneous  forces  will,  in  this  case,  be  found  in  the  third 
term  of  Equation  (40),  and  equal  to 

{IP  c(»y).6z,. 

Again,  let  the  points  of  application  turn  around  the  axis  z^  parallel 
to  the  plane  xy\  the  components  parallel  to  the  axes  x  and  y  alone 
can  work,  since  the  paths  will  be  perpendicular  to  the  components 
in  the  direction  of  z,  and  their  projections,  therefore,  zero.  The  ele- 
mentary work  in  this  case  will  be  found  in  the  fourth  term  of  Equa- 
tion (40),  and  equal  to 

[2  P  {x'  cos  j3  —  y'  cos  a)]  d  (p. 

Now  let  both  of- these  motions  take  place  simultaneously;  that  is,  let 
the  points  of  application  move  in  the  direction  of  the  axis  z^  and  also 
turn  about  that  line;  all  the  components  will  work,  because  the  paths 
will  be  oblique  to  their  directions,  and,  therefore,  have  projections  of 
measurable  values.  The  amount  of  elementary  work  of  the  extrane- 
ous forces  will,  in  this  case  be  found  in  the  third  and  fourth  tenna 
of  Equation  (40),  and  equal  to 

[(S/>ooa7)].df,  +  [SP(»'coai8-.y'coa«)].4^ 
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The  same    remarks  apply  to   motion    in   the  direction    of  and '  about 
each  of  the  other  axes. 

§  103. — ^The  role  for  estimating  the  quantity  of  work  when  the 
motion  is  parallel  to  either  axis  or  to  a  nght  line  obliqae  to  the 
three  axes,  is  simple;  that  for  getting  the  work  during  motion  about 
an  axis,  is  not  so  obvious.  Let  the  motion  take  place  around  the 
axis  r;  and  consider,  first,  the  work  of  the  force  P.  The  two  compo- 
nents of  this  force,  viz.,  P  cos  j3  and  P  cos  a/  which  enter  the  fourth 
term  of  Equation  (40),  have  for  their  resultant  P  sin  y.  This  resultant, 
§  61,  acts  in  a  plane  parallel  to  that  of  x  y,  and,  therefore,  at  right 
angles  to  the  axis  z.  Denote  by  a^  the  angle  which  this  resultant 
wiUi  the  axis  x\  then  will 


=  P  sin  y  .  cos  a^,  J 
=  P  sin  y  .  sin  a^  J 


P  cos  a  =  P  sin  y  .  cos  a^ 
Pco8/3 


(70) 


and  these  values  in  Oxa  term  P  (a/  cos  /)  —  y'  oos  a),  give 

P  (aj'  cos  j3  —  y^  cos  a)  =  P .  sin  y  (a/  sin  a^  —  y'  cos  a^)   .    (71) 

• 

From  the  point  of  ap- 
plication m  of  P,  draw 
the  line  m  A*  perpendicu- 
lar to  the  axis  z\  denote 
its  length  by  h\  and  its 
indination  to  the  axis  x 
by  9^  Multiply  and  di- 
vide Equation  (71)  by  // 
and  reduce  by  the  rela- 
tkms 

then  will  reeuH 

P^s* eot  /!  —  y'  «o«  a)  =  P8in  y  A*  (sin  a^ .  oos f*— oo8«, .  bid  f')^Pnnyh' sin  (a,  —  fy 

Draw  bom  A'  the  lino  A'k'  perpendicular  to  the  direction  of  the  line 
_P  m  (prodoced),  and  denote  its  length  by  k'\  then  will 
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and  then  will  result 

P(a/co8i9-y'co8a)  =  P8iny.it',  ....    (72) 

and  the  same  for  the  forces  P\  P*\  d^c;  so  that  we  may  write,  omit- 
ting the  accent  from  h^ 

SP(«'cos/3  — y'cosa)  =  ZP.siny.*;    .    .    .     (73) 

and  the  measure  of  the  elementary  work  due  to  rotation  about  the  axis 
j^  will  be  given  by  either  member  of  the  Equation 

pP(a:' C08i3—'y' cosa)]  d9=[SPsiny.Ar](T9   .    .     (74) 

§  104. — So  that  in  estimating  the  work  due  to  rotation  alcme  about 
the  axis  z^  each  force  is,  in  eifect,  replaced  by  its  two  components,  the 
one  parallel,  the  other  perpendicular  to  that  line,  and  the  former  is 
neglected  because,  in  this  motion,  it  cannot  work. 

§  105. — The  quantity  of  work  obtained  by  multiplying  that  one  of 
the  two  components  of  a  force  which  is  perpendicular,  while  the  other 
is  parallel,  to  a  given  line,  into  the  perpendicular  distance  between  this 
line  and  that  of  the  force,  is  called  the  component  moment  of  the  force 
in  reference  to  the  line. 

§  106. — ^The  line  in  reference  to  which  the  moment  -is  taken,  ib 
called,  in  general,  a  component  axis;  the  perpendicular  distAnc^  from 
the  axis  to  the  line  of  direction  of  the  force,  is  called  the  lever  arm  cf 
ike  force ;  and  the  extremity  of  the  lever  arm  on  the  axis  is  called  a 
centre  of  the  moment. 

When  the  direction  of  the  force  is  perpendicular  to  the  axis,  the 
latter  is  called  the  moment  axis  of  the  force.  In  this  case  the  compo> 
nent  parallel  to  the  axis  becomes  zero,  and  the  normal  component  the 
force  itseld 

The  moment  of  the  resultant  of  several  component  forces,  taken  in 
reference  to  its  moment  axis,  is  called  the  resultant  moment.  The 
moments  of  the  component  forces  are  called  component  moments* 

§  107. — Chanj^g  d(^  into  <f  9  in  Equation  (74),  we  may  writ6 

[SP(«'coB/3-.y'coB«)]rf9=pP  «ny,*]rff  .    .    (74) 
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or 

yfs  P  {x'  cos  i3  -  y'  cos  a)]<f  ^  =^j\^  P .  sin  y  \U[  d 9   .     (74)' 

Whence  it  appears,  that  the  elementary  quantity  of  work  a  force  will 
perforin  daring  the  motion  of  its  point  of  application  about  an  axis,  is 
equal  to  the  prodt^ct  of  the  moment  of  Oie  force  into  the  differential  of 
(he  path  described  at  the  unites  distance  from  the  axis. 

§  108. — ^Thc  whole  quantity  of  work  will  result  from  the  integration 
of  Equation  (74)'  between  limits.  In  this  integration  two  cases  may 
arise,  viz.;  either  the  moment  may  be  constant,  or  it  may  be  variable. 
In  the  first  case*  the  quantity  of. work  is  obtained  by  multiplying  the 
constant  moment  into  the  path  described  by  a  point  at  the  unit's  dis- 
tance from  the  axis.  In  the  second^  the  force  may  be  constant  and 
the  lever  arm  variable;  the  force  variable  and  the  lever  arm  constant; 
or  both  may  be  variable,  and  in  such  way  as  not  to  make  their  prod- 
act  constant.  la  all  such  cases,  relations  between  tlic  intensity  of  the 
force,  its  lever  arm,  and  the  path  described  at  the  unit's  distance,  must 
be  known  in  order  to  reduce,  by  elimination,  the  second  member  of 
Eqnatioii  (74)'  to  a  function  of  a  single  variable. 

These  remarks  are  equally  trae  of  the  forces  of  inertia.  The  intensi- 
ties of  these  depend  upon  the  masses  of  the  material  elements  and  their 
degree  of  acceleration  or  retardation ;  their  points  of  application  are  on 
the  elements  themselves ;  the  elementary  arc  described  at  the  unit's  dis- 
tance is  the  same  for  both  sets  of  moments,  and  its  value  depends  upon 
the  distribution  of  the  material  with  reference  to  the  axis  of  motion. 

The  momenta  of  the  forces  which  urge  a  body  to  turn  in  opposite 
directions  about  any  assumed  axis  must  have  contrary  signs. 

The  sign  of  P  sin  y  k\  or  its  equal  P  cos  /3  .  x'  —  P  cos  a  .  y',  de- 
pends upon  the  angles  which  the  direction  of  the  force  makes  with  tlie 
axes,  and  upon  the  signs  and  relative  values  of  the  co-ordinates  of  the 
point  of  application. 

Let  the  angles  wliich  the  direction  of  any  force  makes  with  the 
co-ordinate  axes  be  estimated  from  the  positive  side  of  the  origin; 
then,  if  the  angles  which  this  direction  makes  with  both  axes  be 
Mote,  and  the  point  of  applicatk>n  lie  in  the  first  angV(^  P  <\^  ^  .x* 
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and  P  COB  a.  .y',  will  be  positive,  and  if  tiie  first  of  these  prodncti 
exceed  the  second,  the  moment  will  he  positive;  bat  if  the  lattei 
be  the  greater,  the  moment  will  be  n^;ativc.  The  same  remarks 
apply  to  the  other  axes. 


coMPoernoN 
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g  100. — The  forces  being  supposed  to  act  in  any  directjona  wfaatoTer, 
join  the  point  of  application  of  the  resultant  Ji  and  the  origin  bjr 
«  right  line,  and  denote  its  length  by  ff.  Multiply  and  divide  each 
of  the  Equations  (44)  by  ff,  and  reduce  by  the  relations, 


H 


=   COH^, 

=  cos{, 


In  which  ^,  i  and  f,  denote   the   angles   which  the  line  ff  makes 
iridi  the  axes  x,  y  and  e,  respectively  f  then  will 

^.JST.  (cosi.ooa^;  -  eosa.cosE)  =  £,   "^ 

R . ff. (cos a.cosf  —  cosc.cos^=JWi    \  .    .    .   (76) 

^.^.(cose.  cos  £  —  GOB  £  .  cos  f)  =  iT.  J 

Squaring  each  of  these  Equations  and  adding,  we  find 
Ii,tt«t      f     cos' i. cos* I^  —  2 cos  d. cos  a. cos  ^.cosj  +  cos'a.cos'f  "1 
tient  pat  +cos^  a .  cos*  (  —  2  cos  a .  cos  <  .  cos  f .  coa  f  +  cos'  e .  cos'  J  > 
force  itseIC  'loa*  e . cos* |  —  2 cos  6  .cos  c  .cos {.  cos*  +  cos* 6. cos*  i  J 

The  rooraeL  =  Z*  +  -IP  +  JV* (76) 

reference   to  its 
moments  of  the  ci, 

™       .  -s*  o  +  cos*  6  +  cos*  c  =  1, (77) 

8io7.-ch-,g„g  ^^^,j^„...^, J™; 

/'.Fy(>'cos/?'.f  cosfi.cosE  +  eoBc.cosf  =  coe(i,  .    (79) 


\ 
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the  angle  qj,  being  that  made  by  the  line  ff,  with  the  direction  of 
the  resultant. 

G)llecting   the   co-efficients  of   cos'  a,   cos*  6,  cos'  c,  and  redudng 
by  the  following  relations,  deduced  from  Equation    (78) ;  viz. : 

cos'  6  +  cos'  f  =  1  — -  cos'  ^, 
cos'  ^  +  cos'  f  =  1  — -  cos'  f , 
cos'  {  +  cos'  ^  =  1  —  cos'  fi, 

we  find, 

2?.  jy.  [l--(cos  a.cos ^  +  cos  6 . cos  J  +  cos c. C08ff)']=:Z'+if'+i\r« ; 

from  Equation  (79), 

1  —  (coe  a .  cos  ^  +  cos  b .  cos  {  +  cos  e .  cos  s)'  =  1  —  cos*  9  =  sin'  9 ; 

which  reduces  the  above  to 

i? .  JST' .  sin' 9  =  Z'  +  Jf'  +  N^ 

But  ff^ .  sin'  9  is  the  square  of  the  perpendicular  drawn  from  the 
origin  to  the  direction  of  the  resultant;  it  is,  therefore,  the  square 
of  the  lever  arm  of  the  resultant  referred  to  the  origin  as  a  centre 
of  moments.  Denoting  this  lever  arm  by  K,  we  have,  after  taking 
the  square  root, 

Ii.K=  '/X'  +  J/'  +  iV^' (80) 

That  is  to  say,  the  retultant  moment  of  any  system  of  forces  is  equal 
io  the  square  root  of  the  sum  of  the  squares  of  tJie  sums  of  the  com- 
ponent moments^  taken  in  reference  to  any  three  rectangular  axes  through 
the  point  assumed  as  the  centre  of  moments. 

§  110.— Dividing   the   first  of  Equations   (75),  by  Equation  (80), 
we  find. 

ff  (cos  b .  cos  ^  —  cos  a .  cos  t)  ^  L 


The  efTeot  of  a  force  is,  §77,  independent  of  the  position  of  its 
point  of  application,  provided  it  be  taken  on  the  line  of  direction^ 
Lei  the  point  of  application  of  J^  be  taken  at  t^e  extr^tii\\.^  ol  \M^ 
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lever  arm,    then  will  H  coincide  with  and  be  equal  in  length  to  K 
^  and  f  will  become  the  imgles  which  the  lever  arm  makes  with  the 
axes  X  and  y,  respectively,   and   the   well   known   relation    obtained 
from   tlic   formulas  for  the  transformation  of  co-ordinates  from  one 
set  of  rectangular  axes  to  another,  will  give 

cos  6.  =  cos  5 .  cos  J^  —  cos  a .  cos  f ; 

in  which  6.  is   the   angle  the   resultant   axis   makes  with   the   axis  z ; 

whence,* 

L 
floft  e,  =     ,  — (81) 

In  the  same  way,  denoting  by  6,  and  9«  the  angles  which  the 
moment  axis  of  R  makes  with  the  co-ordinate  axes  y  and  x  respec- 
tively, will 

cos  9-  =  --== (82) 

N 
\        cosG.  ==——==:== (83) 

whence  we  conclude  that,  the  cosine  of  the  angle  whkh  the  resultant 
axis  makes  with  any  assumed  line  is  equal  to  the  sum  of  the  moments 
of  the  forces  in  reference  to  this  line  taken  as  a  component  cms  divided 
by  the  resultant  moment. 

§  111.— Multiplying    Equation    (81)   by  Equation  \80),   there    will 

result, 

B.K.cose,  =  L (84) 

which  shows  that  the  component  moment  of  any  system  of  forces  in 
reference  to  any  oblique  axis  is  equal  to  the  product  of  the  resultant 
moment  of  the  system  into  the  cosine  of  the  angle  between  the  resultant 
and  component  axes. 

For  the  same  system  of  forces  and  the  same  centre  of  momenta, 
it  is  obvious  that  R  and  K  will  be  constant ;  whence,  Equation  (80), 
the   sum   of  the   squares   of  the   sums   of  the   moments  m  rrferemce 


-  .  V 
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to  any  three  reetan^lar  axes  thrcmgh  the  centre  of  moments^  taken 
at  component  axes^  is  a  constant  quantity.  Also,  since  the  axis  g^ 
xnaj  have  an  infinite  number  of  positions  and  still  satisfy  the  con* 
dition  of  making  equal  angles  with  the  resultant  axis,  we  see, 
Equation  (84),  that  the  sum  of  the  moments  of  the  Jbrces  in  reference 
io  all  component  axes  which  make  equal  angles  with  the  resultant 
axit  will  be  constant, 

§112. — Denote  by  ^,,  dy,  ^.,  the  angles  which  any  component 
axis  makes  with  the  co-ordinate  axes  z,  y  and  x^  respectively,  and 
by  6  the  angle  which  the  component  and  resultant  axes  make  with 
each  other,  tiien  will 

cos  d  =  cos  O. .  cos  4.  +  cos  9, .  cos  ^,  +  cos  9« .  cos  ^« ; 

multiplying  both  members  by  R,K,  we  have 

i?.  j^.  cos  d = jR .  jE^.  cos  6, .  cos  ^. + i2 .  jS'.  cos  6,  cos  ^, + iS .  JT.  cos  9. .  cos  ^« . 

Bat,  Eouation  (84), 

i2.-ff'.co8  9,  =  A 
/^•-ff'.cos9,=  if, 

/?.jK'.cos9.=  iV; 
which  tabstitated  above,  give 

i?.jK'.cosd=  Z.cos^,  +  Jf.cosd,  +  iV. cosd.    .    .    (86) 

That  is  to  say,  the  component  moment  in  reference  to  any  assumed  con^ 
ponent  axis,  is  equal  to  the  sum  of  the  products  arising  from  multiplying 
the  sum  of  the  moments  in  reference  to  the  co-ordinate  axes,  by  the 
cosines  of  the  angles  which  the  dir^tion  of  the  component  axis  makes 
with  these  co-ordinate  axes,  respectively, 

TRANBLATIOIT  OF  EQUATIONS  (-4)  AND  (5). 

§113. — Equations  (A)  and  (B)  may  now  be  translated.  They  express 
the  conditions  of  equilibrium  of  a  system  of  forces  acting  in  various 
directions  and  upon  different  points  of  a  solid  lody.  These  condi> 
i    w  are  six  in  number;  viz.: 
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i. — The  algebraic  sum  of  the  components  of  the  forces  in  each  of 
any  three  rectangular  directions  must  he  separately  equal  to  zero; 

2. — The  algebraic  sum  of  the  moments  of  the  forces  taken  in  refer* 
ence  to  each  of  three  rectangular  axes  drawn  through  any  assumed 
centre  of  moments^  must  be  separately  equal  to  zero. 

If  the  extraneous  forces  be  in  equilibrio,  the  terms  which  measure 
the  forces  of  inertia  will  disappear,  and  these  conditions  of  equilibrium 
will  be  expressed  by 

2  P.  cos  a  =  0,  1 

IP  cosjS  =  0,  I {AY 

2P.cosy  =  0;J 

2  P .  («'  cos  jS  —  y'  cos  a)  =0/ 

1  P.  («',  cos  a  --  ar'  cos  7)  =  0,  ^     •     •     •     {By 

2  P.  (y'  cos  y  —  z'  cos  )S)  =  0,  J 

The  above  conditions,  which  relate  to  the  action  of  a  system  of 
forces  on  a  free  body,  arc  qualified  by  conditions  of  constraint  that 
determine  the  possible  motion. 

§114. — If  the  body  contain  a  fixed  pointy  the  origin  of  tiie  mova- 
ble co-ordinates,  in  Equation  (40),  may  be  taken  at  this  point;  in 
which  case  we  shall  have, 

6x,  =  0, 

^y.  =  0, 

and  it  will  only  be  necessary  that  the  forces  satisfy  Equations 
(i?),  these  being  the  co-efficients  of  the  indeterminate  quantities  that 
do  not  reduce  to  zero.  Hence,  in  the  case  of  a  fixed  point,  the 
sum  of  the  moments  of  the  forces^  taken  in  reference  to  each  of  three 
reetangiUar  axes^  passing  through  the  pointy  must  separately  riduce  io 
wero.  " 

Should  the  system  contain  two  fixed  points^  one  of  ^die  «xm,  m 
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tliat  of  X,  may  be  assumed  to  coincide  with  the  line  joining  these 
pointBy  in  which  case,  there  will  result  in  Equation  (40), 

$Xg  =  0,  ^9  =  0, 
8y,  =0,  8-]^  =  0. 
6z,  =  0, 

and  it  will  only  be  necessary  that  the  forces  satisfy  the  last  Equa* 
tion  in  group  (B)]  or  that  the  sum  of  the  moments  of  the  forces  in 
reference  to  the  line  joining  the  fixed  points,  reduce  to  zero. 

If  the  system  be  free  to  slide  along  this  line,  8x^  will  not  reduce 
to  zero,  and  it  will  be  necessary  that  its  co-efficient,  in  Equation 
(40),  reduce  to  zero ;  or  that  the  algebraic  sum  of  the  components  of 
the  given  forces  parallel  to  the  line  joining  the  fixed  points,  also  reduce 
to  zero. 

If  three  points  of  the  system  be  constrained  to  remain  in  a 
fixed  plane,  one  of  the  co-ordinate  planes,  as  that  of  xy,  may  be 
assumed  parallel  to  this  plane;   in  which  case, 

8z,  =  0, 
B'cs  =  0, 
H  =  0; 

and  the  forces  must  satisfy  the  first  and  second  of  Equations  {A) 
and  the  first  of  (BYj  that  is,  the  algebraic  sum  of  the  components 
of  the  given  forces  parallel  to  each  of  two  rectangular  axes  parallel  to 
the  given  plane,  must  separately  reduce  to  zero,  and  the  sum  of  the 
moments  in  reference  to  an  axis  perpendicular  to  this  plane  must  reduce 
to  wero. 

'  OENTBE    OF    GKAVnT. 

§115. — Gravity  is  the  name  given  to  that  force  which  urges  all 
bodies  towards  the  centre  of  the  earth.  This  force  acts  upon  every 
particle  of  matter.  Every  body  may,  therefore,  be  regarded  as 
sabjected  to  the  action  of  a  system  of  forces  whose  number  is  equal 
to  the  number  of  its  particles,  and  whose  points  of  application  have, 
witk  respeefe  to  any  system  of  axes,  the  same  co-ordinates  as  thest 
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The    weight  of  a  body  is    the    resultant   of  this    system,    or    iht 
rendtant  of  all  the  forces  of  gravity  which  act  upon  it^  and  is  equal, 
in  intensity,  but  directly  opposed  to  the  force  which  is  just  sufficient  » 
to  support  the  body. 

The  direction  of  the  force  of  gravity  is  perpendicular  to  the 
earth's  surface.  The  earth  is  an  oblate  spheroid,  of  small  eccentri- 
city, whose  mean  radius  is  nearly  four  thousand  miles;  hence,  as  the 
directions  of  the  force  of  gravity  converge  towards  the  centre,  it  is 
obvious  that  these  directions,  when  they  appertain  to  particles  of 
the  same  body  of  ordinary  magnitude,  are  sensibly  parallel,  since 
the  linear  dimensions  of  such  bodies  may  be  neglected,  in  compari 
son  with  any  radius  of  curvature  of  the  earth. 

The  centre  of  such  a  system  of   forces   is   determined  by  Equa- 
tions (62),  §94,   which  are 


X,  = 


Vi  = 


z.  = 


-pf    ^   pn  ^  p,n  ^  ^ 

PV   +   P"Z*'  +  P"*Z"'  +  &C. 
P*  +  P"  +  P'"  +  <kc.        • 


(86) 


In  which  x^  y^  z^,  are  the  coK>rdinates  of  the  centre;  P',  P",  &c., 
the  forces  arising  from  the  action  of  the  force  of  gravity,  that  is, 
the  weights  of  the  elementary  masses  m',  m",  <kc.,  of  which  the 
co-ordinates  are  respectively  ar'  y'  z\  «"  y"  «",  &c. 

This  centre  is  called  the  centre  of  gravity.  From  the  values  of 
its  co-ordinates,  Equations  (86),  it  is  apparent  that  the  position  of 
this  point  is  independent  of  the  direction  of  the  force  of  gravity  in 
reference  to  any  assumed  line  of  the  body;  and  the  centre  of  gravity 
of  a  body  may  be  defined  to  be  that  point  through  which  itz  weighi 
ahcays  passes  in  whatever  way  the  body  may  be  turned  in  regard  to 
the  direction  of  the  force  of  gravity. 


The  values  of  P',  P",  &c,  being  regarded  as  the  weights  w'^ 


jf 


dca,  of  the  elementary  masses  m\  m"^  6ec.,  we  have,  Equation  (1), 
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and,  EquatioDH  (86), 


X.  = 


y/  = 


«,  = 


m'p'x'  +  m''g''x''  +  m'*' g'"  x'"  +  &c. 
m^  ^^  z'  +  fyi^^  ^^^  g^^  -f  m'"  g'"  z'"  +  &c. 


.(87) 


gll6. — It  will  be  shown  by  a  process  to  be  given  in  the  proper 
place,  that  the  intensity  of  the  force  o^  gravity  varies.,  inversely  as 
the  square  of  the  distance  from  the  centre  of  the  earth.  The  distance 
from  the  surface  to  the  centre  of  the  earth  is  nearly  four  thousand 
.miles ;  a  change  of  half  a  mile  in  the  distance  at  the  surface  would 
therefore,  only  cause  a  change  of  one  four-thousandth  part  of  its 
entire  amount  in  the  force  of  gravity;  and  hence,  within  the  .limits 
of  bodies  whose  centres  of  gravity  it  may  be  desirable  in  practice  to 
determine,  the  change  would  be  inappreciable.  Assuming,  then,  the 
force  of  gravity  at  the  same  place  as  constant,  Equations  (87), 
become 


«/  = 


m'x'  +  m''x''  +  m'^'x'"'  +  &c.  ^ 

'"  y'"  -f  &c. 


m!  y'  +  m"  y"  -f  ^^ 


m'  -t-  »»"  +  W"  -t-  <fec. 


^/  = 


m'  z'  +  m''  z'*  +  m!''  z"*  +  &c. 


(88) 


from  which  it  appears,  that  when  the  action  of  the  force  of  gravity 
is  constant  throughout  any  collection  of  particles,  the  position  of  the 
centre  of  gravity  is  independent  of  the  intensity  of  the  force. 

g  117. — Substituting  the  value  of  the  masses,  given  in  Equation  (1)', 
will  result, 


*i  = 


v'  d!  ^  v"  rf"  4-  »'"  d!'*  +  &C. 


— > 


_  v'd'y'  +  v*'d''y**  -f  v*"  d''*  y'*'  +  &c 

_  r^rfV  -f  y''  (^''g''  +  v'''  d'"z*"  +  &c. 


(a<>) 


«; 


'*n 
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and  if  the  elements  be  of  homogenous  density  throughout,  we  shall 
have, 

rf'  =  d!'  =  J'"  =  dec. ; 
and  Equations  (89)  become, 


X.  = 


Vi  = 


z.  = 


v'  +  v"  +  v'"  +  dec.       ' 


.    (90) 


wnence  it  follows,  that  in  all  homogeneous  bodies,  the  position  of 
the  centre  of  gravity  is  independent  of  the  density,  provided  the 
intensity  of  gravity  is  the  same  throughout. 

g  118. — Employing  the  character  2,  in  its  usual  signification.  Equa- 
tions (90),  may  be  written, 

_  2  {yx)    ' 

"loo"' 


a?/  = 


y/  = 


^/  = 


2(tO 

2(1;)  'J 


(91) 


and  if  the  system  be  so  united  as  to  be  continuous, 

y."  x.dV 


«/  = 


Vi  = 


•/•"  y. 


rfF 


«^/  = 


rfF 


V 


(U2) 


gli9. — If  (he  coUeoUon  be  divided  symmetrically  by  the  plana 
iry,  then  will 


r 
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•ad,  dierefore, 

hence,  the  centre  of  grayity  will  lie  in  this  plane. 

K,  at  the  same  time,  the  collection  of  elements  be  symmetrically 
dlyided  by  the  plane  xz,  we  shall  have,  ^ 

the  collection  of  elements  '  will  be  symmetrically  disposed  about  the 
axis  Xj  and  the  centre  of  gravity  will  be  on  that  line. 

Although  it  is  always  true,  that  the  centre  of  gravity  will  lie  in 
A  plane  or  line  that  divides  a  homogeneous  collection  of  particles 
symmetrically;  yet,  the  converse,  it  is  obvious,  is  not  always  true, 
viz. :  that  the  collection  will  be  symmetrically  divided  by  a  plane  or 
line  that  may  contain  the  centre  of  gravity. 

Equations  (92)  are  employed  to  determine  the  centres  of  gravity 
of  all  geometrical  figures. 

THE  CENTRE  OF  GRAYITT  OF  LINES. 

§  120. — Let  s  represent  the  entire  length  of  an  arc  of  any  curve, 
whose  centre  of  gravity  is  to  be  found,  and  of  which  the  co-ordi- 
natea  of  the  extremities  are  x\  y\  z\  and  x'\  y*\  z*\ 

To  be  applicable  to  this  general  case  of  a  curve,  included  within 
the  given  limits.  Equations  (92)  become 


j„  xdx.yj 


dy^        dz^   ' 


l+-7^  + 


dx^        dx^ 


Vi  = 


ydsi 

8 

c 

'•\/^  + 

dx* 

dz^ 

gdi 

3 

/■"■ 

'•\Ai  + 

dtf* 

d^ 

m 


7 


lis 
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in  which 


= /;;  ..yTTST^ 


rf«»    '  rf«» 


(94) 


Example  1. — Find  the  jtoniion  of  the  centre  of  gravity  of  a  riglU 
Urn.    Let,  / 

if  =za  X  +  Pf 
g  =  a'x  +  P\ 

be  the  equations  of  the 
line. 

DifferentiatiDg,  substi- 
tuting in  Equations  (94) 
and  (93),  integrating  be- 
tween the  proper  limits, 
and  reducing,  there  will 
result, 

x'  +  x" 


*i  = 

2      ' 

«i      ^"^ 

«.(*'  + 

X") 

+  J8. 

Vt  — 

2 

m      «•• 

«'.  («'  + 

«") 

+  ^', 

'/     — 

2 

which  are  the  co-ordinates  of  the  middle  point  of  the  line ;  x'  y'  s' 
and  x^'  y"  z'\  being  those  of  its  extremities;  whence  we  conclude 
thxt  the  centre  of  gravity  of  a  etraiyht  tine  ie  at  ite  middle  point. 

Example  2. — Find  the  centre  of  gravity  of  the  perimeter  of  a  polygon. 
This  may  be  done,  according  to  Equations  (90),  by  taking  the  sum 
of  the  products  which  result  from  multiplying  the  length  of  each  side 
by  the  co-ordinate  of  its  middle  point,  and  dividing  this  sum  by  the 
length  of  the  perimeter  of  the  polygon.  Or  by  construction,  as  fol- 
lows: 

The  weights  of  the  several  sides  of  the  polygon  constitute  a  system 

of  parallel  forces,  whose  points  of  application  are  the  Ctfitrea  of 

gravity  of  the  ddes.    The  sides  being  of  homogeneous  density,  their 

w^btB  are  proportioiud  to  their  kngtlia.    Hmoe^  to  find  dbs  esnt^ 
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of  gravity  of  the  entire  polygon,  join  the  middle  points  of  any  two 
of  the  sides  by  a  right  line,  and  divide  this  line  in  the  inverse  ratio 
of  the  lengths  of  the  adjacent  sides,  the  point  of  division  will,  §  97, 
be  the  centre  of  ^  gravity  of  these  two  sides;  next,  join  this  point 
with  the  middle  of  a  third  side  by  a  straight  line,  and  divide  this 
line  in  the  inverse  ratio  of  the  sum  of  first  two  sides,  and  this  .third 
side,  the  point  of  division  will  be  the  centre  of  gravity  of  the  three 
sides.  Continue  this  process  till  all  the  sides  be  taken,  and  the  last 
point  of  division  will  be  the  centre  of  gravity  of  the  polygon. 

I'ind  ike  poiitum  of  the  cmire  ,of  gravity  of  a  plane  curve. 

Assume  the  plane  of  «^  to  eoinoide  with  the  plane  of  the  ttirve, 
in 


aad  Equations  (93)  and  (94)  become, 


«.  = 


y.  = 


[  (94)  become. 

% 

/;;-'«\/'+^ 

8 

»••••• 

/!"^^'W'+''^ 

•       'J 

r^i.Ji^"^  . 

(05) 


(96) 


8. — Fitid  the  centre  of  gravity  of  a  circular  arc, 

Tieke  the  origin  at  the  centre  of  curvature,  and  the  axis  of  y 
passing  tlirougfa  the  middle  point  of  the  arc.  The  equation  of  the 
oarve  is, 


4b 


a 

7 


4754,16 


IMnT  ki  EqoBOotu  ($5), 
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will  give  on  reduotum, 


*,  =  0, 


y/  = 


g  (»>  +  O  . 


1 

and  denoting  the  chord  of  the  aro  by  e  =  at'  +  ^i 

«*  =  0, 
ae, 

whence  we  x)nclnde  that  the  centre  of  gramty  vf  a  circular  are  m 
on  a  line  drawn  through  the  centre  of  curvature  and  its  middle  pointy 
and  at  a  distance  from  the  centre  equal  to  a  fourth  proportioned  to 
the  arc^  radius  and  chord. 

Example  4. — Find  the  centre  of  gravity  of  the  arc  of  a  cycMd. 

The  radius  of  the  generating  circle  being  a,  the  differential  equa 
tion  of  the  curve  is, 


dXz=z 


V'^y 


^2ay^y* 


-9     •    •    • 


(«) 


the  origin  being  at  A,  and 
A  B  being  the  axis  of  x. 

Transfer  the  origin  to  C, 
and  denote  hj  x\  y'  the  new 

co-ordinates,  the  former  being  estimated  in  the  directi<xi  CD^  and  the 
latter  in  the  direction  DA.    Then  will 


and  therefore^ 


4m 


d£ 
d$f 


%a^9f 


•     ;  •       • 


(•)' 


_■    >-i 
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tUa,  in  Equations  (96)  and  (95),  gives,  omitting  the  acoent  on  tiM 
▼iriiiUeflf 


X,  = 


f."  "^'srh 


V,  = 


f."  y'''\/^ 


Integrating  the  first  two  equations  between  the  limits  indicated, 
and  substituting  the  value  of  «,  deduced  from  the  first,  in  the  second, 
we  have, 

and  from  the  third  equation  we  have,  after  integrating  by  parts, 

«y,  =  2 -/2  o  (y -/x  -  / V^rfy)  ; 

snbstituting  the  value  of  dy,  obtained  firom  Equation  {a)\  and  re* 

ducing,  there  will  result, 

.  "- 

«y,  =  2  V2  a  (y  y a?  —  /-/2a  —  z.  dx), 

and  taking  the  integral  between  the  indicated  limits, 

#y,  =  2 -/27 [>(/?'  -  y/lT)  +  f  (2a  -  x")i  -  |(2a  -x^h; 
hence,  replacing  t  by  its  value,  and  dividing, 

Suppoang  the  arc  ^  begin  at  C,  we  have, 

x'  =  0, 


«^+ir3pJ-[^^"-^'>'-^*^- 


S>/i^ 


u» 
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I£  the  entire  temi-aro  firom  C  to  A  be  taken,  thaae  YaloeB  beooHM^ 

*/  =  !«» 
y,  »  a  (*  -  f  )• 

Taking  the  entire  arc  3,  C  B^  the  curre  will  be  sTmmetrieal  with  res 
peet  to  the  aads  of  a^  an4-4herefi>re, 

y/  =  0; 

henoe,  the  centre  of  gratitjf  ef  ike  mre  ef  ike  eyelaid^  gtrieraUd  hy  one 

entire  revolution  of  the  generating  circle^  ie  on  the  line  tehieh  tUvidee 
the  curve  eymmetrieaUyy  and  at  a  dietance  from  the  eummit  of  the  curve 
equed  to  one^tkird   of  ite  height 


THE    OENTBI    OF    OSULTXTT    OF    BUKFAOES* 

§  121. — Let  X  =r  0,  be  the  equation  of  any  surface;  L  being  a 
fiinetion  of  xg ei  then  will  dxdg^  be  the  projection  of  an  element 
of  this  sur&ce,  whose  co-<Mrdinates  are  xye^  upon  the  plane  xy\  and 
M  6"  denote  the  angle  which  a  plane  tangent  to  the  surface  at  the 
same  point  makes  with  the  plane  ary,  the  value  of  the  element  itself 
will  be 


dx-.dy 
cos  a'' 

But  the  angle  which  a  plane 
makes  with  the  co-ordmate 
plane  xy^  is  equal  to  the 
angle  which  the  normal  to 
the  plane  makes  with  the 
axis  s,  and,  therefore. 


oostf^'s  ± 


dL 

de 


V(W^W^m. 


=  *v   •  <•'> 
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lOiBf 


^<\  hflaoc^  in  Equations  (92),  omitting  d^e  douUe  mga^ 

dV  z=z  dx*dy*w^ (98) 

ani  those  Equations  beoome, 

If  ^t 


«/  = 


r  r 

_J^"Jm"  w.x.dt.dp 


if   ^t 


ft    -^zJL 


/"•/."  w . 


ydx . dy 


ti   ^t 


f  r 


rhioh, 


•y'  /•«' 


w  being  a  function  of  «,  y,.c. 

If  the  sur&ce  be  plane,  the 
plane  of  xy  may  be  taken  in  the 
sur&oe,  in  which  case, 

t9  =:  1, 
«  =  0, 

and  Equations  (99),  and  (100),  be-         jC    j^ 
came, 


X,   = 


fy"L"  dy.xdx 


f^"L"dx.ydy 

Vi  = : » 


»/      -B^ 


= jffLi'  ^* '  ^'y*   • 


•  • 


(99) 


«=  F=  /*„/'„  w.rfas.rfy;     ....    (100) 


(101) 


(102) 


which  the  intc^pral  is  to  be  talren  first  Vit\i  Tes|^«c^  Vx)  ^^  %3D& 
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between  the  limits  y"  =  Pm"  and  y'  =  Pm';  then  in  respect  to  m, 
between  the  limits  «"  s=  AP",  and  a/  =  AP".    Henm 


*/  = 


J."(tf"-ff').xdx 


y, 


r/"(y"'  - 


y^)d» 


=  /!!(y"-yOrf* 


(108) 


(104) 


y'  and  y'\  denoting  running  co-ordinates,  which  may  be  either  roots 
of  the  same  equation,  resulting  from  the  same  value  of  «,  or  thej 
may  belong  to  two  distinct  functions  of  x^  the  value  of  x  being  the 
same  in  each.     For  instance,  if 


■F  {xy)  =  0, 

be  the  equation  of  the  curve  n'm"n"m'j  it  is  obvious  that  betweea 
the  limits  x"  =  A  P"  and  x'  =  A  P',  every  value  of  a;,  as  ^  P, 
must  give  two  values  for  y,  viz.:  y"  =  Pm"  and  y'  =z  Pm'.     Or  if 


^(»y)  =  0, 

F'  (xy)  =  0, 

be  the  equations  of  two  distinct 
curves  m"  n"  and  m'  n',  referred 
to  the  same  origin  A,  then  will 
y"  and  y'  result  from  these 
functions  separately,  when  the 
same  value  is  given  to  «  in 
/each. 


Example  1. — Required  the  jxmHon  qf  lft#  tenir$  <^  pramiy  f/  lie 
area  qf  a  triangle. 
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let  ABC,  ha  the  triangle. 
Amune  the  origin  of  co-ordi- 
Ut«a  at  one  of  the  angles  A, 
and  draw  the  wda  y  itoraltel  to 
the  opposite  »de  S  0.  Denote 
tite  distance  A  P  by  x',  and 
sappoM, 


to   be  the  equationi  ( 
wOl 


the   Bides  A  C  and   A  B,   respectiTely, 


'  =  (• 

■=(a. 


r<" 


fla-h)xdx 


(fx 


whence  we  conclude,  /Aa(  rte  e*nfr<  of  gravity  of  a  triangle  it  on  a 
tine  drawn  Jrom  any  out  of  the  anglei  to  the  middle  of  lAt  ojyxmie 
titU,  and^  at  a  dubtnct  from  thii  anglt  tgual  to  two-lhirdt  t^  tha  lin4 
ikut  drawn. 

Example  2.— Find  the  centre  of  gravity  of  the  area  of  any  polyyon. 

From  any  one  of  the  angles 
as  A,  of  the  polygon,  draw  lines 
to  all  the  other  angles  except 
thoK  which  are  adjacent  on  either 
aide;  the  polygon  will  thus  be 
^▼ided  into  triangles.  Find  by 
I*  mle  jnat  given,  the  centre  of 
of  eadi  of  the  trian^ei; 
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join  any  two  of  these  centres  hj  a  right  line,  and  divide  this  line  in 
the  inverse  ratio  of  the  areas  of  the  tnaogles  to  which  these  centre^ 
belong;  the  point  of  division  will  be  the  centre  of  gravity  of  these 
two  triangle^.  Join,  by  a  straight  line,  this  centre  with  the  centre  of 
gravity  of  a  third  triangle,  and  divide  thi§  line  in  the  inverse  ratio 
of  the  sum  of  the  areas  of  the  first  two  triangles  and  of  the  third,  this 
point  of  division  will  be  the  centre  of  gravity  of  the  three  triangles. 
Continue  this  process  till  all  the  triangles  be  embraced  by  it,  and  the 
last  point  of  division  will  be  the  centre  of  gravity  of  the  polygon, 
the  reasons  for  the  rule  being  the  same  as  those  given  for  the  deter- 
mination of  the  centre  of  gravity  of  the  perimeter  of  a  polygon,  it 
being  only  necessary  to  substitute  the  areas  of  the  triangles  for  the 
lengths  of  the  sides. 

Example  3. — DiUrmine  the  position   of  the  centre  of  gravity  of  « 
cireukur  sector. 

The  centre  of  gravity  of  the  sec- 
tor will  be  on  the  radius  drawn  to 
the  middle  point  of  the  arc,  since  this 
radius  divides  the  sector  symmetri- 
cally. Conceive  the  sector  CAB,  to 
be  divided  into  an  indefmite  number 
of  elementary  sectors;  each  one  of 
these  may  be  regarded  as  a  triangle 
irhose  centre  of  gravity  is  at  a  dis- 
tance from   the    centre    (7,  equal    to 

two-thirds  of  the  radius.  If,  therefore,  from  this  centre  an  arc  be 
described  with  a  radius  equal  to  two-thirds  the  radius  of  the  sector, 
this  arc  will  be  the  locus  of  the  centres  of  gravity  of  all  the 
elementary  sectors;  and  for  reasons  already  explained,  the  centre  of 
gravity  of  the  entire  sector  will  be  the  same  as  that  of  the  portion 
of  this  arc  which  is  included  between  the  extreme  radii  of  the  sector. 
Hence,  calling  r  the  radius  of  the  sector,  a  and  c  its  arc  and  dliord 
respectively,  and  x^  the  distance  of  the  centre  of  gravity  from  the 
centre  (7,  we  have, 

ir.le        3    r.e 
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IQjT 


Xhe  centre  of  grayitj  of  a  circular  sector  is  therefore  on  the  rcuUus 
drawn  to  the  middle  point  of  the  are  of  the  eector^  and  at  a  diatanpe 
from  the  centre  of  curvature  equal  to  two^thirde  of  a  fourth  propor* 
tional  to  the  arCj  chord  and  radiue  of  the  eector, 

Example  4. — Find  the  centre  of  gravity  of  a  tircular  segment. 

A^siMne    the    origin    at   the    centre    (7, 
and  take  the  axis  x  passing  through  the  2t 

middle  point  of  the  arc,  the  centre  of 
gravity  in  question  will  be  on  this  axis, 
and,  theiefiNre, 

y,  =  0. 
Let  ABHA  be  the  segment,  and 


the  equation  of  the  circle,  the  origin  being 
at  the  centre  (7,  then  vUl 

y"  =       Vaa-«a, 
y'   =  —  -y/o*  —  iT*, 

and.  Equations  (103)  and  (104), 


*/  = 


_    Vg  ^a^-^t^.x.dx  _  f  (g^- 


^\i 


x"^) 


#  being  the  area  of  the  entire  segment.     Denoting  the  chord  AB 
hj  Cf  we  hi^ye, 

whence. 


''  -  i2:i ' 


and   we  conclude,  that  the  centre  of  gravity  of  a   circular   eegmm^ 
pe  on  the  radiue  drawn  to  the  middle  of  the  arc^  and  at  a  distance 
frm^  the  centre   equal    to  the  cube  qf  the    chord,  divided  hy  twelve 
Mv  Am  mrea  ^  the  segment 


108 


ELEMENTS    OF    AKAL7TICAL    MECHANICS. 


Beplacing  the  value  of  t,  and  supposing  «'  to  be  zero,  in  which 
ease  the  segment  becomes  a  semicirde,  we  shall  find, 

c  =  2(1, 
4a 

§  122. — If  the  surface  be  one  of  revolution,  about  the  axis  x  for 
instance,  it  will  be  symmetrical  with  respect  to  this  axis;  hence, 

y,  =  0;    f,=0; 

and  if  F{xy)  =  ^,  be  the  equation  of  a  meridian  section  in  the 
plane  ory,  then  will  the  area  of  an  elementary  zone  comprised  be* 
tween  two  planes  perpendicular  to  the  axis  of  revolution  be,     « 


and  therefore.  Equations    (92), 


x^  =  2* 


f^nyxyj] 


'^%^'^ 


•     •     •     • 


(106) 


=  2*flny.^\+^.d»   ....    (106) 


Example  1. — Find 
the  position  of  the 
centre  of  gravity  of 
a  right  conical  tur' 
face. 

The    equation    of 

« 

the  element  in  the 
plane  x  y,  is,  assum- 
ing the  origin  at  the 
vertex. 


y  =  o«; 


hence, 


«4  = 
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SxampU  3. — Beguired  du  pari- 
titm  tf  OiM    eadn    of  gravittf  of 


AMnmi&g  the  origin  at  the 
eoDtre,  tho  equation  of  the  me- 
lidiaa  curre  is, 

y'  =  ^-^; 
wbowe, 

ydy  ■=  -~  xdx, 


/:- 


'£:■ 


aix 


-2(."-x')- 


Hence,  tA«  emirt  of  gravilt/  of  a  tphtrical  zone,  is  at  the  middU 
point  of  a  Una  joining  the  centra  of  ill  eircvlar  base*.  And  in  the 
cam  <^  one    bate   it  it  only  necettary  to  make  x"  =  a,  which  gives, 

_''   +  « 
'  ~        2 

So  that  the  ctnlre  ef  gravity  of  a  tone  of  one  bate  ie  at  the  middle 
ef  tlie  9er-tine  of  ile  meridian  mirve. 


TUB    0ENTBE8    07    GRAVTIT    OF    T0HIME8. 

§  133. — When  it  is  the  question  to  determine  the  centre  of  gravity 
of  the  volume  of  any  hod;',  ve  have 

dV  =  dx.dy.dt, 

•nd  Equation!  (93)  become. 


..  =  -'-  h  J-    , 
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Vt  ^    ^ ^—y » 

Jtijttjit*'>dy.dz.dm 


t,  s= 


and, 


V  =i  J^„  Jtt  J^ndy.dz.dx. 


In  vhich  the  triple  integral  must  be  extended  to  include  the 
entire  space  embraced  by  the  surface  of  the  body;  this  sur&ce 
being  given  by  its  equation. 

If  the  volume  be  symmetrical  with  respect  to  any  line,  this  line 
may  be  assumed  as  one  of  the  co-ordinate  axes,  as  that  of  :r;  in 
which  case,  if  X  represent  the  area  of  a  section  perpendicular  to  tins 
axis,  and  x^  its  distance  from  the  plane  y<r,  then  will  Xdx^  be  an 
elementary  volume  symmetrically  disposed  in  regard  to  the  axis  x, 
and  Equations  (92),  become 


r,  = 


y/  = 


«.  = 


f. 


i,X»dK 


(107) 


0, 
0, 


and. 


^  =  ^'' 


Xdx 


(M8) 


Uxample  1. — Find  the  position  of  the  centre  of  gravity  of  a  aemi* 
ellipsoid,  the  equation  of  whose  sur&ce  is 

The    semi-axes  of  the  elliptical  section  parallel  to  the  plane  yf,  are. 


««c 
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X=*2f(7(l-J.). 

t 

and,  Equations  (107)  and  (108), 

X.      mm^  <  ■       SZ      --r*     A» 

If  the  figure  be  one  of  revolution  about  the  axis  of  jt,  then,  denoting 
by 

F(xy)  =  0, (109) 

the  equation  of  the  meridian  section  by  the  plane  cy,  will 

X=*y», 

and  Equations  (107)  and  (108),  may  be  written, 

J„  *y^xdx 
*i  =  — y ♦ (110) 

r=  fj,  *y«rf« (Ill) 

SxampU  I. — Required  the  poeition  of  the  centre  of  gravity  ef  a 
paraboloid  of  revolution. 

In  tliis  case,  Equaticn  (109), 

/•(a?y)  =ya  —  2i>af  =  0, 


r=:2^pj^xdx, 

*'  —  ~  --  —  0. 

9erp  J  xdm 
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JSSxanipli  2. — Required  the  poeition  of  the  centre  of  gravity  tf  Ou 
volufM  of  a  spherical  segment. 


F(xy)  =  ya  +  ««  —  a«  =  0, 


whence, 


or. 


-  £  p''^^'  -  '''^)  -^'^  (2q^  -  g^)1 

''  ""   4    L«"(3a»  -  «"2)  _a:'  (Sa*  -  ar'»)J' 
and  for  a  segment  of  one  base,  x"  =  a, 

*'"   4  '2a3-a:'   (Sa*  -  ar'^) 

If  the  volume  have  a  plane  face,  and  be  of  such  figure  that  the 
areas  of  all  sections  parallel  to  this  face,  are  connected  by  any  law 
of  their  distances  from  it,  the  position  of  the  centre  of  gravity,  may 
also  be  found  by  the  method  of  single  integrals. 

Example  1. — Find  the  centre  of  gravity  of  any  pyramid, 

Fmd  by  the  method  explained,  the  centre  of  gravity  of  the  base 
of  the  pyramid,  and  join  this  point  with  the  vertex  by  a  straight  line. 
All  sections  parallel  to  the  base  are  similar  to  it,  and  will  be  pierced 
by  this  line  in  homologous  points  and  therefore  in  their  centres  of 
gravity.  Each  section  being  supposed  indefinitely  thin,  and  its  weight 
acting  at  its  centre  of  gravity,  the  centre  of  gravity  of  the  entire 
pyramid  will,  §94,  be  found  somewhere  on  the  same  line. 

Take  the  origin  at  the  veitezt  draw  the  axis  x  perpendicular  to 
the  plane  of  the   bafte,  tad   the   plane  xy  through  its  centre  of 
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grayity ;  and  let  X  represent  any  section  parallel  to  the  basOi  tfaea 
will  Equations  (92)  become, 

r„Xxd9 

"^"T — ' 

J*„Xydx 

"^T — • 

z,  =0, 


*#  = 


y#  = 


and, 


V^  flnXdx. 


Represent  by  A  the  base  of  the  pyramid,  c  its  altitude,  and  let 

be  the  equation  of  the  line  joining  the  vertex  and  centre  of  grayi^ 
of  the  base.  • 

Then, 

-4:  JT: :«»:«», 


sod  for  any  frustum. 


X,  = 


-s 


-n 


sfidx 


Aiifidx 


-J'- 


jfidx 


y,  = 


aod  for  the  entire  pyramid,  make  x"  =  e,  and  x'  =:  0,  which  give 


8 
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wbenoo  we  conclude  that  tk€  centra  cf  gravity  of  a  pyramid  i$  an 
the  line  drawn  from  the  vertex  to  ike  centre  of  gravity  of  the  baee^ 
and  at  a  distance  from  the  vertex  equal  to  three fourthe  of  the  length 
of  thii  line. 

The  same  rule  obvioudy  applies  to  a  cone,  since  the  result  is 
independent  o%  the  figure  of  the  base. 

The  weight  of  a  body  always  acting  at  its  centre  of  grayity,  and 
in  a  vertical  direction,  it  follows,  that  If  the  body  be  freely  sus- 
pended in  succession  from  any  two  of  its  points  by  a  perfectly 
flexible  thread,  and  the  directions  of  this  thread,  when  the  body  is 
in  equilibrio,  be  produced,  they  will  intersect  at  the  centre  of  gravity ; 
and  hence  it  will  only  be  necessary,  in  any  particular  case,  to  deter- 
mine this  point  of  intersection,  to  find,  experimentaUy,  the  centre 
of  gravity  of  a  body. 

^THE  GENTBOBABTO  METHOD. 

§  124. — Besuming  the  second  of  Equations  (95)  and  (103),  wln<A 


V,- 


./''y-^'xA+S  . 


in  which 


=  jn^*\l 


"^S 


and 


i/!''(y''»-y'»)rf« 


in  which 


,  =  fj,{y"-y')dt', 

clearing   the  fractions    and  multiplying  both   members    by    in,    we 
shall  hare, 

2*.y,«=   /^2*y   y/dcfl  +  rfy*,     •    i.    •    (112> 

2*y,t =/;;;«(»"« -»'»)<• ....  (m> 
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Hie  second  member  of  Equation  (112)  is  the  area  of  a  surface 
generated  by  the  revolution  of  a  plane  curve,  whose  extremities 
are  given  by  the  ordinates  answering  to  the  abscisses  «'  and  a;", 
about  the  axis  jr.  In  the  first  member,  8  is  the  entire  length  of 
this  are»  and  2*y^  is  the  circumference  generated  by  its  centre  of 
gravity.  Hence,  we  have  this  simple  rule  for  finding  £he  area  of  a 
Ogure  of   revolution,  viz. : 

Multiply  the  length  of  the  generating  curve  hy  the  circumference 
dewerihed  by  its  centre  of  gravity  about  the  axis  of  rotation;  the 
product  wUl  be   the  required  eurface. 

Tbe  second  member  of  Equation  (113)  is  the  volume  generated 
by  a  plane  area,  bounded  by  two  branches  of  the  same  curve  or 
by  two  difierent  curves,  and  the  ordinates  answering  to  the  abscisses 
M^  and  x^^  about  the  axis  x.  «,  in  the  first  member,  is  the  generating 
area,  and  2*y^  the  circumference  described  by  its  centre  of  gravity. 
Hence,  this  rule  for  finding  the  volume  of  any  figure  of  revolution,  viz. : 

Multiply  the  generating  area  by  the  circumference  described  by  %t$ 
centre  of  gravity  about  the  axis  of  rotation ;  the  product  will  be  the 
volume  sought. 

Example  I, -^Required  the  measure  of  the  surface  of  a  right  cone. 

Let  the  cone  be  generated  by  the 
rotation  of  the  line  AB  about  the  ^ 

line  A  C,     The  centre  of  gravity  of 


the  generatrix  is  at  its  middle  point  .  | 

{7,  and  therefore,  the  radius  of  the  ^ 


circle   described  by   it  will  be  one-         ^  ^  ^' 

half  of  the  radius  C  B^  of  the  circu- 
lar base  of  the  cone.      Hence, 

BC.AB  „^    ,  ^ 

2«'y,.«  =  2*. ^ —  *  BC.AB. 

Example  2. — Find  the  volume  of  the  cone. 

The  area  of  the  generatrix  ABC,  is  ^BC.AC;  and  the  radius 
of  the  circle  described  by  its  centre  of  gravity  is  ^BC.    Hence, 
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CENTRE    OF    INEBTLL 


§125. — When  the  elementary  masses  of  a  body  exert  their  foroea 
of  inertia  simultaneously  and  in  parallel  directions,  they  must  expe> 
rlence  equal  accelerations  or  retardations  in  the  same  time,  and  the 
fector 

in  the  measures  of  these  forces,  as  giren  in  Equation  (13),  must  be 
the  same  for  all.  Substituting  these  measures  for  P',  P'\  &c.,  in 
Equations  (62),  we  find, 


a?  = 


'2mx' 


V  = 


IF 


2m 


2my^ 


^^my\ 


z  = 


dfl 


Zm 


•  2fn«' 


Im 


f    ?• 


IF 


2m 


Imz' 
2m 


(114) 


Whence,  Equations  (88),  the  centre  of  inertia  coincides  with  the 
centre  of  gravity  when  the  force  of  gravity  is  constant,  both  being  at  the 
centre  of  mass.  In  strictness,  however,  the  centre  of  grawty  is 
always  below  the  centre  of  inertia;  for  when  the  variation  in  the. 
force  of  gravity,  arising  from  change  of  distance,  ]»  taken  into 
account,  the  lower  of  two  equal  masses  will  be  found  the  heavier. 
And  in  bodies  whose  linear  dimensions  bear  some  appreciable  propor- 
tion to  their  distances  firom  the  centre  of  attraction,  the  distance 
between  these  centres  becomes  seiuiiblei  and  gives  rise  to  some  curious 
phenomena. 
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HOnON    OF   THE    OENTBB  >OF    JjnSBTUu 


§  126. — Substitute  in  Equations  (^),the  values  of  cP«,  (f^y,  and  d^M, 

given  hj  Equations  (34),  and  we  have,  because  dt  is  constant,  and 
iPx^j  tP^f  and  (Pzj^  will  each  be  a  common  factor  for  all  the  elemen- 
tary masses, 


2 Poos  «*—  If* 


xPoosiS-if.:^  — 

XPcosy- if. -j^ 


dp 


dp 


Im.d^x'  =  0, 


2m.(£*y'  =  0, 


1 


dP 


in  which  if,  denotes  the  entire  mass  of  the  body,  being  equal  to  2  m. 

Denote  by  x,  y,  z,  the  co-ordinates  of  the  centre  of  inertia  referred^ 
to  the  movable  origin,  then.  Equations  (114), 

•  If.x  r=  Imx'^ 
Jf.ji  =  lmy\ 
M.M  =1  2  mar', 


and  difierentiating  t^ce, 


M.d^i 
M.d^y 
M.dh 


lm,d^x\  " 
2  m .  d^'y 
2  m .  d^z\ 


(116) 


which  substituted  in  the  preceding  Equations,  give. 


2P-C08  a  — 


dfl 


2  p.  cos  j9  — if' 


SP.ooty-jr.^ 


-M 


-M 


-Jf 


dfl 


=  0, 


=  0, 


^0, 


•       • 


("«) 


US 
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and  if  tbe  movable  origin  be  takea  at  the  centre  of  inertia,  then 
wiU, 

'•  and  x^^  y^ ,  e^^  will  become  the  co-ordinates  of  the  centre  of  inertia 
le^Txed  to  the  fixed  ori^^  and  we  haTC, 


2P.co8i8-if.^  =  0, 

2P.  COB  7 -ir.^ 


=  0; 


•    •    •    • 


(117) 


•Equations  whidi  are  whoUj  independent  of  the  relative  positions 
of  the  elementary  masses  m\  m"  6sc.,  since  their  co-ordinates  x\  y\ 
f',  dsc.,  do  not  enter.  It  will  also  be  observed  that  the  resistance  of 
inertia  is  the  same  as  that  of  an  equal  mass  concentrated  at  the 
body's  centre  of  inertia. 

Whence  we  conclude,  that  when  a  body  is  subjected  to  the  action 
of  any  system  of  extraneous  forces^  the  motion  of  its  centre  of  inertia 
will  be  the  same  as  though  ^^h^  entire  mass  were  concentrated  into 
that  point,  and  the  forces  applied  without  change  of  intensity  and 
direction,  directly  to  it 

This  is  an  important  fact,  and  shows  that  in  discussing  the  motion 
of  translation  of  bodies,  we  may  confine  our  attention  to  the  motion 
of  their  centres  of  inertia  regarded  as  material  points. 


BOTATION    ABOTJIO)    THE    CENTRE    OF    UTERTZA. 

§  127. — Now,  retaining  the  movable  origin  at  the  centre  of  inertia, 
anbstitute  in  Equations  {B\  the  values  of  <f%r,  c^,  and  cP^,  as  given 
by  Equations  (34),  and  reduce  by  the  relations, 

JV.ysZm.y'ssO, 

Jf.asr- 


MS0HAKI08   OF  SOLIDS. 


110 


•ad  we  have, 


2P. (cosy. y*  — 008 jS.r')  —2m.  y-^'^' 


IF*/ 


=  0, 


=  0, 


dfi 


)=«•. 


(118) 


from  whidi  all  traces  of  the  position  of  the  centre  of  inertia  have 
disappeared,  and  from  which  we  infer  that  when  a  free  body  is  acted 
upon  by  any  system  of  forces,  the  body  will  rotate  about  its  centre 
of  inertia  exactly  the  same  whether  that  centre  be  at  rest  or  in 
moticML  • 


§128. — ^And  we  are  to  conclude,  Equations  (117)  and  (118),  that 
when  a  body  is  subjected  to  the  action  of  one  or  more  forces,  it  will 
in  general,  take  up  two  motions— -one  of  translation,  and  one  of  rota- 
lion,  each  beh^  perfectly  independent  of  the  other. 

g  129.— Multiply  the  first  of  Equations  (117),  by  y,,  the  second  by 
J7^ ,  and  subtract  the  first  product  from  the  second ;  also,  the  first  by 
z,  t  the  third  by  x^ ,  and  subtract  the  second  of  these  products  from 
the  first;  also  the  third  by  y^,  and  the  second  by  t^^  and  subtract 
the  second  of  these  products  firom  the  first,  and  we  have, 


2(Poo.^).«,-2(Poo8«).y,-Jf.  @.,,  -  ^.y,)  =  0, 
a(P009«).«,-J(P00S7).*,-if.  (^.t,  _  ^.,^)  =  0, 

X  (Poos  y) . y,-2  (Poos p) .  ,,-M.  (^ .  y,  _  ^ . ,,)  =  o ; 


(n») 


Equations  from  which,  niay  be  found  the  circumstances  of  motion 
^  the  centre  of  inertia  about  the  fixed  origin. 
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HOnON    OF    TBAN8LATI0N. 


§  130. — Regarding  the  forces  as  applied  directlj  to  the  centre  of 
inertia,  replace  in  Equations  (117),  the  values  2 P.  cos  a,  2jP.cos/3, 
and  SP.cosy,  by  X,  F,  and  Z^  respectively, . and  we  may  write, 


X-if. 


=  0, 


Z-M,^  =0; 


(120) 


Aom  which'  the  accents  are  omitted,  and  in  which  x^  y,  and  ar,  must 
be  understood  as  appertaining  to  the  centre  of  inertia. 


GENERAL    THEOREM    OF    WORK^    VELOCTTY    ASD    LIVING    FOBGQB* 

§  131.— Multiply  the  first  of  Equations  (120)  by  2  (2  a;,  the  secimd 
by  2e?y,  the  third  by  2 (far,  add  and  integrate,  we  have 


2f{Xdx  +  Tdy  +  Zdg)  -  Jf. 


dx^  +  dy"^  +  dz^ 

di^ 


+  (7=0. 


But, 


whence. 


dx^  +  dy^  +  dz^    _    d^  _    _^ 
dfi  "    dfi   "         * 


2f(Xdx  +  Tdy  +  Zde)  -  if.  F«  +  (7  =  0 


•    • 


(121) 


The  first  term  is,  §  101,  twice  the  quantity  of  work  of  the  ex- 
traneous forces,  the  second  is  twice  the  quantity  of  work  of  the 
inertia,  measured  by  the  living  force,  and  the  third  is  the  oonstank 
of  int^ration. 

If  the  forces  X,  F,  Z,  be  variable,  they  must  be  expronsed  in 
AiDctioos    of  r,  y^  g^    before    the    integration    ean   be  p«xftti 
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Supposing  this  latter  condition  fulfilled,  and  that  the  forms  of  the 
fiinctions  are  such  as  make  the  integration  possible,  we  may  write, 

F{xffz)-^iM.V^+  O'=z0,      ....    (122) 

sind  between  the  limits  x,  y,  z,  and  x/  y/  z/ , 

F  {x/  y/  z,')  -  ^  (or,  y,  ^,)  =  i  Jr  (  F '»  -  F,»)  .    .  (128) 

whence  we  conclude,  that  the  quantity  of  work  expended  by  the 
extraneous  forces  improved  upon  a  body  during  its  passage  from  one 
position  to  another,  is  equal  to  half  the  difference  of  the  living  forces 
of  the  body  at  these  two  positions. 

We  also  see,  from  Equation  (123),  that  whenever  the  body 
returns  to  any  position  it  may  have  occupied  before,  its  velocity  will 
be  the  same  as  it  was  previously  at  that  place.  Also,  that  the 
velocity,  at  any  point,  is  wholly  independent  of  the  path  described. 

If 

Xdx  +  Tdy  +  Zdz  =  0, 

tbe  extraneous  forces  will,  §101,  be.  in  equilibrio,  and 


.    /27(7' 


that    is^  the    velocity  will  be    constant,  and    the    motion,   therefore, 
uniform. 

§  132. — Again,  multiply  the  first  of  Equations  (118)  by  cf  9,  the  sec* 
ond  by  d^^  the  third  by  (2tf ;  add  and  reduce  by  the  relations  given 
in  Equations  (38):   we  find 

XPcosadx^+TP<Mfidy'+ZFcoBYdz=j:7n^—^jf---  +  .-^^+—j^ 

integrating  and  replacing  the  first  member  by  its  equal  in   Equation 
(66),  we  have 

'^MnotiBg  the  lever  arm  of  E  by  ITy  the  velocity  of  the  r[vcl(^c.\A^  m  \\l 
mt  to  Ae  eentn  of  wertiA  by  v^  &c^  and  the  ate  deMtriX^  V^  * 
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point  in  the  plane  of  the  resultant  R  and  of  its  lever  arm,  at  the  unites 
distance  from  the  centre  of  inertia,  by  «^,  we  have 

Pry,  pT^zr^  d  x' -{•  d  y'* -h  d  z'* 

J  Mdr=J  BK.ds/^     ,      =  v*,  &c.; 

whence 

Adding  this  to  Equation  (121),  there  will  result 

2j\xdx  +  Tdy  +  Zdz)  +  2fR.K.d8,  =  if  P-h  S  mv'+C  (121)' 

From  which  it  is  apparent  that  the  quantity  ot  work  impressed  upon 
a  body,  or  the  living  force  with  which  it  will  movc^  is  dependent  not 
only  upon  the  intensity  of  the  force,  but  also  upon  the  distance  of  its 
line  of  direction  from  the  centre  of  inertia, 

§  133. — If  Equation  (1*21)  be  applied  to  each  one  of  a  collection  of 
elements  of  which  the  masses  are  w,  m\  &c.,  there  will  Ih5  as  many 
equations  as  elements;  and  if  the  velocities  of  those  elements  be  de- 
noted by  f,  v\  ifec ,  we  have,  by  addition, 

l2  2/\A'(/x-f  re/y  +  Zt/z)  =  i:wv'- C     .     .     (121)" 

Lot  the  extraneous  forces  be  only  those  arising  from  the  mutual  actions 
and  reactions  of  the  elements  upon  one  another.  If  the  elements  m 
and  fii  be  separated  by  the  distance  r,  and  their  co-ordinates  ha  xyz 
and  x'  y'  z\  respectively,  then,  the  reciprocal  action  being  along  r,  will 


COS  a  = 


«  — «^  ^     y  —  y  z^z* 

;  cos  /5  = ^  ;         cos  y  = : 

r  r  r 


X  *~~  X 
cos  a'=: ;     cos 


/J'  =  -?^^'; 


Z^Z' 


cos  y  =  —  - 


siud  for  the  element  m  we  have 


XdxJrTdy-lrZdt  =  p\^—^dt^.y.^dy->r'-^dz\\ 


for  the  element  m', 


and  by  addition. 
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Bat 

r»  =  (ir  -  xy  +  (y  -  y')'  +  («  -  «')•» 
and  differentiatiDg, 

rrfr  =  (««  «')^(« -«')  + (y-y')^(y-y')  + (a? -o^(« -«')»• 

■o   that  tbe   second   member   above   reduces   to  Pdr;    and   Equaibc 
(12iy    to  2lJ*Pdr=zlmv*'-'C (121)'" 

If  the  elements  be  invariablj  connected  during  tbe  motion,  tbe  differ- 
entials of  r  will  be  zero,  and 

Sinv*r=  a 

Thn  is  called  tbe  conservation  of  living  force. 

STABLE  AND    UNSTABLE   EQUILIBBinM. 

§  134.— Resuming  Equation  (123),  omitting  the  subscript  accents. 
and  bearing  in  mind  that  the  co-ordinates  refer  to  the  centre  of 
Inertia,  into  which  we  may  suppose  for  simplification  the  body  to  be 
o(mcentrated,  we  may  write, 

^MV^  -  \MV^  =  F{x'y'z^)  -  F{xyz), 

in  which 

F(xyz)  =  f(Xdx  +  Tdy  +  Zdz\ 

and 

dF{xyz)  =  Xdx  +  Tdy  +  Zdz. 

Now,  if  the  limits  x' y* z*  and  xyt  be  taken  very'  near  to  eacli 
other,  thai  will 

•  x^z=x  +  dx;    y' =  y  +  (fy;     z'  ==  z  +  dz\ 

which  substituted  above,  give 

iMV^  ^  iMV^  z:z  F{x  +  dx,  y  +  dy,  z  +  dz)  -  F{xyz), 

and  developing  by  Taylor's  theorem, 

(       Adx  +  Bdy  4-  CdWi. 
'  *  \  + A'dx^  + B'dy^  +  ^c.+D, 

la  wkMi  2>  denotes   the  sum   of  the   terms    involving    the  higher 
%  of  d9^  dy  and  ds. 


124         ELEMENTS    OP    ANALYTICAL    MECHANICS. 

If  \MV^  he  a  maximum  or  minimum,  then  will 

Adx  +  Bdy  +  Cdz  =  0; (128)' 

and  since 

Adx  +  Bdy  +  Cdz  =  dF{xyz)  =  Xdx  +  Ydy  +  Zdg^ 

we  have, 

Xdx  +  Ydy  +  Zdz  =  0. 

But  when  this  condition  is  fulfilled,  the  forces  will,  Equation  (69), 
be  in  equilibrio ;  and  we  therefore  conclude  that  whenever  a  body 
whose  centre  of  inertia  is  acted  upon  by  forced  not  in  equilibrio, 
reaches  a  position  in  which  the  living  force  or  the  quantity  of 
work  is  a  maximum  or  minimum,  these  forces  will  be  in  equilibrio. 

And,  reciprocally,  it  may  be  said,  in  general^  that  when  the  forces 
are  in  equilibrio,  the  body  has  a  position  such  that  the  quantity  of 
action  will  be  a  maximum  or  minimum,  though  this  is  not  always 
true,  since  the  function  is  not  necessaiily  either  a  maximum  or  a 
minimum  when  its  first  differential  co-eflicient  is  zero. 

§  135. — Equation  (123)' ,  being  satisfied,  we  have 

^if  7'2  -  jif  F2  =  ±  {A'dx^  +  B'dy^  +  &c.  +  i>)  •  •  •  (124) 

The  upper  sign  answers  to  the  case  of  a  minimum,  and  the  lower 
to  a  maximum. 

Now,  if  F  be  very  small,  and  at  the  same  time  a  maximum,  F* 
must  also  be  very  small  and  less  than  F,  in  order  that  the  second 
member  may  be  negative ;  whence  it  appears  that  whenever  the  system 
arrives  at  a  position  in  which  the  living  force  or  quantity  of  wc^rk  ia 
a  maximum  and  the  system  in  a  state  bordering  on  rest,  it  cannot 
depart  far  from  this  position  if  subjected  alone  to  the  forces  'which 
brought  it  tnere.  This  position,  which  we  have  seen  is  one  of  equi- 
librium, is  called  a  position  of  stable  equilibrium.  In  fact,  the  quantity 
of  work  immediately  succeeding  the  position  in  question  becoming 
negative,  shows  that  the  projection  of  the  virtual  velocity  is  negative, 
and  therefore  that  it  is  described  in  opposition  to  the  resultant  of  th<i 
forces,  which,  as  soon  as  it  overcomes  the  Uviog  force  already  existing, 
iriU  cause  the  body  to  relnoa  its  eourse. 
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§  136. — If,  on  the  contrary,  the  body  reach  a  position  in  which  the 
quantitj  of  work  is  a  minimum,  the  upper  sign  in  Equation  (124) 
must  be  taken,  the  second  member  will  always  be  positive  and  there 
will  bo  no  limit  to  the  increase  of  F'.  The  body  may  therefore 
depart  further  and  further  from  this  position,  however  small  V  may  be ; 
and  hence,  this  is  called  a  position  of  unstable  equilibrium. 

§137. — If  the  entire  second  member  of  Equation  (124),  be  zero, 
tlien  will, 

iif  F'2 -iif  7^  =  0, 

and  there  will  be  neither  increase  nor  diminution  of  quantity  of  work, 
and  whatever  position  the  body  occupies  the  forces  will  be  in  equili- 
hrio.     This  is  called  equilibrium  of  indifference. 

§  138. — If  the  system  consist  of  the  union  of  several  bodies  acted 
upon  only  by  the  force  of  gravity,  the  forces  become  the  weights 
of  the  bodies  which,  being  proportional  to  their  masses,  will  be  con- 
sitant.  ,  Denoting  these  weighty  by  W\  TT",  TT'",  &c.,  and  assum* 
mg  the  axis  of  z  vertical,  we  have  from  Equations  (87), 

in  which  B,  is  the  weight  of  the  entire  system,  and  z^  the. co-ordi- 
nate of  its  centre  of  gravity;   and  differentiating, 

Bdz,  =  Wdz'  +  W"dz''  +  W'"dz''*  +  &0.   .    .    .   (125) 

Now,  if  ar^  be  a  maximum  or  minimum,  then  will 

Wdz'  +  W'*dz**  +  W"'dz*"  +  &c.  =  0, 

which  is  the  condition  of  equilibrium  of  the  weights.  Whence,  we 
eondude  that  when  the  centre  of  gravity  of  the  system  is  at  the 
highest  or  lowest  point,  the  system  will  be  in  equilibrio. 

In  order  that  the  virtual  moment  of  a  weight  may  be  positive, 
Tertieal  distances,  Vhen  estimated  downwards,  must  be  regarded  as 
positive.  This  will  make  the  second  differential  of  z^,  positive  at 
dbe  limit  of  the  highest,  and  negative  at  the  limit  of  the  lowest 
'  The  equilibrium  will,  therefore,  be  stable  when  the  centre  iff 
^  ft  al  the  lowest,  and  unstable  when  at  the  h\|^\k«a\  i^\n\. 


t^ 
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Integraling    Equation    (125),    between    the    limits    z^  =  H^    and 
g^  =  JST',  «'  =  h^  and  «'  =  A',  &c.,  and  we  find, 

R{H,  -  H')  =  Tr'(A,  -  A')  +  W"  (A,,  ~  A")  +  &c. ; .  (126) 

from  which  we  see  that  the  work  of  the  entire  weight  of  the  system, 
acting  at  its  centre^  of  gravity,  is  equal  to  the  sum  of  the  quantitaes 
of  work  of  the  component  weights,  which  descend  diminished  by  the 
sum.  of  the  quantities  of  work  of  those  which  ascend. 


mniAL  ooNDrnoKS,  DiREcr  and  intebse  pbobleml. 

§139. — By  integrating  each  of  Equations  (120)  twice,  we  obtam 
three  equations  involving  four  variables,  viz.  \  x^  y^  z  and  t  By 
eliminating  t,  there  will  result  two  equations  between  the  variables 
jT,  y  and  z,  which  will  be  the  equations  of  the  path  described  by 
the  centre  of  inertia  of  the  body. 

§  140. — In  the  course  of  integration,  six  arbitrary  constants  will 
be  introduced,  whose  values  are  determined  by  the  initial  circum- 
stances of  the  motion.  By  the  term  initiaiy  is  meant  the  epoch 
from   which  t  is  estimated. 

The  initial  elements  are,  1st.  The  three  co-ordinates  which  give 
the  position  of  the  centre  of  inertia  at  the  epoch;  and  2d.  The 
component  velocities  in  the  direction  of  the  three  axes  at  the  same 
instant. 

The  general  integrals  determine  the  nature  only,  and  not  the 
dimensions  of  the  path. 

§141. — Now  two  distinct  propositions  may  arise.  Either  it  mAy 
be  required  to  find  the  path  from  given  initial  conditions,  or  to 
find  the  initial  conditions  necessary  to  describe  a  given  path. 

In  the  first  case,  by  integrating  Eqs.  (120)  twice,  we  obtain  six  equa- 

dx      du      dz 
tions  in  x,  y,  ir,  L  the  component  velocities,  -j7 ,    -77 ,    -r-,  and  six  arbk» 

at       at       at 

trary  constants  of  integration.     Making  in  these  equations   ^  =:  0,  and 
lubstituting  for  the  oo-ordtnatee  and  coniponont  velocities  their  initial 
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values,  the  constants  become  known.  These,  in  the  three  equations 
obtained  from  last  integration,  give  three  equations  in  x,  y,  z  and  t^  from 
which,  if  t  be  eliminated,  two  equations  in  x,  y  and  «r,  will  result.  These  will 
be  the  equations  of  the  path,  and  the  problem  will  be  completely  solved. 
In  the  second  case,  the  two  equations  of  the  path  being  differentiated 
twice  and  divided  each  time  by  dt^  give  Only  four  equations  involving 
three  first,  and  three  second  differential  co-efficients.  The  inverse  problem 
is,  therefore,  indeterminate. 

But  Equation   (121)  being  -differentiated  and  divided  by  the  dif- 
ferential of  one  of  the  variables,  say  dx^  gives 


dV^        _  dv  dz 


(127) 


d  X  dx  dx 

which  is  a  fifth  equation  involving  JT,  y,  Z,  and  F.  By  assuming 
a  value  for  any  one  of  these  four  quantities,  or  any  condition  con* 
necting  them,  the  other    five    may  be  found  in  terms  of  or,  y  and  f. 


vebhoal  motion  of  heavy  bodies. 

g  142. — ^When  a  body  is  abandoned  to  itself,  it  falls  toward  the 
earth's  surface.  To  find  the  circumstances  of  motion,  resume  Equa- 
tions (120),  in  which  the  only  force  acting,  neglecting  the  resistance 
of  the  air,  will  be  the   weight    =  Mg ;    and  we  shall  have,  Equa* 

ti<nis  (117), 

2  P  cos  a  =  X  =  Mg .  cos  a 

XPcosp  =  r=  Mg. cosp 

2  P  cos  y  =  Z  =  Mg .  cos  y 

in  whidi  M  denotes  the  mass  of 
tlie  body.  The  force  of  gravity 
varies  inversely  as  the  square  of 
the  distance  from  the  centre  of 
tho  earth,  but  within  moderate 
limits  may  be  considered  invaria- 
ble. The  weight  will  therefore  be 
eooataot  during  the  (all,  . 

TUm  the  coordinate  /  vertical, 

I  poritive. when* estimated  downwardS|  then  wUl 

coBmssO;    coB/SszO;    cotyssl^ 
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and  Equations  (120)  become,  after  omitting  the  common  &ctor  M^ 


=-  0  *     ^  —  0  *     —  —  a 


and  integrating. 


dx 
dt 

dz 
dt 


dy 
«'  di         f' 


-^v^gt  +  ti^ 


•    • 


(128) 


in  which  v  is  the  actual  velocity  in  a  vertical  direction. 
Making  ^  ==  0,  we  have 

dz 

dt         • 

The  constants   n^^  u    and  u^,   are    the    initial    velocities    in    the 

directions   of  the   axes  jk,  y  and  sr,  respectively.     Supposing  the  first 
two  zero,  and  omitting  the  subscript  sr,  from  the  third,  we  have, 

dx  dv 

—  =0\   —  =  0 ; 

d-t  '    dt  ' 

»=^  =  ^^  +  « (129) 

Integrating  again,  we  find 

\  =  C\    y  =  C, 
z^\gO  +  ut+  C'\ 

and  if  when   t  =  0,  the  body  be  on  the  axis  ar,  and  at  a  distanoe 
below  the  origin  equal  to  a,  then  will 


a?  =  0 ;    y  =  0 ; 
z  =  \gt^  +  ti/  +  a 


(130) 


If  the  body  had  been  moving  upwards  at  the  epoch,  then  would 
u  have  been  negative,  and,  Equations  (129)  and  (130), 


V  =  ^<  —  II     • 
g  ss  \gj^  —  «<  +  « 


•    ••••• 


(181) 
(182) 
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If  the  ioij  had  moved  from  rest  at  the  epooh  and  firom  4ie 
on^  of  co-ordinates,  then  would  v  be  the  lustual  velocity  generate^ 
by  the  body's  weight,  and  z  =  h^  the  actual  space  described  in  the 
time' t ;  and  Equations  (129)  ^4  (130)  would  become, 

vz^gi (138) 

h  ^igt' {}U) 

and  eliminating  ^ 

V  =  -v/27S (136) 

whence,  we  see  that  the  velocity  varies  as  the  time  in  which  it  is 
generated;  that  the  height  fallen  through  varies  as  the  square  of  the 
time  of  fall;  and  that  the  velocity  varies  directly  as  the  square  root 
of  the  height. ' 

The  value  of  A,  is  called  the  height  due  to  th^  velocity  v ;  and 
the  value    v,  is  called  the  velocity  due  to  the  height  A. 

If,  in  Equation  (132),  we  suppose  a  =  0,  we  shall  have  the  case 
of  a  body  thrown  vertically  upwards  with  a  velocity  v,  from  the 
origin,  and  we  may  write,    * 

v  =  ^r-ti, (136) 

z  =  igfl-^ut; (137) 

when  the  body  has  reached  its  highest  point,  v  will  be  zero,  and  we 
find, 

y/  —  ft  s=  0; 


«f 


9 


which  is  the  time  of  ascent;   and  this  value  of  /,  in  Equation  (137),. 
will  give  the  greatest  height,  A  =  /,  to  which  the  body  will  attain. 


ti« 


|14S. — ^In  the  preceding  discussion,  no  account  is  taken  oC  ^k^ 
Mphirio  redataaca   .  Von  the  same  body,  ihii  T^Bbtoxi^  ^^vta^^  %» 
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the  square  of  the  velocity,  so  that  if  k^  denote  the  velocity  when  the 
resistanoe  becomes  equal  to  the  body's  weight,  then  will 


be  the  resistance  when  the  velocity  is  v,  and  in  Equations  (117), 
shall  have. 


Z  P  cos  a  =  X  =  M  g  cos  a  +  Mg  •  tj-  •  cos  a', 
2Pco8iS=  r=if^C08i8  + jr^.^.cosjS', 


S  P  COS  y  =  Z  =  Mg  oos  y  +  Mg  •  13-  •  oos  y' ; 


taking  the  coordinate  sr,  vertical  and  positive  downward,  then  will. 


cos  a  =  cos  a'  =  0, 
cos  j8  =  oos  jS'  =  0, 
cos  y  =  1,   cos  y'  = 


-1; 


and  Equations  (120)  give, 


d^z 


t2 


^'-dti=^!f-^S'-j^ 


•2  J 

Omitting  the  common  &ctor  JT,  and  replacing  --7-^  by  its  value  —  < 


whence, 


,^         P.c/v  Jc  /     dv      ^        dv    \  /,«^> 


Integrating  and  suppodng  the  initial  velodty  zero, 


^<  =  ir.kg  i±l 


(i«i»> 


»  .:.  "1 
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wliich  gives  the  time  in  terms  of  the  velocity;  or  reciproeallf, 

XHT  ^     ' 

iu  which  e,  is  the  base  of  the   Naperian  system  of  logarithn2B,  and    ^ 
from  which  we  find. 


v  =  — ^ = — ^ (142) 

11        «£i 
e  *  +  «" * 

which  gives  the  velocity  in  terms  of  the  time.    Substituting  for  v, 

its  value  ^     integrating  and  supposing  the  initial  spaee  zero,  we 
iiave 

s=:^.logW«*  +  «   M (143) 

MulUplying  Equation  (189)  by 

dg 

we  have, 

and  integrating,  observing  the  initud  conditions '  as  above, 

'  =  £'^««F^. <»**> 

which  gives  the  relation  between  the  space  and  velodty. 

An  the  time  increases,  die  quantity  e  *  becomes  less  and  less, 
and  the  velocity.  Equation  (142),  becomes  more  nearly  uniform ; 
for,  if  <  be  infinite^  then  will 

r  *  =  0, 

and,  Eqnatkm  (142), 

>f  Ik  JwrfrtMiw  of  tb^  ab  equal  to  the  Yiod^^a  ^«&|^ 
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§144. — If  the  bo47  '^  ^^^  moving  ixpwards  with  a  veloci^ 
V,  then,  takiDg  z  positive  upwards,  would,  Equations  (120), 


M.^r^^  --Mg^M^"^ 


*a  ' 


snbstitnting  —    for  -j^^  and  omitting  the  oommon  fiiotor,  we  find, 


*»  +  •» 


gdt 


integrating, 


tan     -r-  =s 
k 


'i^c. 


(145) 


and  supposing  the  initial  velocity  equal  to  a,  we  find 


Cs  tan 


a 


and, 


tan    -T- 
k 


->  a 

tan    -=- 


k 


•    •    •    • 


(146) 


Taking  the  tangent  of  both  members  and  reducing,  we  find 


^z^k- 


a  —  At.  tan^ 
k 

gi 

it  +  o  •  tan  ^ 


^irliieh  may  be  put  under  the  form. 


V  ^  k' 


a.  cos  ^ Ar.sm  -r- 

a .  sin  ^  +  i: .  008  ^ 
k  m 

dz 


<1^ 


«    •    •    • 


(148) 


Substituting  for  v  its  value  -j-^    integrating,   and   supposing   tlie 
initial  space  zero,  we  have 

f«  j.lcg(i-slii^  +  eoa^).    .    •    .   (140) 
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Equation  (145),  hj 


^.4$  =3S    — 


and  integrating,  with  the  same  initial  conditions  of  v  being  equal  to 
a,  when  g  is  zero,  there  will  result, 

§  145. — If  we  denote  by  A,  the  greatest  height  to  which  die  body 
will  ascend,  we  have  g  ss  kj  when  e  ss  0,  sad  hsAoai' 

As  — •!<« — p — (151) 

Flndii^  the  value  of  ^  from  Equation  (146),  we  have, 


t 


=  t(*"'t-*""  t)  •  •  •••  <*'**> 


from  which,  by  making  v  =  0,  we  have, 

k         -^  a 
«.  =y.taa     ^       (168) 

which  is  the  time  required  for  the  body  to  attain  the  greatest  eleva- 
tion. Having  attained  the  greatest  height,  the  body  will  descend,  and 
the  circumstances  of  th^  fall  will  be  given  by  the  Equations  of  §  148. 
DenoUng  by  a\  the*  velocity  when  the  body  returns  to  the  point  of 
starting,  Equation  (144),  givea, 

A  =  oT  •  log 


2g       **  k^'-a'* 

a&d  pladng  tUs  value  of  k  equal  to  that  given  by  Equation  (15I)| 
will  result, 

P  k^  +  a^ 

is.^ii   -        4S     * 
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whence, 


a'*  zs  a^* 


P 


a»  + jfea  ' 


that  is,  the  velocity  of  the  body  when   it  returns  to  the  point  of 
departure  is  less  than  th^Lirith  which  it  set  out. 
Making  v  =  a'  in  E^oui\«i  (140),  we  have. 


and,  mibstitntiiig  for  a',  its  yaliu>  i1x>Te, 


/  _  *   1^- yg'  +  ^^  +  a 


•        •        • 


(164) 


a  value  very  different  from  that  of  ^^,  given  by  Equation  (153),  for 
the  ascent. 

Multiplying  both  numerator  and  denominator  of  the  quantity  whose 
logarithm  is  taken,  by  -Z  a*  +  jt*  —  a,   the  above  becomes, 


/,  =  —  .  log 


Vifea  +  o»  —  a 


(165) 


Adding  Equations  (163)  and  (165),  we  have, 


■y/a^  +  k* 


^] 


01^,  making  i  =  i^  +  t^ 


^  =  tan     -^  +  log     _  


•    •    • 


(166) 


If  a  ball  be  thrown  vertically  upwards,  and  the  time  of  its 
absence  from  the  surface  of  the  earth  be  carefully  noted,  t  will  be 
known,  and  the  value  of  k  may  be  found  from  this  equation.  This 
experiment  being  repeated  with  balls  of  different  diameters,  and  the 
resulting  values  of  k  calculated,  the  resistance  of  the  air,  for  any 
given  velocity,  will  be  known. 
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FBOJECrnLES. 


§146. — ^Any  body  projected  or  impelled  forward,  is  called  a  pro- 
jeetUe^  and  the  curve  described  by  its  centre  of  inertia,  is  called  a 
^qftetory.    The  projectiles  of  artillery,  which  are  usually  thrown  with 

§147. — And  first,  let  us  consider  '   the  trajectory  would  be 

in  the  absence  of  the  atmosphere,  in  his  case,  the  only  force  which 
acts  upon  the  projectile  after  it  le  9S  die  cannon,  is  its  own  weight ; 
and,  Equations  (117), 


2  P  cos  a  =  JT 
2PcosiS=  Y 
S  P  cos  7  =  Z 


Mg  cos  CK, 
Mg  cos  ^, 
Mg  cos  7. 


Assuming  the  origin 
at  the  point  of  de- 
parture, or  the  mouth 
of  the  piece,  and 
taking  the  axis  z 
vertical,  and  posi- 
tive   upwards,    then 

wUl 

\ 

00s  a  =  0 ;    cos  ^  =r  0 ;    cos  7  =  —  1 ;    and.  Equations  (120), 


=  -M^; 


and  integrating,  omitting  JT, 


dx 

dt  *' 


dy  dz 

dt  f'  .  dt 


=  ^  gt  +  u^ 


(157) 


Integrating  again,  and  recollecting  that  the  initial  spaces  are  xero,  we 
have, 


im 
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and  eliminating  t,  from  the  first  two,  we  obtain, 


u 


*  =  —  *^f 


I 

wUcb  fs^tihe  ^quafioii  of  a  right  line,  and  from  which  we  s^  ttit 
the  irajeotory  is  a  plane^iV^e,  and  that  itA  plane  is  vertical. 

Assume  the  plane  arx,  iMihis  plane,  then  will  y  =  0|  and  Equa- 
Uons  (158),  become, 


xz^ii^.t;    «=  ^igt^  +  fi^.i, 


(16») 


Denote  by  F,  the  velocity  with  which  the  ball  leaves  the  piece, 
that  is,  the  initial  velocity,  and  by  a,  the  angle  which  the  axis  of  the 
piece  makes  with  the  axis  x^  then  will, 

F.coset,    and    F.sina, 

be  the  lengths  of  the  paths  described  in  a  unit  of  time,  in  the  direc- 
tion of  the  axes  a?  and  z,  respectively,  in  virtue  of  the  velocity  F"; 
they  are,  therefore,  the  initial  velocities  in  the  directions  of  these 
axes;  and  we  have, 

u   =Fcosa;     ti^=  F.sina; 

I 

which.  111  Equations  (159),  give 


a?=F.  cosa./;    «=-^^<'+F.sina.< 


(160) 


and  eliminating  ^,  we  find 


;;  =  jp  tan  a  —  rr^ z—  ; 

2  F*.  cos'a' 


or  substituting  for  F  its  value  in  Equation  (135), 


z  =1  X  tan  a  — 


«•    % 


4h.ciot^a 


wUeh  is  the  edition  of  h  (MUiibola. 


V 


i 


•     •     • 


(i«i) 


f 


-  -\       -^ 


•\, 
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§  148.— The  asgte  a  is 
called  the  angle  of  profee- 
tion ;  and  the  horizontal 
distance  A  Dy  from  the 
place  of  departure  Ay  to , 
the  point  i>,  at  wmch  the 
projectile  attains  the  same 
krrely  is  called  the  range. 

To  find  the  range,  make  z 


=  0,  and  Equation  (161)  gives 


a;  =  0,   and  iiif  =  4A8inacofla  =  2ABin  2a, 


•        and  denoting  the  range  by  By 


B  =  2A.8in2a 


(162) 


the  Talue  of  which  becomes  the  greatest   possible  when  the  angle 
of  projection  is  45^.     Making  a  =  45^,  we  have 


B  =  %h 


(163) 


that  18^  the  maximum    range  is  equal  to  twice  the  height  due  to 
the  velocitj  of  projection. 

From  the  expression  for  its  value,  we  also  see  that  the  same 
range  inll  result  from  tw6  different  angles  of  projection,  one  of  which 
ia  the  complement  of  the  other. 

g  149. — Denoting  bj  v  the  velocity  at  the  end  of  any  time  ty  we 
have, 


v*  = 


d^ 


d^ 


or,  replacing  the  values  of  dz  and  dxy  obtained  from  Equations  (160), 


v*  =  F«  -2  r.^.^sina  +  ^*(» 


•    •     •    • 


(164) 


ft&d  eliminating  ty  by  mears  of  the  first  of  Equations  (160),   and 
npladng  F*,  in  the  last  term  by  its  value  8^A, 
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tn  which,  if  we  make  x  =  4  A .  sin  a  cos  a,  we  have  the  velooitj  at 
the  point  i>, 

which  shows  that  the  velocitj  at  the  furthest  extremity  of  the  ranf(e 
is  equal  to  the  initial  velocity. 

Differentiating  Equation  (161),  we  get 

dz  ^  X 

M  -7-=:=tan4=:tana—  —r —  ....    (106) 

^  dx  2A.cos«a  ^      ' 

in  which  4  is  the  angle  which  the  direction  of  the  motion  at  any 
instant  makes  with  the  axis  x. 
Making  tan  4  =  0,  we  find 

X  =  2A.cosa.8in  a, 
which,  in  Equation  (161),  gives 

i;  s=  A .  sin'  a, 

the  elevation  of  the  highest  point. 

Substituting  for  x^  the  range,  4  A  cos  a  sin  a,  in  Equation  (166), 

tan  4  r=  —  tanot, 

which   shows  that  the  angle  of  &11  is  equal  to  minus  the  angle  of 
projection. 

§  150. — ^The  initial  velocity  V  being  given,  let  it  be  required  to 
find  the  angle  of  projection  which  will  cause  the  trajectory  to 
through  a  given  point  whose  co-ordinates  are  x  z=:  a  and  i;  =  & 

Substituting  these  in  Equation  (161),  we  have 


5  =  a  tan  a  — 


a» 


4A.cci'a 


Irom  which  to  determine  a. 
Making  tan  a  =  9,  we  find 

,  1 

oca*  ft  ss  1 

00.    ««    J   ^^ 
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which  in  the  equation  above,  gives 


whence, 


4A.6  +  a'  —  4A.a.9  +  a«9»  =  0; 


9  =  tana  =  —  dt^^/^h*  -4A6-a» 


•    • 


(167) 


Hie  double  sign  shows  that  the  object  is  attained  by  two  angles, 
and  the  radical   shows    that  the    solution  of  the    problem  will  be 
able  as  long  as 

4A»>4A6  +  a\ 


Makinir 


4^»  -4A.6  -a»  =  0, 


the  question  may  be  solved  with  only  a  single  angle  of  projection. 
But  the  above  equation  is  that  of  a  parabola  whose  coordinates  are 
a  and  6,  and  this  curve  being  con- 
structed and  revolved  about  its  vertical 
axis,  will  enclose  the  entire  space 
within  which  the  given  point  must  be 
dtuated  in  order  that  it  may  be  struck 
with  the  given  initial  velocity.  This 
parabola  will  pass  through  the  farthest 
extremity  of  the  maximum  range,  and 
at  a  height  above  the  piece  equal  to  A. 

§  151. — ^Thus  we  see  that  the  theory  of  the  motion  of  projectiles 
is  a  very  simple  matter  as  long  as  the  motion  takes  place  in  vacuo. 
But  in  practice  this  is  never  the  case,  and  where  the  velocity  is  con 
aiderable,  the  atmospheric   r^istance   changes  the  nature  of  the  tra- 
jectory, and  gives  to  the  subject  no  little  complexity. 

Denote,  as  before,  the  velocity  of  the  projectile  when  the  utmoa- 
pherio  resistimce  .equals  its  weight,  by  Ar,  and  assuming  that  the 
resistance  varies  as  the  square  of  the  velocity,  the  actual  resistance 
at  any  instant  when  the  velocity  is  v,  will  be. 


Jf.^.v* 


r-  Mc^, 


Ufi 
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hy  making, 


P 


=  e. 


Hie  forces  acting  upon  the  projectile  after  it  leaves  the  piece 
being  its  weight  and^  the  atmospheric  resistance,  Equations  (130), 
become, 

cPx 
M'  -T-z-  =  Mg .  cos  a  +  Me .  v* .  cos  a', 
a  ** 

Jf.  ^  =  Af g. cos P  +  Mc.v*. 003 p\ 
a  r 

'  ^*  775"  ~  Mg.oosy  +  ifc.v'.cosy' 

Taking  the  co-ordinates  f  Tertical,    and  podtive  when  estimated 

upwards, 

cos  a  =  0 ;    cos  j8  =  0 ;    cos  y  =  —  1, 

and  because  the  resistance  takes  place  in  the  direction  of  the  tnjeo- 
tory,  and  in  opposition  to  the  motion,  if  the  projectile  be  thrown  in 
the  first  angle,  the  angles  a',  j3',  and  7',  will  be  obtuse. 


cos  a'  = 


__;      C08/3' 


iy  J  dt 

77'  ~"'^=-77' 


and  the  equations  of  motion  become,  after  omitting    the    common 
ftctor  if. 


=   —  C  •  V*  • 


dx 
17' 


t  ^y 

...._.; 


d^9 
dH^ 


=s  —  ^  —  c»  v*« 


dt 


from  the  first  two  we  have,  bj  division, 


d^9 


4^9 
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Itt 


and  bj  integration, 


log  dy  =  log  dx  +  log  (7; 


aady  paanng  to  the  quantities, 


rfy  =  Crfap. 


Int^^ting  again,  we  have, 


y  =  <7ar+  C  ; 

in  which,  if  'the  projectile  be  thrown  from  the  origin,  C  =  0,  thus 
giving  an  equation  of  a  right  line  through  the  origin.  Whence  we 
see  that  the  trajectory  is  a  plane  curve,  and  that  its  plane  is  vertical 

* 

through  the  point  of  departure. 

Assuming  the  plane  zx,  to  coincide  with  that  of  the  trajectory, 
and  replacing  t^,  by  its  value  from  the  relation. 


d£ 
df 


=  ••, 


we  have. 


dfi 

d^z 
di^ 


From  the  first  we  have, 


d9 


dt 

g  —  C' 


dx 

^ 

dt 
dt 

> 

* 

dz 

dt 

'dt'] 

(1«S) 


and  by  integration. 


log 


dx 
dt 


dx 
U 


da 
'"dT' 


=  —  c  .  «  +  C, 


Denoting  by  0,  the  base  of  the  Naperian  system  of  logarithm^ 
and  making  C  =\og  A^  the  above  may  be  written. 


log 


if. 

dt 


=  —  «. »  X  log  •  +  log  A, 
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and  passing  from  logarithms  to  the  quantities, 


dx         ^    -«» 


(ie9) 


Denoting  by  F,  the  initial  velocity,  and  by  a,  the  angle  of  pro> 
jection,  we  have,  by  making  «  =  0, 


which  sul>stituted  above,  gives 


dx       ^  -•• 

-J-  r=  K.cosa.0 
at 


•     •     •     •     • 


(170) 


To  int^;rate  the  second  of  Equations  (168),  make 


dz 


dx 


Tt  =  P-dt 


(171) 


in  which  p  is  an  additional  unknown  quantity. 

Differentiating    this    equation,    dividing    by   dt^    and    eliminating 

d^x 
from  the  result,  -^^f   by   its   value  in  the  first  of  equations  (168), 

we  have, 


d^z        dp    dx 


ds  dx 


dt^  -  n'Tt^^'^'Tt'Ti 


and  substituting  this  value  in   the    second  of  Equations  (168),  we 


dz 


have,  afler  eliminatiiig   —  by  its  value,  obtained  from  Equation  (171), 

Cw  • 


dx     dp 

dt    dt         ^ 

and  dividing  this  by  the  square  of  Equation  (170), 


•    • 


(172) 


dp 
dt 
ds 
dt 


t«» 


F*00(i*at 


(178) 
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but  regarding  #  and  p  as  functions  of  x^  we  bave^  Equation  (171), 

and, 

dx  ""  <^i; 
77 

whence,  making  V^  =  2^A,  Equation  (173)  becomes 


•  3ef 


t    •      •      •      •      •      • 


(175) 


dx  2A.cos^a 

and  multiplying  tbis  by  tbe  identical  equation, 

dx.  -i/lT+jp*  =  cf*, 
obtained  from  Equation  (174),  we  find, 

/ .    .     -    -  €  •  ds 

and  integrating, 

act 

;,.  VT+1?+  log  0,  +  VT+y)  =  g-geA.'oos'a'^"^^ 

in  which  (7  is  tbe  constant  of  integration ;  to  determine  which,  make 
#  =  0 ;  this  gives  p  =  tan  a ;  and 

^^2eh    s2a'^^^^'V^  +  <»^'«  +  ^og(tanfli+  -/l+tan««)  >  (177) 
IVom  Equation  (175)  we  have, 

Equation  (171), 
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from  Equation  (172), 


gdfizzi'^^  dz,dpi 


isd  ^lioiinAtiog  the  exponential  factor  hj  means  of  Equation  (176), 
we  find, 


cdx  = 


dp 


e.  dz  =: 


p  vT+j9»  +  log (p  +  yT+v)  -  0 

pdp 


i  .    (178) 


^ cff  .  dt  = 


P  VT+y  +  log  (p  +  vT+7»)  -  0 

-^y . 

/ c - p  y/T+^  -log (p  +  -/TTF) 


;.   (179) 


(180) 


Of  the  double  sign  due  to  the  radical  of  the  last  equation,  the 
negative  is  taken  becautte  p,  whioh  is  the  tangent  of  the  aqgle  made 
by  any  element  of  the  curve  with  the  axis  of  rr,  is  a  decreasing 
function  of  the  time  t. 

These  equations  cannot  be  integrated  under  a  finite  form.  Bui 
the  trajectory  may  be  constructed  by  means  of  auxiliary  curves  of 
which  (178)  and  (179)  are  the  differential  equations.  From  the  first, 
we  have, 

dx=z  T.dp; (18^1) 


and  /rom  the  aecond. 


dz  =:z  T.p.dp; 1^182) 


in  which, 


r^l 


1 


«    y/TTj^+log(p+ yTT^- c' 

and  dividing  Equations  (181)  and  (182),  bjr  4p, 


;  •  .093) 


\ 


dx 
df 


Fi 


=T-f\ 


M       •       m 


(184) 


(185) 
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Now,  regarding  Xy  j9,  and  2,  j9,  as  the  variable  co-ordinates  of  two 
auxiliary  curves,  jT,  and  T .  p,  will  be  the  tangents  of  the  angles 
which  the  elements  of  these  curves  make  with  the  axis  of  p. 

Any  assumed  value  of  />,  being  substituted  in  7,  Equation  (183), 
will  give  the  tangent  of  this  angle,  and  this,  Equation  (184),  multi- 
plied by  dp^  will  give  the  difference  of  distances  of  the  ends  of  the 
corresponding  element  of  the  curve  from « the  axis  of  p.  Beginning 
therefore,  at  the  point  in  which  the  auxiliary  curves  cut  the  axis  of 
p,  and  adding  these  successive  differences  together,  a  series  of  ordi- 
nates  x  and  «,  separated  by  intervals  equal  to  dp,  may  be  found,  and 
the  curves  traced  through  their  extremities. 

At  the  point  from       -- — JS 
which    the    projectile 
is  thrown,  we  have, 

ir=:0;  2=0;  |9=tana, 

and      the      auxiliary 

curves    will    cut    the 

axis  of  jp,  in  the  same 

point,  and    at  a  dis- 

tance   from   the  origin  equal  to  tan  a.     Let  AB,  he  the  axis  of  p, 

and  -4  (7,  the  axis  of  x  and  of  z;  take  AB  =:  taxm,  and  let  BzD^ 

and  BxJE,  he  constructed  as  above. 

Draw  the  axes  Ax  and  Az,  through  the  point  of  departure  -4, 
Fig.  (S) ;  draw  any 
ordinate  c  z^  x,  to  the 
auxiliary  curves  Fig. 
(I) J  lay  off  ^ar,  Fig. 
(2)  equal  to  Cx,  Fig. 
(1),  and  draw  through 
jf^,  the  line  x^  f, 
parallel  to  the  axis 
Az^  and  equal  to  eg. 
Tig.  (1) ;  the  point 
m^  will  be  a  point  of 

IwlnveotoTy.    The  range  AJ>,  is  equal  to  ED^  Yvg.  ^W 

10 
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Bj  refermoe  to  iIm  Talue  of  C^  Equstioa  (l*^*  H  will  be  seen 
tint  the  Talue  of  T,  Equatioii  (183%  will  mlwajs  be  negatare,  and 
that  the  auxiliary  cnnFe  whoee  oidinates  giTe  the  Tallies  of  x,  can, 
Iberelbre,  neTer  approaoh  tlie  axis  of  ^.  As  long  as  ^  is  positiTOi 
the  auxiliary  ourre  whoee  ordinates  are  Xj  will  recede  from  tiie 
axis  p\  but  when  p  becomes  n^aliTe,  as  it  will  to  the  left  of 
the  axis  A  C7,  Ftg.  (1),  the  tangent  of  the  angle  which  the  element 
of  the  curve  makes  with  the  axis  pj  will,  Equation  (1S5),  become 
poeitive,  and  this  curve  will  approach  ^  axis  p^  and  intersect  it  tit 
some  point  as  i>. 

The  value  of  p  will  continue  to  increase  indefinitely  to  the  left 
of  the  origin  A^  Fig.  (1),  and  when  it  becomes  exceedingly  great, 
the  logarithmic  term  as  well  as  (7,  and  unity  may  be  n^ected  in 
comparison  with  />,  which  will  reduce  Equations  (178)  and  (179)  to 


dx  = 


dp 


€.p^  e.p 

and   integrating, 

cp  c 

which  will  become,  on  making  p  very  great, 

«=  C;    f  =  C"  +  --.logi>, 

c 

which  shows  that  the  curve  whose  ordinates  are  the  Talues  of  «*, 
will  ultimately  become  parallel  to  the  axis  p^  while  the  other  has 
no  limit  to  its  retrocession  irom  this  axis.  Whence  we  ccHidude, 
that  the  descending  branch  of  the  trajectory  approadies  more  and 
more  to  a  vertical  direction,  which  it  ultimately  aUadns;  and  that 
a  line  GL,  Fig.  (2),  perpendicular  to  the  axis  x,  and  at  a  distance 
from  the  point  of  departure  equal  to  C,  will  be  an  asymptote  ta 
the  trajectory. 

This  curve   is   not,  like  the  parabolic   trajectory,  symmetrical   in 

reference    to    a   vertical    through   the   highest  point  of  tiie    cmre; 

the  angles  of  fidling  will  exceed  the  corresponding  «B|^  of  risings 

the  range  will  be  less  than  doublo  the  abseisM  of  d»  hi^fnit  pointi 

sad  the  aqgle  wUeh  giwm  the  fimlwi  nngi  win  ht  hm 
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Denoting  the  velocity  at  any  instant  by  v,  we  have 


j»») 


IT 


and  replacing  «fx*  «ad  <{<*  by  Uteir  value*  ia  Equations  (178)  «|id 
<180),  we  find 


•»  =  — . 


*    c  -  j> /TT^  -  log  (i»  +  vTT^) 


(186) 


and  supposing  p  to  attain  its  greatest  value,  which  supposes  th^ 
projectile  to  be  moving  on  the  vertical  portion  of  the  tnyectory, 
this  equation  reduces,  for  the  reasons  before  stated,  to 


=  v^='> 


Z 


which  shows  that  the  final  motion  ia  uniform,  and  that  the  velocity 

will   then  be  the   same  as  that  of  a  heavy  body  idiioh  has  fiJlen 

1  P 

in  vacuo  through  a  vertical  distance  equal  to  -^ —  =  •-— 

§  152. — When  the  angle  of  prqjection  is  very  small,  the  projectile 
rises  but  a  short  distance  above  tibe  line  of  the  range,  and  the  equation 
of  so  much  of  the  tn^eo- 
tory  as  lies  in  the  imme* 
diate  neighborhood  of  tbis 
Une  may  easily  be  found. 
For,  the  angle  of  projec- 
tion being  very  snufU,  p 
will  be  small,  and  its 
second  power  loay  be 
neglected  in  compcurison 
with  unity,  and  we  may 

take, 

d9  =  dx\    and   9  zz  x\ 

wkaA  in  Equation  (175),  gives, 


Se« 


dp         iPa  § 

dm  =*  if*«  *  "■  fiTooiK 


\>sn\ 


1^         ■     M 


■  ■^,  ___ 


.1^ 


^. 


x=  L 


•  tf', 


*.r^-t. 


M  = 


i^r'-  a . 


,.    -^-r). 


atav 


of  iwL 


it=. 


«  =  %«kaf  =  i^ 


V*/*- 


1  = 


'V«iL? 


(.--.) 


/ 
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which  will  give  the  time  of  flight    to  any  point  whose  horizontal 
distance  from  the  piece  is  equal  to  x. 

gl53. — l^t  the  projectile  fall  to  the  ground  at  the  point  D^  and 
denote  the  co-ordinates  of  this  point  by  a?  =  /,  and  z  =z  \  and  sup* 
pose  the  time  of  flight  or  /  =  r.  These  values  in  Equations  (188) 
and  (189),  give 

—  8c2.;i.oos»«(X- /.tana)  =  e**'— 2c/— 1    .    (189)' 


cosa.r.c.'/2^A  =  e*'  —  1      -     •     •     .(189)" 

When  the  two  constants  h  and  c,  as  well  as  a  and  X,  are  known, 
these  equations  will  give  the  horizontal  distance  /,  and  the  time  of 
flight  Conversely,  when  the  quantities  a,  /,  X  and  r  are  knowQ^ 
they  give  the  co-efficient  of  resistance  c,  and  the  height  A,  due  to 
the  velocity  of  projection,  and  therefore,  Equation  (135),  the  initial 
velocity  itself. 

Eliminating  the  height  A,  we  find 

-4  (X-Z.tana)(«*'-  1)^  =  5r.T2. («*"'- 2cZ  -  1);  •  (189)'" 

from  which  the  value  of  e  may  be  found,  and  one  of  the  preceding 
equations  will  give  A^  or  the  initial  velocity. 

It  may  be  worth  while  to  remark  that  if  the  exponential  term 
in  Equation  (188)  be  developed,  and  c  be  made  equal  to  zero,  which 
is  equivalent  to  supposing  the  projectile  in  vacuo,  we  obtain  Equi^ 
tion  (161).  ^ 

§  154. — Assuming  that  the  resistance  of  the  air  varies  as  the  square 
of  the  velocity,  some  idea  may  be  formed  of  its  actual  intensity  from 
Uie  fact  that  a  twenty-four-pound  ball  projected  with  a  velocity  of  2,000 
feet  in  vacuo,  and  under  an  angle  of  45^,  would  have  a  range  of 
125,000  feet;  whereas  actual  experiment  in  the  air  sliows  it  to  be  but 
7,300  feet — about  one-seventeenth  of  the  former. 

Many  circumstances  qualify  both  the  path  and  velocity  of  projectiles. 
The  law  of  the  resistance  may  be  the  same  for  all  figures,  but  it  is 
known,  from  actual  trial,  not  to  be  that  of  the  square  of  the  velocity, 
except  for  very  small  rates  of  motion.     For  the  same  velodt^^  x2ki<^  V& 
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tensity  of  tiie  resfetance  yariet  with  the  sise  and  figure  of  the  balL 
Much  depends  upon  the  facility  with  which  the  compressed  air  in  front 
may  escape  latterly  and  make  its  way  to  the  rear.  The  actual  resist- 
ance at  any  instant  is  c<Hnpo6ed  of  two  terms,  the  one  due  to  th^ 
inertia  of  the  displaced  particles,  the  other  to  the  different  of  at- 
mospheric pressure,  as  such,  in  front  and  rear.  If  during  the  motion 
the  air  could  close  in  behind  and  exert  the  same  pressure  as  in  front, 
the  reustance  would  be  whoUy  due  to  inertia.  If  the  ball  were  at  rest, 
and  all  the  air  removed  in  rear  of  the  plane  of  largest  section  perpen- 
dicular to  the  trajectory,  the  resistance  would  be  due  entirely  to  the 
WErametrio  pressure  on  the  extent  of  this  section.  Both  terms  of*  the 
tesistance  must  be  variable  and  a  function  of  the  velocity,  till  the  latter 
ia  80  great  as  to  leave  a  vacuum  behind,  when  the  barometric  term 
would  become  constant 

From  a  careful  and  elaborate  inycstigation  of  the  numerous  experi* 
ments  upon  this  subject,  Col.  Piobert  has  constructed  this  empirical 
formula  for  spherical  projectiles,  viz.: 

in  which  p  is  the  resistance  in  kilogrammes,  v  the  velocity,  n  the  ratio 
of  the  diameter  to  the  circumference^  r  the  radius  of  the  ball,  A  the 
fesistance  on  a  square  mitre  when  the  velocity  is  one  v^itre^  and  v^  the 
telocity  which  would  make  the  resistance  measured  by  the  second  term 
equal  to  that  measured  by  the  first. 

§  155. — If^  the  ball  be  not  perfectly  homogeneous  in  density,  the 
centre  of  inertia  will,  in  general,  be  removed  from  that  of  figure;  the 
resultant  of  the  expansive  action  of  the  powder  will  pass  through  the 
latter  centre  and  communicate  to  the  ball  a  rotary  motion  about  the 
liMiner.  The  atmospheric  resistance  will  be  greater  on  the  side  of  the 
greatest  veloci^,  and  deflect  the  projectile  to  the  opposite  side. 
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BOTABi  KOnOK. 

§  156. — Having  discussed  the  motion  of  translation  of  a  single 
body,  we  now  come  to  its  motion  of  rotation.  To  find  the  drcum- 
stances  of  a  body's  rotary  motion,  it  will  be  convenient  to  transform 
Equations  (118)  from  rectangular  to  polar  co-ordinates.  But  before 
doing  this,  let  us  premise  that  the  angular  velocity  of  a  body  is  the 
rate  of  iit  rotation  about  a  centre.  The  angular  velocity  is  measured 
hj  the  absolute  velocity  of  a  point  at  the  unife  distance  from 
the  centre^  and  taken  in  such  position  as  to  make  that  vehdty  a 
maximum, 

§  159. — Both,  members  of  Equations  (38)  being  divided  by  dt^ 
give 


dx'    _            rf  + 

dt  -  '  •  dt 

^'dt' 

dt   -'^  •  dt 

-'  '  dt' 

d «'          ,     dvs 
dt   -^  '  dt 

-'  •  dt'i 

(190) 


in  which  the  first  members  taken  in  order,  are  the  velocities  of  any 
element,  as  m,  in  the  direction  of  the  axes  or,  y,  ;;,  respectively,  ta 
re/erenee  to  the  centre  of  inertia^  §  75,  while 

dvf      d-^^      dip 

'dT   "57'   dV 

•re  the  angular  velocities  about  the  same  axes  respectively. 

Denoting  the  first  of  these  by  v, ,  thb  second  by  v„  and  the  third 
by  v.,  we  have 


dvt 
1 


tt  d-p  dip 

-  =  ..;  ^=V.    ^  =  v.;     ....     ^V»VS 
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and  Equations  (100)  may  be  written 


di 

dy 

dt 

dt' 
dt 


=  «'•%  — Z-^,  ' 


=  «'.v,  —  «\v., 


y'.v,  —  a:'.»y, 


•     • 


(192) 


§  158. — If  an  element  m  be  so  situated  that  its  veloeity  shall  be 
equal  and  par^lel  to  that  of  the  centre  of  inertia,  then,  for  this 
element,  will  each  of  the  first  members  of  Equations  (192)  reduce 
to  zero,  and 


z 


'.V, -y'.v.  =  0,  ^ 


y'.v.  -ar'.Vy  =  0; 


(193) 


the  last  being  but.  a  consequence  of  the  two  others,  these  equations 
are  those  of  a  right  line  passing  through  the  centre  of  inertia, 
every  point  of  which  will  have  a  simple  motion  of  translation 
parallel  and  equal  to  that  of  the  centre  of  inertia.  The  whole 
body  must,  for  the  instant,  rotate  about  this  line,  and  it  is,  there- 
fore, called  the  Axis  of  Instantaneous  Rotation. 

§169. — Denote  by  a^, 
Pii  7ii  ^^  angles  which 
this  axis  makes  with  the 
coordinate  axes  rr,  y,  2r, 
respectively.  Then,  tak- 
ing any  point  on  the  in- 
stantaneous axis,  will. 


cosa^  = 


oosjS^  = 


ooir,  = 


^ 


.  J 
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and  eliminating  x\  y'  and  z\  by  Equations  (193), 


fU>S  OL 

». 

\A/9    *"»^ 

'      " 

A» 

+V 

+ 

»»» 

COS^, 

*» 

— 

1 

y».» 

+v 

+ 

V  2 

nnn  v 

V, 

WU07. 

^— 

i 

(194) 


■/v,"  +  V  «  +  v,» 


which  will  give   the   position  of  the  instantaneous  axis  as  soon  as 
the  angular  velocities  about  the  axes  are  known. 

§  160. — Squaring  each  of  Equations    (102),  taking  their  sum  and 
extracthig  square  root,  we  find 


y^±^±^  =»=>/(z'.«,-y'.v.)»+(x'.v.-z'.».)»+(y'.».-a:'.»,)»; 

Replacing  v, ,  v^  and  v,  bj  their  values  obtained  by  simply  clearing 
the  fractions  in  Equations   (104),  this  becomes 

ir=  Vv.a  +  v/  +  v,a  x  -/«'*  +  y'*  -f  «'*  -  (x'cosa,  +  y'cosjS, +«'008y,)«, 

which  is  the  velocity  of  any  element  in  reference  to  the  centre  of 
inertia^ 
M<^^i"g 

we  have  the  element  at  a  unit's  distance  from  the  centre  of  inertia; 
and  making 

«'cosa^  +  y'cos^^  +  «'cosy^  =  0,     •    •    •     (105) 

the  point  takes  the  position,  giving  the  maximum  velocity.  In  this 
case  V  becomes  the  angular  velocity,  and  we  have,  denoting  the 
latter  hj  iff 


V  =  •».*  +  V  +  *t' 


VV*«N 
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Equation  (105)  is  that  of  a  plane  passing  through  the  centre 
of  inertia,  and  perpendicular  to  the  instantaneous  axis.  The  position 
of  the  co-ordinate  axes  being  arbitrary,  Equation  (196)  shows  that 
the  sum  of  the  squares  of  the  angular  velocities  about  the  three 
co-ordinate  axes  is  a  constant  quantity,  and  equal  to  the  square  of 
the  i^gular  velocity  about  the  instantaneous  axis. 

§  161.— Multiply  Equation  (196),  by  the  first  of  Equations  (194), 
and  there  will  result 


fi .  008  a^  =  v^ 


(197) 


whence  the  angular  velocity  about  any  axis  oblique  to  the  instanta- 
neous axis,  is  equal  to  the  angular  velocity  of  the  body  multiplied 
l>y  the  cosine  of  the  inclination  of  the  two  axes. 

§162. — Equation  (196)  gives  v,. ,  when   Vjj,Vy,v,,  are  known.    To 

find  these,  resume  Equations  (118),  and  write  for  the  moments  of  the 
extraneous  forces  in  reference  to  the  axes  a;,'  y/  «/  through  the  centre 
of  inertia,  iV^,  Jif^^  Z^,  respectively,  then  will  ^ 


dfi 


'X'    - 


dfi 


■)=A 


/d^x'      ,          d^z'      A 
I  •  I •  z    —    •  a?  I  = 


jf,  > 


iv, ; 


'<<198) 


differentiating  the  first  of  Equation*  (192),  with  respect  to  ^  we  find 


«P»'  dz'  rfy'    ,    rfv_     ,       rfv.      , 

.  -—  V   • —  V   •  — ^^  4-  — '  •  z  —  —   •  V  • 


dt 


dt 


dt 


d  z'  d  v' 

and  replacing  -j—  and  -^^  by    their   values   given   in  the   second 

a  i  d  i 

and  third  of  Equations  (192), 


£x^ 


=  -(v+'.0*^'+''«^y'+'-^''+5?'''-J?-»^* 
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ia  the  same  way 


d^ 


dv 

—  — ••i' 

dt 


=  -  (v.»  +  v/)  'Z'  +  .,.v,.x'  +  ir^.v^.y'  +  ^^.y' ^^f . 


and  theae  values  in  die  first  of  Equations,  (198),  give 


Xm 


(J 


.  =  Z,  •  (199) 


+v,.v,.S«.  (x^-y'*) 

I 


Similar  equations  will  result  from  the  remaining  two  of  Equations 
(198) ;  then  by  elimination  and  integration,  we  might  proceed  to  find 
tlie    values  of  v,,  v    and  v,,  but   the  process  would  be  long  and 

tsdious.  It  will  be  greatly  simplified,  however,  if  the  co-ordinate 
axes  be  so  chosen  as  to  make  at  the  instant  corresponding  to  /, 


Sm^'y'sO;  2mz'y'  =  0;  2fn«'«'  =  0; 


(200) 


which  is  always  possible,   as   will   be   shown  presently.     This  will 
reduce  Equation  (199)  to 

^^«.2iii  (y'2  +  ^^2)  +  v^  .  v^.2m(x'2  -  y^)  =  A' 

The  other    two    equations  which    refer  to  the  motion  about  th« 
y'  and  x'^  may  be  written  from  this  one.    They  are. 


dr 


\ 


g>.2«»(y'»  +  «'»)  +  v,.»,.Sm(v'«  -  «'»>  =  M,. 
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The  axes  x\  y\  z\  which  satisfy  the  conditions  expressed  in 
Equations  (200),  are  called  the  principal  axes  of  figure  of  the  body. 
And  if  we  make 


2 1» .  (y'*  +  ar'2)  =  C 
2m.(a:'2+  «'»)  =  B, 

we  find,  by  subtracting   the   third   from  the  second, 

the  first  from   the  third, 

and  the  second  from  the  first, 

2m.(y'2-«'a)  =  C7-.^; 
which   substituted  above,  give. 


cfv 


(201) 


-5.— i^  + v,.v,.(^  -  (7)  =if,,  J.   .     .    .     .     (^2) 

^.^;  +  v,.v,.(C7-^)  =  iv;. 

By  means  of  these  equations,  the  angular  velocities  v^  >  Vy  i  v,  i  musl 
be  found  by  the  operations  of  elimination  and  integration. 

§  163. — It  is  plain  that  the  quantities  C,  B  and  A^  are  constant 
for  the  same  body ;  the  first  being  the  sum  of  the  products  arising 
from  multiplying  each  elementary  mass  into  the  square  of  its  dis- 
tance from  the  principal  axis  z\  the  second  the  same  for  the  prin- 
cdpal  axis  y\  and  the  third  for  the  principal  axis  9^.  The  sam 
of  the  products  of  the  elementary  masses  into  the  square  pf  their 
dbtances  firom  any  axis,  is  called  the  momnU  ^  tnerlte  of  the  body 


MECHANIOB    OF    SOLIDS 


157 


in  reference  to  this  axis.    A^  B  and  C  are  called  principal  moments 
of  inertia. 

§  164. — Through  any  assumed  point  there  may  always  be  drawn 
one  set  of  rectangular  axes,  and,  in  general,  only  one  which  will  satisfy 
the  conditions  of  Equations  (200).  To  show  this,  assume  the  formulas 
for  the  transformation  from  one  system  of  rectangular  axes  to  another, 
also  rectangular.    These  are 

x'  =  ar.cos  {x^  x)  +  y  cos  {x' y)  +  «  cos  (a;'z),^ 

y'  =  a?  cos  (y'ar)  +  y.cos  {y' y)  +  e.cos  (y'r),  >►.'..  (203) 

«'  =  a:  cos  {z' x)  +  y  cos  {z' y)  +  2.  cos  (z' z)^^ 

in  which  (x' x\  {y' x)  and  (2' a:),  denote  the  angles  which  the  new 
axes  x\  y'y  z\  make  with  the  primitive  axis  of  x;  {x'y)y  {y' y) 
and  {z'y)i  the  angles  which  the  same  axes  make  with  the  primitive 
axis  of  y,  and  {x'z\  {y' z)  and  {z'z),  the  angles  they  make  with  the 
axis  z. 

Assume  the  common 
origin  as  the  centre  of  a 
sphere  of  which  the  radius 
is  unity ;  and  conceive  the 
points  in  which  the  two 
sets  of  axes  pierce  its  sur- 
'  iace  to  be  joined  by  the 
arcs  of  great  circles;  also 
let  these  points  be  con-  ■ 
nected  with  the  point  i\r, 
in   which  the    intersection 

of  the  planes  xy  and  «'y'  pierces  the  spherical  surface  nearest  to 
that  in  which  the  positive  axis  x  pierces  the  same.     Also^  let 

i  =z  Z'AZ  =:  X'  NXy  being  the  inclination  of  the  plane  x'  y'  to  that 
of  xy. 

4^  =  NA  X  being  the   angular  distance  of   the    intersection  of   the 
planes  xy  and  a/y',  from  the  axis  x, 

f  s  NAX*  being   the    angular   distance  of  the   same   intersection 
4ma  tha  axis  if. 
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Then,  in  the  spherical  triangle  X'  NX^ 

*cos  {x'  x)  =  cos  4: .  cos  9  +  sin  ^  •  sin  9 .  cos  4 ; 

In  the  triangle  T'NX,  the  side  HT'  =  -^  +  9,  and 

cos  {y' «)  =  «—  cos  4" .  sin  9  +  sin  >p .  00s  ^ .  cos  $ , 

In  the  triangle  Z'  NX,  the  side  NSP  =  -^  and 

cos  {t' x)  =  Rm4/.85n4. 

And  in  the  same  way  it  will  be  found  *that 

COS  {x'  y)  =  —  sin  4 .  cos  9  +  cos  4 .  sin  9 .  00&  i ; 
cos(y'y)  =  sin4/.sin9  +  cos4.cos9.oos4; 
cos  (z'  y)  =  008  4  •  sin  4 ; 
cos  {x'  z)  =  —  sin  9  .  sin  4  ; 
cos  (y' «)  =  —  cos  9 .  sin  4  ; 
COS  (y  t)  =  cos  4 ; 

and  bj  substitution  in  Equations  (203), 


X'  = 


y'  = 


af'  = 


«  (sin  4  •  8^1^  ?  •  cos  ^  +  cos  4  •  cos  9) 

4-  y  (cos  4  •  ^1^  9  •  cos  4  •—  sin  4  •  COS9)  —  £  sin  9  •  nn  I, 

X  (sin  4  •  COS  9 .  cos  b  —  cos  4  •  sin  9) 

+  y  (cos  4*co99.cos  4  +  sin  4*sin  9)  —  f  cosf.ein^, 

2B  sin  4  •  sin  4  +  y  cos  4  •  ^  ^  +  ^  cos  4 ; 


or  making,  for  sake  of  abbreviation. 


2)  =  a:  cos  4  —  y  sin  4'> 

j&  =  «sin4*cos4  +  yco84^.co84  —  fsin^y 


\ 


the  above   reduce  to 


«' =  J!?.  sin  9  +  i>- cos  9, 
y' ss  J^.  008^  —  i^ .  tin  9i 
if  s=  9.wk^.dn,%  +  y.oo8  4'*^^  ^m.miti. 
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Substitadng  these  valaes  in  the  equations 

we  obtain  from  the  first, 

an(p.cos(p.2m{JS^  —  2)*)  +  (oos*^  —  sin^^p)  Sm-^.D  =  0, 

or,  replacing  sin  ^.cos^,  and  cos^^  —  sin' 9,  by  their  equals  ^ sin 2 9^ 
and  COS  2  9,  respectively, 

8in29.2m(-ff»  —  IP)  +  2  cos  29.2mi).  J^=  0;.  •  •  (204) 
and  from   the  third  and  second,  respectively, 

COS9. 2in. ^. s' —  sin9. 2m2)%£' =  0,  •     •     •     (206) 
sin  9  .  2  m .  jF.  «'  +  cos  9 .  2  m  2> .  s'  =  0.  •     •     •     (206) 

Squaring  the  last  two  and  adding,  we  find 

(2m.-fir.«7  +  (2m.i).«7  =  0. 

which  can  only  be  satisfied  by  making 


2  m 
2m 


.H.g'  =  0;) 
.D.z'  =  0.) 


(207) 


These  equations  are  independent  of  the  angle  9,  and  will  give  ,the 
values  of  4^  and  A ;  and  these  being  known.  Equation  (204)  will  give 
the  angle  9. 

Replacing  H  and  D  by  their  values,  we  have 

JB,z'  =^  sin  6 ,  cos  6  {x^  sin*  >)/  +  2  a;  y  sin  >)/  cos  4'  +  y*  cos*  4/  —  «■) 
+  (cos*  6  —  sin*  A)  {xz sin -^^  +  yz, cos >}/) , 

D.z' =  sm6  {ary  (cos«4/  —  sin*  >}/)  +  («*  —  y*)sin4/COs4/} 
+  cos  6  (xz  cos  4/  —  y  s  sin  4/) . 

and  assuming 

2m«*  =  -4';  2my*  =  ^';  2m2;*=  C; 
2mxy  ziz  JSTi  2mxz  =  F';  ^myz  =  iP, 

and  replacing  sin  4  .  cos  4,  and  cos*  4  — >  sin*  4,  by  their  respective 
values,  ^  sin  2  \  and  cos  2  4,  Equations  (207)  become 


dn2«(^'sin*4/  +  2^sin4/cos4.  +  ^oos*4.  -  C) 
+  2eQa8«(i^ib4/  +  irooa4^) 


\=..- 
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sind  {^'.  (cos2^  -  sin* 4.)  +  {A'  -  B') . sin  +  cos  4.} 
+  cos  d  (/"cos>^  —  H'sm-].) 


}=., 


in  which  A\  B\  C^  JB',  F'  and  JJ',  are  constants,  depending  only 
upon  the  shape  of  the  body  and  the  position  of  the  assumed  axes 
X,  y,  z. 

Dividing    the    first    by   cos  2  d,  and   the    second  by   cos  4,   they 
become/ 

tan  2  d.  (^'  sin2  4.  +  2  JB'  sin  +  cos  4.  +  -B'  cos »  4.  —  G)  I      q. /on^v 
+  2  (/*  sin  4.  +  iJ'  cos  4.)  ^  -    5(      ) 


1=0.(207)" 


tan  d  .  {IT  (cos2  4/  —  sin«  4.)  +  {A'  —  B')  sm  +  cos  +} 
+  i^  cos  4/  —  jy  sin  4/ 

From  the  first  of  these  we  may  find  tan  2^,  and  from  the   second, 
tan  d,  in  terms  of  sin  4^,  and  cos  4^ ;  and  these  values  in  the  equation 


tan2d  = 


2  tan^ 
1  —  tan^d 


(208) 


will  give  an  equation  from  which  4^  may  be  found. 
In  order  to  effect  this  elimination  more  easily,  make 

tan  4^  =  t/, 

« 
whence 

1 


sin  4^  = 


u 


VI    f  tt* 


;  cos  4^  = 


VI  +  t*a' 


making  these  substitutions  above,  we  find  ' 


tan2d=  — 


tan  d  =  — 


which  in  Equation  (208)  give 


1        B'  F^'-'F'  C W H!    V 

+  (if"»  + jr).(JP'-ir«)» 


=  0  •  •  (209) 
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wluch  is  an  equation  of  the  third  degree,  and  must  have  at  least 
one  real  root,  and,  therefore,  give  one  real,  value  for  >}/.  This  value 
being  substituted  in  either  of  the  preceding  equations,  must  give  a 
real  value  for  d,  and  this  with  >)/,  in  either  of  the  Equations  (205) 
or  (206),  a  i^  value  for  9;  whence  we  conclude,  that  it  is  always 
possible  to  assume  the  axes  so  as  to  satisfy  the  required  conditions, 
and  that  through  every  point  there  may  be  drawn  at  least  one  set  of 
principal  axes  at  right  angles  to  each  other.         *     , 

The  three  roots  of  this  cubic  equation  are  necessarily  real;  and 
they  represent  the  tangents  of  the  angles  which  the  axis  x  makes 
with  the  lines  in  which  the  three  co-ordinate  planes  x*  y'^  y'  z\  x'  z\  cut 
that  of  :i;  y ;  for  there  is  no  reason  why  we  should  consider  one 
of  these  angles  as  given  by  the  equation  rather  than  the  others,  and 
the  equations  of  condition  are  satisfied  when  we  interchange  the 
axes  ^  y*  z\  Hence,  in  general,  there  exists  only  one  set  of  prin*- 
cipal  axes.  If  there  were  more,  the  degree  of  the  equation  would 
be  higher,  and  would,  from  what  we  have  just  said,  give  three  times 
as  many  real  roots  as  there  are  systems. 

If  ^'  =  if'  =  i^  =  0,  Equation  (209)  will  become  identical ;  the 
problem  will  be  indeterminate,  have  an  infinite  number  of  solutions, 
and  the  body  consequently  an  infinite  number  of  sets  of  principal 
axes.     Such  is  obviously  the  case  with  the  sphere,  spheroid,  &c. 

MOMENT  OF  INEBTIA,  GENTHE  AND  BADIU8  OF  OYBATION. 

§  165. — ^The  quantities  A^  B  and  C,  in  Equations  (201)  are  the 
moments  of  inertia  of  the  body  in  reference  to  the  principal  axes. 
To  find  these  moments  in  reference  to  any  other  axes  having  the 
same  origin  as  the  principal  axes,  denote  by 

x',  y\  z\  the  co-ordinates  of  m  referred  to  the  principal  axes ;  by 

:r,  y,  2r,  the  co-ordinates    of    the    same    element  referred  to  any 
other  rectangular  system  having  the  pame  origin ;  and  by 

C\  the  moment  of  inertia  referred  to  the  axis  z\ 

dien  firom  the  definition, 

U  =  2m.(«>  +  y*)  =  2m«»  +  2my«-^ 

11 


i^ 
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but  by  the  usual  formulas  for  transformation, 

X  z=z  ax'  -{-  by'  +  ct\ 
y  =  a'x'  +  b'y'  +  c'z\ 
z  =  a!*x'  +  h"y'  +  c"  z\ 

in  which  a,  6,  dso.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the  same  n^me  as  the  co-ordinates  into  which  they  are  respectively 
multiplied  make  with  the  axis  corresponding  to  the  variable  in  the 
first  member. 

Substituting  the  values  of  x  and  y  in  that  of  0\  and  reducing  by 
the  relations, 

and  we  have, 

and  by  substituting  A^  B  and  C  for  their  values,  this  reduces  to 

C  =  a"^A  +  h"^B  +  c"2  (7     .    .    .     .     (210) 

Hiat  is  to  say,  the  moment  of  inertia  with  reference  to  any  axis 
passing  through  the  common  point  of  intersection  of  the  principal 
axes,  is  equal  to  the  sum  of  the  products  obtained  by  multiplying 
the  moment  of  inertia  with  reference  to  each  of  the  principal  axes, 
by  the  square  of  the  cosine  of  the  angle  which  the  axis  in  question 
makes  with  these  axes. 

tl66. — Let  A^  be  the  greatest,  and  C7,  the  least  of  the  moments 
ertia,  with  reference  to  the  principal  axes;  then,  substituting  for 
a"2,  its  value,  1  —  h"^  —  c"2,  in  Equation  (210),  we  have 

C"  =  ^  -  6"2  (^  _  ^)  _  c"2  (A  -  C7).      .    .     (211) 

By  hypothesis,  A  —  B^  and  -4  —  C7,  are  positive ;   therefore^  C"  is 
always  less  than  -4,  whatever  be  the  value  of  6",  and  c". 

Again,  substituting    for    c"^  jts  value   1  — a"^  —  6"^  in  Equati<m 
(210),  we  get 

C"  =  (7  +  a"»  (^  -  (7)  +  6"2  (^  -  (7)     .    .    ♦    (2ia) 
and  C  must  always  be  greater  thaii  C 
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Whence,  we  conclude  that  the  principal  axes  give  the  greatest  and 
least  TDoments  of  inertia  in  reference  to  axes  through  the  same  point. 
If  ^  be  equal  to  B^  then  will  Equation  (211)   become 

C  =  (1  -  c"2)  ^  4-  c"2  (7, (213) 

and  this  only  depending  upon  c",  we  conclude  that  the  moment  of 
inertia  will  be  the  same  for  all  axes  making  equal  angles  with  the 
principal  axis,  z\  The  moments  of  inertia,  with  reference  to  all  axes 
in  the  plane  x'  y',  are,  therefore,  equal  to  one  another.  But  all  the 
axes  in  the  plane  x'  y\  which  are  at  right  angles  to  one  another^ 
are,  §  164,  when  taken  with  z\  principal  axes,  and  we,  therefore, 
conclude  that  the  body  has  an  indefinite  number  of  sets  of  principal 


t 


If,  at  the  same  time,  we  have  ^  =  ^  =  C7,  then  will  Equation 
(210)  reduce  to 

that  is,  the  moments  of  inertia  are  all  equal  to  one  another,  and  all 
axes  are  principal,  the  Equation  (210)  being  satisfied  independently 
of  a",  6",  c". 

g  167. — Resuming    Equations,    (33),  and    substituting    the    values 
of  jr,  y,  IT,  in  the  general  expression, 

2  m  («2  +  y2) 

which  is  the  moment  of  inertia  ^4th  reference  to  any  axis,  £,  parallel 
to  the  axis  2',  through  the  centre  of  inertia,  we  have 

2i»(^  +  y«)  =  2m  [{x,  +  x^  +  (y,  +  y')»] 

=  2  m  (a:'*  +  y^)  +  {x,^  +  y,^).^m  ■ 

+  2«,.2i»a:'  +  2y,  .2wiy'; 

but  fW>m  the  principle  of  the  centre  of  inertia, 

2mj/=:0,    and    2my'r=:0; 

wlieiioe,  denoting  by  d  the  distance  between  the  axeo  %  and  z\  and 
\j  Ji  iii»  whole  mass, 
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Thai  isy  the  moment  of  inertia  of  anj  body  in  reference  to  a  given 
axis,  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel 
axis  through  the  centre  of  inertia,  increased  bj  the  product  of  the 
whole  mass  into  the  square  of  the  distance  of  the  given  axis  from 
that  centre. 

And  we  conclude  that  the  least  of  all  the  moments  of  inertia  is 
that  taken  with  reference  to  a  principal  axis  through  the  centre  of 
inertia. 

§  16$. — Denote  bj  r  the  distance  of  the  elementary  mass  m  from 
th«  axis  i«  then  wUl 

H  =  ««  +  y«, 

and 

N%>«,  Jcr«ot:n^  the  whole  mass  bj  Jif,  and  assuming 


k 


^yj^r (^^^) 


TW  \^'^ie;KKV  h  ^  ca£I^  the  rm£ut  «r*  fyroHom^  and  it  obviouslj 
w^e«di^rv«»  ^k^  s£i!$C;uxv  fivci  tW  axb  to  tkst  point  into  which  if  the 
^Wi^  ^'**^  >i^vcv  v\Mfoxc:nk:ed  ^  iEK>Qi«Dt  of  inertia  would  not  be 
^Ciic^xl  IV  iNV'ti  ist^'  >kV>ok  ihb  eoMUtratioD  might,  take  place 
♦«^A  55»;»|^  dw  vx^itsoc  *K^x>f,  ]»  <alkil  the  cnlrv  ^  ^raiUm, 
>^\ssx  \^  xv^  piKiswt^  :x^N£^  ^  ciMLSz^  of  iiMttia,  the  radius  k 
«.T>i    ;W  ^^M  vST  <vtiv*ytt:rtS2oa  a;^  oiIMi  jmiMipai  wwdims  and  prin* 

^V   Yi-'NS*^  JA>  %'^  rvftfceoic^  »  wlKk  ikfr  moaieiit  of  inertia  is 
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If  the  linear  dimensions  of  the  body  be  very  small  as  compared 
with  dy  we  may  write  the  moment  of  inertia  equal  to  M<P. 
The  letter  k  with    the    subscript   accent,  will  denote  a  principal 

*  • 

radius  of  gyration. 

The  determination  of  the  momente  of  inertia  and  radii  of  gyration 
of  geometrical  figures,  is  purely  an  operation  of  the  calculus.  Such 
boilies  arc  supposed  to  be  coutinuous  throughout,  and  of  uniform  den- 
sity. Hence,  we  may  write  d  M  for  m,  and  the  sign  of  integration  fpr 
2).  and  the  formula  becomes 

2mr^=zfdM.f^ (217) 

Example  1. — A  physical  line  about  an  axis  through  its  centre  ofid 
perpendicular  to  its  length. 

Denote  the  whole  length  by  2a;  Hien 
2a  :  dr  ::  If  :d If, 
whence, 


dr 

dlf=lf^^^ 
2a 


and 


Ma^ 


A^,^    r»      ,         Ma* 


. «_ 

If  the  axis  be  at  a  distance  d  from  the  centre,  and  parallel 
that  above,  then.  Equation  (216), 


JSxampU  2.— A  circular  plate   of  uniform  density  and   thicknesi^ 
ihmt  an  awU  through  its  centre  and  perpendicular  to  its  planSs 
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Denote  the  tsadlua  hj  a\  the  angle  XA  Q^  Y 

hj  6]  the  distance  of  dM  from   the  centre 
hy  r;  then. 


whence. 


•'o':  r.d6  .dr::M:  dM; 


rfif=if»^'^^^^ 


«'a 


a 


and 


'V =/•/-'•  ^-^.-y: 


2Af.^*dr 


Ma^ 


and  for  an  axis  parallel  to  the  above  at  the  distance  d^ 


Example  8. — 7%e  «am«  ^ocfy  a^ou^  a»  cum  ihrough  %i»  centre  and 
in  its  plane. 


As  before, 


r.  dr ,  d6 


in  which  r  denotes  the  distance  of  d  Af  from  the  centre ;  and  taking 
the  axis  to  be  that  from  whidi  6  is  estimated,  the  distance  of  the 
elementary  mass  from  the  axis  will  be  r  sin  ^,  and 


jfv 


a^  J9  4 


and 


*/  =  *«» 


and  about  an  axis  parallel  to  the  above  and  'at  tke  dlstiiioe  A 


=n/? 


a»  +  A 
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it  is  vbvioua  tha^^th  the  ozea  first  considered  in  Examples  3 
and  3  are  principal  axes,  aa  are  alio  all  others  in  the  plane  of 
the  plate  and  through  the  centre,  and  if  it  were  required  to  find 
the  momoit  of  inertia  of  the  plate  about  an  axis  through  the  centre 
and  inclined  to  its  surface  under  an  angle  f,  the  answer  would  be 
giren  by  the  Equation  (210), 

if  *,*  =  i  Jf  a»  sin*  9+ i  Jf •»  COS*  » 
«fc  iJf«*{l  +  Bin'ip), 
and  for  a  parallel  axia  whose   distance  is  d. 

Mi?  =  Jf  (i  a*  (I  +  «n»9)  +  tp)  • 


Example  4. — A  tolid  of   revolutwn  about  any 
Uie  axil  of  the  solid. 

Let  I>  A'  £  he  the  given  axis, 
cutting  that  of  the  solid  in  A'-  Let 
^'  be  the  origin  of  co-ordinates, 
PM=y;  A'J'  =  x;  AA'  =  m; 
A'  B  =  m;  and  V  =  volume  of  the 
Mlid. 

Hie  volume  of  the  elementary 
KXtioa  at  P  will  be 


I  perpmdieular  U 


V:M::m.y*.dx\dM; 
M 


dM  = 


■  y^-dx. 


and  its  moment  of  iaerl4a  about  M  W,  is.  Example  3, 

ud  about  the  parallel  axis,  2>  B, 

y.'»'.i.(iy>  +  <") 
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therefore, 


But 


whence, 


k^  = 


J^{iy*  +  x*y»).dx 


The  equation  of  the  generating  curre  being  given,  y  may  be  elimi- 
nated and  the  integration  performed. 

Example  5. — A  sphere  about  a  line  tangent  to  its  euffaee. 
The  equation  of  the  generatrix  is 

y2  =  2  a  a?  —  a;^ ; 

m  which  a  is  the  radius  of  the  sphere.     Substituting  the  value  of  y* 
in  the  last  equation,  recollecting  that  m  =  0,  and  n  =  2  a,  we  have 


A»  = 


r'{2ax  —  x^)dx 


5 


Also  Equation  (216), 


it- a  =  Aa  -  a'  =  ^  a», 

o 


and 


''=«\/T 


I 


Thus,  when  the  boundary  of  a  rotating  body  and  the  law  of  its 
density  may  be  defined  by  equations,  its  moment  of  inertia  is  readily 
found  by  the  ordiuary  operations  of  the  calculus ;  but  when  the  figure 
is  irregular  and  the  density  discontinuous,  recourse  is  had  to  the  prop* 
erties  of  the  compcand  pendulonu  to  be  explained  presently* 
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Example  6, — Find  the  points  in  reference  to  which  tlie  principal  mo- 
ments are  equal. 

Take  the  ori^n  at  the  centre  of  inertia,  and  the  principal  axe.* 
through  that  point  as  the  co-ordinate  axes.  Denote  by  x^  y^  z^  the  co- 
ordinates of  one  of  the  points  sought ;  by  -4^,  B^^  and  C^  the  principal  ' 
mon^iits  with  reference  to  this  point,  and  by  x'  y'  z'  the  co-ordinates  of 
the  element  wi.  Then,  because  the  moments  through  the  point  x^  y^  z^ 
are  to  be  principal,  will 

2:m(a;'-ar,)(y'-y,)=0;  2w(a:'-ar,)  (2'-r,)  =  0;  2m(y'-y;)  (z'-z,)=0.  * 

Performing  the  multiplication  and    reducing   by  the   properties   of  the 
centre  of  inertia  and  principal  axes,  we  have 

-W.  a?,  y,  =  0 ;  Mx^  2,  =  0 ;  My^  z,  =  0  : 

which  can  only  be  satisfied  by  making  two  of  the  co-ordinates  x^y^M^ 
separately  zero.     Let  y^  =  0,  and  z^=zO;   then,  §  166  and  Eq.  (216), 

bnt,  by  the  conditions,  the  first  members  arc  equal.    Whence 

A  =  B  +  Mx;=z  C-\-Mx;\ 
and,  therefore, 


B  =  C;    and  x 


and  from  which  it  is  apparent :  1st,  that  if  all  the  principal  moments 
in  reference  to  the  centre  of  inertia  be  unequal,  there  is  no  point  in 
reference  to  which  they  can  be  equal ;  2d,  that  if  two  of  them  be 
equal  in  reference  to  the  centre  of  inertia  and  the  third  be  tEe  great- 
est, there  are  two  points,  equally  distant  from  the  centre  of  inertia  and 
on  the  axis  of  the  greatest  moment,  with  reference  to  which  they  are 
equal ;  3d,  that  if  all  three,  with  reference  to  the  centre  of  inertia,  be 
equal  to  one  another,  there  is  no  other  point  with  respect  to  which 
tliey  can  be  equal. 

IMPULSIVB    FORCES. 

§  169. — ^We  have  thus  far  only  been  concerned  with  forces  whose 
action  may  be  likened  to,  and  indeed  represented   by,  the  pressure 
bag  tnoL  the  weight  cf  some  definite  body,  sa  %  cxi\>\<^  ^c/sX  ^\ 
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distilled  water  at  a  standard  temperature.  Such  forces  are  called 
incessant,  because  they  extend  their  action  through  a  definite  and 
measurable  portion  of  time.  A  single  and  instantaneous  effort  of 
such  a  force,  called  its  intensity,  is  assumed  to  be  measured  by  the 
whole  effect  which  its  incessant  repetition  for  a  unit  of  time  can 
produce  upon  a  free  body.  The  effect  here  referred  to  is  called 
the  quantity  of  motion,  being  the  product  of  the  mass  into  the 
velocity  generated.    That  is,  Equations  (12)  and  (13), 

dV  cPs 

p  =  jr.  F;  =  if^=jr— ';  ....  (218) 

in  which   F,,  denotes  the  velocity  generated  in  a  unit  of  time. 

The  force  P,  acting  for  one,  two,  or  more  miits  of  time,  or  for 
any  fractional  portion  of  a  unit  of  time,  may  communicate  any  other 
velocity  F,  and  a  quantity  of  motion  measured  by  M  V,  And  if 
the  body  which  has  thus  received  its  motion  gradually,  impinge  upon 
another  which  is  free  to  move,  experience  tells  us  that  it  may 
suddenly  transfer  the  whole  of  its  motion  to  the  latter  by  what 
seems  to  be  a  single  blow,  and  although  we  know  that  this  transfer 
can  only  take  place  by  a  series  of  successive  actions  and  reactions 
between  the  molecular  springs  of  the  bodies,  so  to  speak,  and  the 
inertia  of  their  different  elements,  yet  the  whole  effect  is  produced  in 
a  time  so  short  as  to  elude  the  senses,  and  we  are,  therefore,  apt  to 
assume,  though  erroneously,  that  the  effect  is  instantaneous.  Such 
an  assumption  implies  that  a  definite  velocity  can  be  generated  in  an 
indefinitely  short  time,  and  that  the  measure  of  the  force's  intensity 
is.  Equation  (218),  infinite. 

In  all  such  cases,  to  avoid  this  difiiculty,  it  is  agreed  to  take  the 
actual  motion  generated  by  these  blows  during  the  entire  period 
of  their  action,  as  the  measure  of  their  intensity.  Thus,  denoting 
the  mass  impinged  upon  by  M,  and  the  actual  velocity  generated 
in   it  when  perfectly  free  by   F,  wft  have 

P  =  if  F    =if.^, (219) 

in  which  P^  denotes  the   intensity  of   the    foroe'n    action,   and  the 
aeoond  member  of  the  equatioa  the  resistances  of  the  body's  hoiertis* 
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Forces  which  act  in  the  manner  just  described,  bj  a  blow,  ^  are 
called  impulsive  Jarces. 

MOnON   OF  A  BODY  T7KDEB  THE  AOTIOK  OF  ZMPULSIVE  FOBOBS. 

§  170. — ^The  components  of  the  inertia  in  the  direction  of  the  axes 
Ty«,  are  respectively 

--  ds  dx       -,  dx 
Jf.  — .^~  =  i/^-  — ; 

dt  ds  dt 

dt  dt  dt' 

dt  ds  dt* 

which,   substituted  for    the    corresponding    components  of  inertia  in 
Equations  (A)  and  (i?),  give 

dx    ^ 
SPcosa  =  Sm«-7-; 

dt 


2  I' cos/3  =  2  m. -r^;    •• 

dt 

^  ^       dz 

S  P  cos  7  =  S  m  •  -=- ; 

at 


(220) 


SP(x'co8/3  —  y'cosa)  =  Sm  (*' '  5^  —  y' '  ^)  ' 


dt 
dx 


"■?)• 


(dx 
z'  '-J- 

SP(y'cos7  — ar'cos/S)  =  Sm  V'  'Ti~^''dO  ' 


(221) 


In  which  it  will  be  recollected  that  x  y  z  are  the  co-ordinates  of  m, 
referred  to  the  fixed  origin,  and  x'  y'  z\  those  of  the  same  mass 
referred  to  the  centre  of  inertia. 


MOTION  OF  THE  CENTRE    OF    INERTIA. 

§  171^— Substituting   in    Equations   (220),  jfljj^  (;?ar,    dy^  dzy   their 

fix>m  Equations  (34),  and  reducing  by  tih»  T^VaxKoiu^ 

Mmdy^Oi  SmJ/sz^}  iiiiiis'=0\  •     - 
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giTen  hj  the  principle  of  the  centre  of  inertia,  we  find 


2Poo8a  =  -j-f  .2  m: 
at 

SPoosjS  =-^.2:m; 
2P0087  =  ■jj-'Sm'y 


•     •    •     •     • 


(223) 


and  substituting  M  for  2  m,  we  have 

at 


a  t 


SPcosy  =  M'—i 

'  at 

which  are  wholly  independent  of  the  relative  positions  of  tne  elements 
of  the  body,  and  from  which  we  conclude  that  the  motion  of  the 
centre  of  inertia  will  be  the  same  as  though  the  mass  were  concen- 
trated in   it,  and  the  forces  applied  immediately  to  that  point. 

§  172. — Replacing  the  first  members  of  the  above  equations  by 
their  values  given  in  Equations  (41),  and  denoting  by  V  the  velocity 
which  the  resultant  R   can  impress  upon  the  whole  mass,  then  will 

SPcosa  =  if  Fcosa;    2Poosj3=  i/Tcosft;   2  Pcosy  =:  Jf  Fcosc; 

substituting  these  above,  we  find 


F.  cos  a  = 


Tt 


F,oo86  = 


_^. 


dt 


(224) 


F.«MC 


4i    » 
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Mid  integrating, 


y^  =  r.C08d.<+  C",    I     ;     .     .    .    .     (225) 

z,  =  F.COSC./+  C"\  ^ 

and  eliminating  t  from  these  equations,   V  will  also  disappear,  and 
we  find, 


h^^i 


h-Vr 


Vi  -^r 


cos  c         C  cos.c  —  C"  cos  a 
cos  a 

cos  e 
cos  6 

cos  h 

cos  a         .  cos  a 


COS  a 

— » 

U" 

cos  c  — 

(jm 

cos 

h 

COS 

b 

c 

COS  6  — 

C7" 

COS 

a 

(226) 


which  being  of  the  first  degree  and  either  one  but  the  consequence 
of  the  other  two,  are  the  equations  of  a  straight  line.  This  line 
makes  with  the  axes  x^  y,  Zy  the  angles  a,  6,  c,  respectiyely,  and  is, 
therefore,  parallel  to  the  resultant  of  the  impressed  forces. 

Whence^e  conclude,  that  the  centre  of  inertia  of  a  body  acted 
npon  simultaneously  by  any  number  of  impulsive  forces,  will  move 
uniformly  in  a  straight  line  parallel  to  their  common  resultant. 


r        MOnON  ABOUT  THE  CENTRE  OF  INEBTIA* 

§173. — Substituting,  in  Equations  (221),  for  dx^  dy  and  dz^  their 
Talaes  firom  Equations   (34),   reducing  by 

2  TO  ar'  =  0, 
Swy'  =  0, 

2  m  «'  =  0, 
and  we  find,  • 

2P(«'co8j8  -y'cosa)  =  Sm  (ar'.-^  -  y' ^)  ; 


ZP(j:'C08a  —  af'cosy)  =  2m  (z' •  -^ «'•  -^-A  ;  ' 

^(•ecy -•'00.^  =  am  (y'.  1^  -  ^.^1)  ., 


y    • 


\ 


(227) 
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whence,  the  motion  of  the  body  about  its  centre  of  inertia  will  be 
the  same  whether  that  point  be  at  rest  or  in  motion,  its  co-ordinates 
haying  disappeared  entirely  from  the  equations. 


ANGULAB  TELOOmr. 


:^ 


§  174. — Replacing  the  first  members  of  Eqs.  (227)  by  L^^  i/),  and  N,y 
respectively,  §  162  ;  and  substituting  in  the  second  members  for  dz\  dy' 
and  dz\  their  values  in  Eqs.  (100),  we  readily  find 


dt 


d^ 
dt 


dt  dt 

M,+-Z  m  z'y' .  ^  -f-2  m  ar'y' .  J 


• 


i'  m  (x''^  +  z':^) 


(228) 


dm  _     '  ^      dt   ^  dt 

Tt  "  ~  2  m  {y''  -h  z'^) 

If  the  axes  be  principal,  then  will  2  m  xY  =  0,  2  m  y'z'  =  0, 
2  m  z'z^=0 ;  or  if  the  axes  be  fixed  in  succession,  then  for  the  axis  z'  will 
d\b  —  0;  d(p  =  0\  for  the  axis  y,  ^9  =  0;  rf(j  =  0;  and  for  the  axis 

z,  dzs  =z  0;  rft/;  =  0,  and  the  above  become 

d^  ^  Lj 

It   ' 


d^ 
dt 


dvi N, 


(229) 


That  is,  the  component  angular  velocity  about  either  a  principal  or  fixed 

axis,  is  equal  to  the  moment  of  the  impressed  forces  divided  by  the 

moment  of  inertia  with  reference  to  that  axis. 

di 
Tlie  resultant   angular  velocity  being  denoted  by    —^    we    also 

have,  (Eq.  196), 


j^--jiyjd^  +  d^  +  d^. 


•    k    •    • 


(880) 
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AXIS   OF  INSTANTANEOUS   ROTATION. 

§  175. — The  axis  of  instantaneous  rotation  is  found  as  in  §  158,  by 
tnaking,  in  Equations  (192),  (/x'=  0,  c?y'=  0,  dz'^=0;  and,  therefore, 

2f' .  V,  —  y' .  V.  =  0  ;    ar' .  V.  —  2^ .  V,  =  0  ;   y' .  v.  —  ar' .  v,  =  0  .  (231) 

"which,  as  the  last  is  but  a  consequence  of  the  others,  are  the  equations 
of  a  right  line  through  the  centre  of  inertia. 

The  equations  of  the  line  of  the  resultant  impact  are,  £qs.  (45), 

9 

and  the  inclination  0  of  this  line  to  the  instantaneous  axis,  is  given  by 

,^^,e  = ?!'  -^  +  ^  •  ^+_^  ^       . 

or,  substituting  for  v.,  v,,  and  v.  their  values,  Eqs.  (229)  and  (191), 

L.Z      M,.r     N,.X 

C    "^     B     "^     A  ,^. 

COS0=: —  — .     (232) 

The  point  in  vrhjch  the  line  of  the  impact  pierces  the  plane  yz\^  given  by 

z  -.  ^  ,  y  —       ^  , 

dividing  one  by  the  other,  we  have,  for  the  equation  of  the  line  through 
this  point  and  the  centre  of  inertia. 

Denote  the  angle  which  this  line  makes  with  the  instantaneous  axis  by 
B' ;  then  from  the  equations  of  these  lines  will 


*/(S)'-(S)'-V(-|)V.' 


or,  Eqa.  (229)  and  (191),  ^ 


—B^^ 


00e^'=  r:rr===== ,  .       (288) 


170 


ELEMENTS    OF    ANALYTICAL    MECHANICS. 


AXIS    OF   SPONTANEOUS    ROTATION. 

§  176. — If  both  members  of  Eqs.  (34)  be  divided  by  d  t,  we  have 

dx      dx^      dx' 
dl  ~~  It        (dl ' 

jy  _  ^y,  ,  dy\ 

dt'^dt'^dt' 
d  z  ^dz^       dz'  ^ 


and  if  for  any  element 

dx 


^      dy      ^      dz      ^ 
dt         '    dt         '    dt 


then  will 


dx^  ^       dx'      dy^  dy* ^    dz,  dz! 

Ti^'^Tt'  77"  ""77*'  Ti'^'^dl    '    * 


(234) 


(235) 


Substituting  for  the  first  members  their  values  given  in  Equations  (224), 

and  for  the  second  members  their  values  given  in  Equations  (192),  we 

have 

z' .  V,  —  y' .  V,  4- ^.  cos  a  =  0  ^ 

a:'.  V.  —  «',  V,  4-F.  cos  6  =  0  V (236) 

y' .  V,  —  a?' .  V,  +  F .  cos  c  =  0  ^ 

Now,  if  either  of  thdse  equations  be  but  a  consequence  of  the  other 
two,  then  will  they  be  the  equations  of  a  right  line  parallel.  Equations 
(231),  to  the  instantaneous  axis;  and  all  points  upon  this  line  will  be 
at  rest  during  the  body*s  motion.  This  line  is  called  the  axis  of  tqjon- 
Utneous  rotation. 

To  find  the  conditions  which  shall  express  the  dependence  of  either 
of  the  Equationr(236)  upon  the  other  two,  multiply  each  by  the  angu- 
lar  velocity  it  does  not  already  contain,  add  the  products,  and  divide  the 
sum  by  the  resultant  angular  velocity  Vj ;  there  will  result. 


V. 


V. 


V. 


K  ^  mf  ^ 

cos  a .  -*  +  cos  6 .  —  +  cos  c .  ~  =  0 

Vi  Vi  Vt 


(230)' 


The  first  member  is  the  cosine  of  the  angle  which  the  resultant 
impact  makes  with  the  instantaneous  axi^;  this  being  zero,  it  follows 
that  whenever  a  body  is  struck  so  as  to  make  the  instantaneous  axis  per- 
pendicular to  the  direction  of  the  impact,  the  spontaneous  axis  will  eiial. 
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Denote  by  /,  the  distance  from  the  spontaneous  axis  to  the  line  of 
the  impact;  by  e,  and  e^  the  absolute  terms  in  the  second  and  third 
of  Eqs.  (236),  solved  with  respect  to  z  and  y,  then  will 


(23'?) 


Equation  (232)  will  make  known  the  circumstances  of  the  impact 
and  shape  of  the  body  which  will  determine  the  existence  of  the  spon- 
taneous axis. 

Make  the  impact  in  the  plane  of  the  principal  axes  x'y\  and  par- 
allel to  the  axis  x\  Then,  Equation  (232),  will  0  =  90^  and  the  spon- 
taneous axis  will  exist  Also,  Equation  (233),  6'  =  90^.  And,  Equations 
(237)  and  (229),  and  because  X:=M.V,  and  F=e,.  v., 

whence, 

{l-e,).e,  =  k; (288). 

Tliat  is,  when  the  line  of  the  impact  is  in  the  plane  of  two  of  the 
principal  axes  and  parallel  to  one  of  them,  there  will  be  a  spontaneous 
axis,  and  the  product  of  its  distance  from  the  centre  of  inertia  by  that 
of  the  line  of  the  impact  from  the  same  point,  is  equal  to  the  square 
of  the  principal  radius  of  gyration  in  reference  to  the  instantaneous  axis. 

§  177. — The  body  being  free,  and  the  axis  of  spontaneous  rotation  at 
resti  while  the  other  parts  of  the  body  are  acquiring  motion,  the  forces, 
both  extraneous  and  of  inertia,  are  so  balanced  about  that  line  as  to  im- 
press no  action  upon  it  The  line  of  the  impact  and  the  points  of  the 
body  on  this  line  are  called,  respectively,  the  axis  and  centres  of  percussion, 
in  reference  to  the  spontaneous  axis.  A  centre  of  percussion  in  refer- 
ence to  an  axis  is,  therefore,  any  point  at  which  a  body  may  be  struck 
without  communicating  a  shock  to  a  physical  line  coincident  in  position 
with  that  axis. 

8TABLK   AVD   UNBTABLK   ROTATION. 

^  If  8i^ — ^NTow  rappoM  the  rotation  to  have  been  imoieMi^  ^<b  \\k 
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stantaneous  axis  nearly  coincident  with  the  principal  axis  2,  and  the  bodj 
abandoned  to  itself.    What  will.be  the  circnmstances  of  the  motion? 

The  first  member  of  the  third  of  Equations  (194)  will  be  sensibly 
equal  to  unity,  v,  and  v^,  therefore,  indefinitely  small,  their  product  an 
indefinitely  small  quantity  of  the  second  order;  //^,  Jf,,  and  N^  will  be 
zero,  and  Equations  (202)  may  be  written, 

Integrating  the  first,  we  have 

m  which  c  is  the  constant  of  integration ;  and  this  in  the  other  equations 
gives 

differentiating  and  substituting  in  each  of  the  derived  equations  the 
values  of  the  first  differential  coefficients  obtained  from  the  primitive, 
we  find 

dt'^""'  A.B  •^-"» 

d'v.  (A^C).{B^C) 

TF'*"''  '  A.B       ~~ 


.  V,  =  0. 


If  A  —  C  and  j8  — (7  be  both  positive  or  both  negative,  their  product 
will  be  positive,  and  the  integrals  are 


V,  =  a^.sin  jn . |/4 -j^ Lt  +  e,\; 

v.  =  a..sm  jn.y  ^^ -^-^ -.t  +  c,}. 

If  one  of  the  &ctors  A-^C  and  ^  —  C7  be  positive  and  tl.  e  other  n^ 
ative,  their  product  will  be  negative,  and  the  integrals  will  be 


-„     l-Va^^-r^^'+-M 


v,=  a,.e 


In  these  integrals,  Oy,  cr.,  ^„  and  e.,  are  constants  whose  values  reaidt 
Aam  the  im&d  oonditkms  of  the  rotaUon.    They  are  small  at  die 
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•  epoch,  because  v,  and  v.  are  small.  In  the  first  integration,  v^  and  v. 
will  continue  small  and  resume  periodically  tlieir  initial  values;  in  the 
second,  they  will  increase  with  the  time  indefinitely.  If  the  instantane- 
ous axis  coincide  with  the  axis  z,  then  will  a,  and  a,  be  zero ;  v,  and 
r,  will  be  zero,  and,  hence,  a  principal  axis  w  always  a  permanent  axis 
or'  rotation ;  and  the  rotation  will  be  stable  about  the  axes  of  greatest 
auJ  least  moments  of  inertia,  and  unstable  about  all  others. 

MOTION  OF  A  SYSTEM  OF  BODIES. 


§179— We  have  seen  that  the  Equations  (117)  and  (119)  give 
all  the  circumstances  of^  motion  of  the  centre  of  inertia  of  a  single 
body  in  reference  to  an}(  assumed  point  taken  as  an  origin  of  co 
ordinates.  For  a  second,  third,  and  indeed  any  number  of  bodies, 
referred  to  the  same  origin,  we  would  have  similar  equations,  the 
only  difference  being  in  the  values  of  the  co-ordinates,  of  the  inten 
sities  and  directions  of  the  forces,  and  of  the  magnitudes  of  the  masses. 
This  dlfierence  being  indicated  in  the  usual  way  by  accents,  we  should 
obtain  by  addition, 


2  if. 


2  if. 


2  if. 


IT 

cPz 
d^ 


=  2X; 


=  2F; 


=  2Z; 


(239) 


2if(..^-.,.^)=2(X,-Za:); 
2if(y-^-..^)=2(Zy-r.); 


^    •  • 


(240) 


I     fai  wkidi  It  must  be  recollected   that  x^  y,  «,  ^cc,  demote   the  oo 
[    OTdinates  of  the  centres  of  inertia  of  the   several  masses  if,  &<u 
aA  to  a  fixed  ori{giii. 
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XOnON   OF    THE   OENTKB  OF  INEBTIA  OF  THE  SYSTEM 

§180. — ^Taking  a  movable  origin  at  the  centre  of  inertia  of  the 
entire  system,  denoting  the  coordinates  of  this  point  referred  to 
the  fixed  origin  hj  x^^  y^^  z^y  and  the  coordinates  of  the  centres 
of  inertia  of  the  several  masses  referred  to  the  movable  origin  b/ 
x\  ,y\  z\  6sc.,  we  have,  the  axes  of  the  same  name  in  the  two  sys- 
tems being  parallel. 


and. 


X  =  *, 

+  *',      • 

y  =  y. 

+  y', 

*  = «, 

+  «', 

• 
* 

«p» 

=  d?x, 

+  «P»', 

«i»y 

=  «Py, 

+  «Py', 

«i»« 

=  d»«. 

+  ^  *',  J 

(241) 


which  substituted  in  Equations  (239),  and  reducing  by  the  relations; 
2jf.cPar'  =  0;     2  Jfrf*/  =  0;     2  JfcPz' =  0  ;    •    •  (242) 
obtained  from  the  property  of  the  centre  of  inertia,  we  find 


iPap 


i.^M^HX; 


.  2if  =  2F; 


cPz 


dfi 


i>:^M=z^  Z\ 


(2«) 


which  being  wholly  independent  of  the  relative  positions  of  the  several 
bodies,  show  that  the  motion  of  the  centre  of  inertia  of  the  system 
will  be  the  same  as  though  its  entire  mass  were  concentrated  in 
that  point,  and*  the  forces  applied  direetly  to  it 


§  ISIy—Muldplyb^  tto  fint  of  Eqoilloiis,  (848),  bj  p^  Oii 
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hj  x^^  and  taking  the  difference;  also,  their  first  by  z,  the  third 
by  «^,  and  taking  the  difference,  and  again  the  second  by  2^,  the 
lliird  by  ^^,  and  taking  the  difference,  we  find 


»  • 


(244) 


which  will  make  known  the  circumstances  of  motion  of  the  common 
centre  of  inertia  about  the  fixed  origin. 

MOTION  OF  THE  SYSTEM  ABOUT  ITS  COMMON  CENTRE  OF  INEBTIA. 

§  182. — Substituting  the  values  of  ar,  y,  z,  cP  «,  &c.,  given  by 
Equations  (241),  in  Equations  (240)  and  reducing  by  Equations  (244) 
and*  (242),  there  will   result 


Si/",  ix 


(' 


.,  ^y' 


)  =S{rx'  -Xy') 


»  •      • 


(245) 


Equations  from  which  all  traces  of  the  position  of  the  centre  of 
inertia  have  disappeared,  and  from  which  we  conclude  that  the 
motion  of  the  elements  of  the  system  about  that  point  will  be  the 
same,  whether  it  bo  at  rest  or  in  motion.  These  equations  are 
identical  in  form  with  Equations  (118);  whence  we  conclude  that 
the  molecular  forces  disappear  from  the  latter,  and  cannot,  there 
lore,  have  any  influence  upon  the  motion  due  to  the  action  of  the 
extraneous  forces. 


CONSERVATION  OF  THE  MOTION  OF  TBS  CENTRE   OF  INEBTIA. 

2^138, — If  the  system  be  subjected  only  to  the  forces  aridxv^  ficoTSk 
mtdsl  attnetions  or  repulsions  of  its  several  ]^ac\a|  \)KiKsa  ^'vr&i^ 
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For,  the  action  of  the  mass  M^  upon  a  single  element  of  JT, 
will  yar/  with  the  number  of  acting  elements  contained  in  JT; 
and  the  effort  necessary  to  prevent  If  from  moving  under  this 
action  will  be  equal  to  the  whole  action  of  M  upon  a  single  element 
of  M'  repeated  as  many  times  as  there  are  elements  in  JT  acted 
upon ;  whence,  the  action  of  M  upon  IT  will  vary  as  the  product 
MM'.  In  the  same  way  it  will  appear  that  the  force  required  to 
prevent  M  from  moving  under  the  action  of  JIT,  will  be  proper- 
tional  to  the  same  product,  and  as  these  reciprocal  actions  are 
exerted  at  the  same  distance,  they  must  be  equal;  and,  acting  in 
contrary  directions,  the  cosines  of  the  angles  their  directions  make 
with  the  co-ordinate  axes,  will  be  equal,  with  contrary  signs.  Whence, 
for  every  set  of  components  P  cos  a,  P  cos  /3,  P  cos  y,  in  the 
values  of  2  X,  2  F*,  2  Z,  there  will  be  the  numerically  equal  com- 
ponents, —  P'  cos  a',  —  P'oos^',  —  P'  COS  y',  and.  Equations  (243), 
reduce,  after  dividing  by  2jr,   to 

and  from  which  we  obtain,  after  two  integrations; 

y,  =  C.^  +  D";    I (247) 

in  which  C,  C",  (7",  D',  D"  and  D'"  are  the  ccmstants  of  inte- 
gration;  and  from  which,  by  eliminating  (,  we  find  two  equations  of 
the  first  degree  between  the  variables  or^ ,  y,y  e,,  whence  the  path 
of  the  centre  of  inertia,  if  it  have  any  at  all,  is  a  right  line. 

Also  multiplying  Equations  (246)  by  2dx,y  ^^^y^  ^dg^^  respec- 
tively, adding  and  integrating,  we  have 

dfi  =  F»  =  (7    .    .    .     .     (248)    . 

«i 
in  which  C  is  the  constant  of  integration  and  V  the  velodty  of  the    ^ 

centre  of  inertia  of  the   system.     From  all  of  whidi  we  ocmoludo 

ibu  when  a  system  of  bodies  Is  sahjcoted   only  to  Soxom  a 
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fttnn  the  action  of  its  elements  upon  each  other,  its  centre  of  inertia 
irill  dther  be  at  rest  or  move  uniformly  in  a  right  line.  This  is 
called  the  conservation  of  the  motion  of  the  centre  of  inertia. 


CONSEBVATtON    OF   ABEA8. 

§  184. — ^The  seoond  member  of  the  first  of  Equations  (245)  maj 
be  written, 

Far'  -  Xy'  +V  ar"  —  -Ty"  +  &c. ; 
and  considering  the  bodies  by  pairs,  we  have 

and  eliminating  X  and  Y^  above  by  these  values,  we  have 


T  {x'  -  a;")  -  X(y'  -  y")  +  &c 


But^ 


X=  P 


x'  -  ar" 


;     Y  -P 


y'  -  y" 


p  p 

in  which  p  denotes  the  distance  between  the  centres  of  inertia  of 
the  two  bodies.     And  substituting  these  above,  we  get 


jt 


P'^ ^{x^  _ar")-P 


x'  -  x'' 


(y'  -  y")  =  0 ; 


P  '  P 

and   tiie  same  being  true  of  every  other  pair,  the  second  members 
cf  Equations  (245),  will  be  zero,  and  we  have 


faitq^ting 


2  M'  I  x'  •  -r^  —  V  • 1=0: 


dt  f 


2  M  y '^ "' - '' '^ '' =  0", 


dt 


:  -(iw) 


ti^-izlLt  ^  c"'.  \ 
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But  g  190,  x'  dy'—  v'  ^^l  is  twioe  the  differential  of  the  area  swept 
over  by  the  projection  of  the  radius  vector  of  the  body  M^  on  the 
coordinate  plane  x^  y\  and  the  same  of  the  similar  expressions  in 
the  other  equations,  in  reference  to  the  other  co-ordinate  planes; 
whence,  denoting  by  A^^  A^,  A^^  double  the  areas  described  in  any 
interval  of  time,  t^  by  the  projections  of  the  radius  vector  of  the  body 
My  on  the  co-ordinate  planes,  x' y\  x' z\  and  y'z' ^  and  adopting 
aimilar  notations  for  the  other  bodies,  ^we  have 

dt 

dt  ' 

hi   which    C",  C",  C",  denote  the  sums  of  the  products  obtained  by 
multiplying  each  mass  into  twice  the  area  swept  over  in  a  unit  of  time 
by  the  projection  of  its  radius  vector  on  the  planes  x*  y\  x'  z\  y'  z*  \  and  ^ 
by  integrating  between  the  limits  t^  and  /',  giving  an  interval  equal  to  I, 

J.M.A^  =  C".<; 

^M.A^=    C't'y 

whence  we  find  that  when  a  system  is  in  motion  and  is  only  sub- 
jected to  the  attractions  or  repulsions  of  its  several  elements  upon 
each  other,  the  sum  of.  the  products  arising  from  multiplying  the 
mass  of  each  element  by  the  projection,  on  any  plane,  of  the  area 
swept  over  by  the  radius  vector  of  this  element,  measured  from 
the  centre  of  inertia  of  the  entire  system,  varies  as  the  time  of  the 
motion.     This  is  called  the  principle  of  the  conservation  of  areas. 

§  185. — It  ,is  important  to  remark  that  the  same  conduaioiis 
would  be  true  if  the  bodies  had  been  subjected  to  forces  directed 
towards  a  fixed  point.  For,  this  point  being  assumed  as  the  origin 
of  co-ordinates,  the  equation  of  the  direction  of  any  one  force,  say 
that  acting  upon  Jf,  will  be 

Zc  ^  Xy  =  0; 
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and  the  second  members  of  Equations  (240)  will  reduce  to  zero; 
and  the  form  of  these  equations  being  the  same  as  Equations  (245), 
they  will  give,  by  integration,  the  same  consequences. 

INYABIABLB    PLAIO. 

§  186. — If  we  examine  Equations  (240),  we  shall  find  that  M*  -j^ 

is  the  quantity  of  motion  of  the   mass   M,  in  the  direction  of  the 

axis  y',  and  is  the  measure  of  the  component  of  the  moving  force 

dx' 
in  that  direction ;   the  same  may  be  said  of  M*  -j— ?   in  the  direc- 

c*  t 

tioli  of  the  axis  2';  whence  the  expression, 

dt 

is  the  moment  of  the  moving  force  of  Jf,  with  respect  to  the 
axis  z\  Designating,  as  before,  the  sum  of  the  moments  with  respect 
to  the  axes  «',  y'  and  x\  by  L^^  M^y  N^^  respectively,  Equations  (249) 
become 

Z,  =  C\    M,  =  C";    N,  =  CT"'. 

Denoting  by    G^  Gy,  and  G«,  the  angles  which  the  resultant  axil 
makes  with  the  axes  z\  y'  and  x\  we  have,  §  110, 

L,  6" 


eosGg  = 


VA'  +  M,^  +  ivr»        -v/C'2  +  C"2  +  C"'» 


co«G,  = ' 


008G«  = 


N,       '  cr 


>  •  • 


(260) 


Hiese  determine  the  position  of  the  resultant  or  principal  axis. 
The  plane  at  right  angles  to  this  axis  is  called  the  principal  plane. 
The  position  of  this  plane  is  invariable,  and  it  is  therefore  called 
the  invariahle  plane,  either  when  the  only  forces  of  the  system  are 
tliose  arislDg  from  the  mutual  actions  and  reactions  of  the  bodies 
Qpon  each  other,  or  when  the  forces  are  all  directed  towards  a  fixed 


*  I 
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FBIKCIPLB    OF    LIVING    FORCE. 

§  187. — If,  during  the  motion,  two  or  more  bodies  of  the  s}stein 
impinge  against  each  other  so  as  to  produce  a  sudden  change  in  their 
velocities,  the  sum  of  the  living  forces  will  undergo  a  change.  To  esti* 
mate  this  change,  let  A,  By  C  be  the  velocities  of  the  mass  m,  in  the 
direction  of  the  axes  before  the  impact,  and  a,  6,  c  what  these  veloci- 
ties become  at  the  instant  of  nearest  approach  of  the  centres  of 
inertia  of  the  impinging  masses,  then  will 

-4  —  a,    jB  —  6,    C7  —  Cy 

be  the  components  of  the  velocities  lost  or  gained  by  m  at  the  instant 
corresponding  to  this  state  of  the  impact,  and 

m(-4  —  a),    m{B  —  6),    m(C7  —  c), 

the  components  of  the  forces  lost  or  gained.  The  same  expressions, 
with  accents,  will  represent  the  components  of  the  forces  lost  or 
giained  by  the  other  impinging  bodies  of  the  system.  These,  by 
the  principle  of  D'Alembert,  §  71,  are  in  equilibrio,  whence 

:Lm{A  —  a)Bx  +  :Lm{B  ''b)By  +  ^m{C<-  c)Sz  =  0. 

The  indefinitely  small  displacements  Sx,  Sy,  Sz,  &c.,  must  be  made 
consistently  with  the  connection  by  virtue  of  which  the  velocities  are 
lost  or  gained ;  but  as  a,  5,  c  denote  the  components  of  the  actual 
velocities  of  the  body  whose  mass  is  m,  at  the  instant  of  its  nearest 
approach  to  that  with  which  it  collides,  this,  condition  is  fulfilled  if  we 
make 

Sx=za.$ti     Sy  z=  b,St]     Sz=ze»8L 

These  values  being  substituted  in  the  above  equation,  we  have, 
after  dividing  by  ^  ^, 

2m(^  —  a)a  +  3Si»(5  — 6)&  +  2m((7  — c)c  =  0  •  •  (251) 
Xm{Aa  +  Bb  +  Cc)  -^  Xm  {q^  +  i^  +  (P)  ss  0  •  •  (MS) 
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Bat  we  have  the  identical  equation, 


{A  -  a)»  +  (2?  -  6)»  +  (C  -  cy  =  I 


A^  +  B^+  C^+  x^  +  b^ 

+  c^^2{Aa  +  Bb+  Cc), 
or. 


Aa  +  £b  +  Cc  =  . 


A^+B^  +   C^  gl  +   b^  +  c3 

2  "^  2 

{A  -  fl)a  +  (J?  -  &)2  +  ( C7  -  e)» 

2  ' 


miiich  in  Equi^tion  (252)  gives, 
Xm{A^+B^+C^)-^2m{a^+b^+c^)=lm[{A'^ay+{B-by+{C----€)% 

mad  making 

A^  +  B^  i-  C^  =z  F*, 
aa  +  62  +  c^  J-  ,|2^ 

2mr»-2iiiti«  =  2m[(^— a)2+(^-6)»  +  (C7-(;)2].  .  (258) 

ivhence  we  conclude,  that  the  difference  of  the  sums  of  the  living 
forces  before  the  collision,  and  at  the  instant  of  greatest  compression^ 
IS  equal  to  the  sum  of  the  living  forces  which  the  system  would  have, 
if  the  masses  moved  with  the  velocities  lost  and  gained  at  this  stage 
of  the  collision. 

Since  all  the  terms  of  the  preceding  equation  are  essentially 
|>ositive,  it  follows  tiiat  at  the  instant  of  nearest  approach  of  the 
impinging  bodies,  there  is  a  loss  of  living  force. 

If  the  impinging  masses  now  react  upon  each  other  in  a  way  to 
cause  them  to  be  thrown  asunder,  and  A',  B\  Cy  &c.,  denote  the 
components  of  the  actual  velocities,  in  the  direction  of  the  axes,  at 
the  instant  of  separation,  then  will  the  components  of  the  velodtiei 
lost  and  gained  while  the  separation  is  taking  place,  be 

a  —  -4',    b  —  B',    c  —  C,    &o.,  &c. ; 

nnd  Equation  (251)  will  become 

2m(a  — ^')a  +  2m{b^B')b  +  Xm  (c  —  Cr)e  =  0, 


188 


ELEMENTS    OF    ANALYTICAL    MECHANICS. 


and  eliminating  A'a  +  B'b  +  C  e,  by  means  of  the  identical  eqii» 
tion, 

we  obtain, 

2m(a»  +  6«+c»)-2»»(^'»+5"'+C"')=-2m-|  +  (6  -  JJ')*  K, 
and  making 

All  the  terms  of  this  equation  being  essentially  positive,  it  fol- 
lows, from  the  sign  of  the  second  member,  that  during  the  reaction 
of  the  bodies  by  which  they  are  separated,  there  is  a  gain  of  living 
force. 

If  the  loss  and  gain  of  velocities  afler,  be  the  same  as  before 
the  instant  of  greatest  compression,  then  will  there  be  no  loss  or 
gain  of  living  force  by  the  collision. 


PLANETARY    MOTIONS. 


§  188. — When  the  only  forces  are  those  arising  from  the  mntual 
attractions  of  the  several  bodies  of  the  system  for  one  anotiier,  the  sec- 
ond members  of  Equations  (239)  reduce,  as  we  have  seen,  §  183,  to  zero^ 
and  those  equations  become 


cPz 


(255) 


/et  us  now  find  the  motion  of  any  one  body  of  the  system  in  refer- 
ence to  any  other,  taken  at  pleasure.  This  latter  body  will  be  called 
the  central^  the  former  the  primary^  and  the  othersi  eoUectivofyf  the 
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jtertarhating  bodies.  Let  the  central  and  primary  bodies  be  those  whose 
masses  are  Jtf  and  M,  respectively;  *the  perturbating  bodies  those  whose 
masses  are  Jtf^^,  ^m^  <^^*  ^^^  ^^^  ^^  ^^  above  equations  may  be 
written 

d}  X  d*  X  (P  X 

If  Uie  perturbating  bodies  alone  acted  upon  one  another,  the  last  temi 
would  be  zero;  and  when  the  action  of  the  central  and  primary  are 
iijchided,  the  numerical  value  of  this  term  will  result  from  the  action 
of  these  latter  bodies.  Denote  the  reciprocal  action  of  any  two  bodies 
upon  one  another  by  writing  their  masses  within  the  parenthetic  sign, 
and  use  the  subscnpt  x  to  denote  the  component  of  this  action  parallel 
to  the  axis  x,    Tlien  will 

2  (if  M,).  +  2  {M,  M;,  ).  -  2  Af„  f^  =  0 ; 

adding  this  to  the  next  equation  above,  we  get 

Taking  the  movable  origin  at  the  centre  of  the  body  M^  we  have 

x^z=.x  —  x\  and  c?*  ar^  =  cP  a?  —  cT  «^, 
which,  substituted  above,  gives 

(if  +  Jf,)  ^  -  Jf, .  ^'  +  2  (MM,).  +  2  (M,  M„).  =  0 ; 
dividing  by  M+  Af^  and  multiplying  by  M,  there  will  result 

Tlie  value  of  the   first  term    results  from  the  component  action  of 
the  primary  and  perturbating  bodies  upon  M\  whence 

if .  ^  -  [  (MM,).  -  2  (if  if  J.]  =  0 ; 

from  which  subtracting  the  equation  above,  there  will  result 
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Dividing  by  the  coefficient  of  the  first  term,  and  treating  the  othei*  two 
of  Equations  (255)  in  the  same  way,  we  finally  get 

Which,  by  integration,  will  give  all  the  circumstances  of  the  primary's 
motion  in  reference  to  the  central  body. 

LAWS  OF  CENTRAL  FORCES. 

§189. — A  central 'force  is  one  which  is  directed  towards  a  centre, 
movable  or  fixed,  and  of  which  tlu)  intensity  is  a  function  of  the  dis- 
tance fi-om  the  centre.     The  forces  of  nature  are  of  this  description. 

If  the  pcrturbating  bodies  did  not  exist,  then  would  the  action  on 
the  primary  be  directed  to  the  central  body  as  a  centre,  the  Equations 
(258)  would  reduce  to  their  first  two  t<;rms,  and,  denoting  the  distance 
from  the  central  to  the  primary  by  r',  they  would  be  written, 

(Px'      M±M,    ,„__^       3/+Jr,   ,^..,  x^    ^ 


d}z*     M^M^  M-VM^  z' 


(250) 


Multiply  the  first  by  y\  the  second  by  x\  and  take  the  difference  of  the 
products ;  also  multiply  the  fii*st  by  z\  the  third  by  x\  and  take  the  dififer- 
cnco  of  the  products;  and  again  the  second  by  z\  the  third  by  y\  and  take 
the  difference  of  the  products :   there  will  result,  omitting  the  accentSi 


d}y  d*x 
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which,  bein;;^  integrated,  give 


dx  dz 

dt  di  ' 


(260) 


in  which  C,  C^',  and  C^^^  are  the  constants  of  integration. 

Multiplying  each  by  the  first  power  of  the  variable  which  it  doe8 
not  contain,  and  adding,  we  have 

Cx  +  C'y  +  C''x  =  0  ; 

which  is  the  equation  of  an  invariable  plane  passing  through  the  oen- 
tre,  and  of  which  the  position  depends  upon  the  constants  C,  C^\  C/". 
"Whence  we  conclude  that  the  primary  deflected  by  the  central  body 
alone,  will  describe  a  plane  curve  of  which  the  plane  will  contain  tho 
centres  of  both. 

g  190. — Take  the  co-ordinate  plane  a:y  to  coincide  with  this  planey 
and  the  Equations  (260)  will  reduce  to 

^y        ^^        ^M  /^««\ 

Ti-'-Ti-'^'^ <2"> 

Transform  to  polar  (^-ordinates ;  for  this  purpose  we  have 

«  =  r .  cos  a  ;  y  =  r .  sin  a ; 

differentiating, 

dx^=zdr  cos  a  —  r  sin  a  c?  a, 

<f  y  =  (;?  r  sin  a  +  ^  cos  a  (f  a* 
Substituting  in  Equation  (261),  we  find 

^y  ^^  ^  da       -,,  f^»^\ 

integrating  again,  we  have 

and  taking  between  tho  limits  r^,  a^  and  r^^,  a^^,  corresponding  to  the 
time  t^  and  t^^f 


'#•■«» 
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But  fr^da.  is  (JoiiLIo  the  area  described  by  the  motion  of  the  radias 

vector ;  whence  we  seo,  Equation  (263),  that  the  areas  described  by  tho 
radius  vector  of  a  body  revolving  about  a  centre,  are  proportional  to  the 
intervals  of  time  required  to  describe  them. 

Making,  in  Equation  (263),  t^^  —  t^  equal  to  unity,  the  first  member 
becomes  double  the  area  described  in  a  unit  of  time.  Denoting  this 
by  2  c,  that  equation  gives 

C  =  2  c. 
Placing  this  in  Equation  (263),  we  find 


tu-i,  =  -^l-, (264) 

That  is  to  say,  any  interval  of  time  is  equal  to  tho  area  described 
in  that  interval,  divided  by  the  area  described  in  the  unit  of  time. 

§  191. — The  convei-se  is  also  tine;  for,  differentiating  Equation  (262), 

we  find 

d^y         d*x 

d*y  d'x 

Multiplying  by  M^  gnd  replacing  3/.  7-j  and  M.  j-^  by  their  values 

in  Equations  (120),  there  will  result 

•     ra;-Xy  =  0 (266) 

which  is  the  Equation  of  the  line  of* direction  of  tho  force;  and  having 
no  independent  term,  this  line  passes  through  the  centre.  Whence  we 
conclude,  that  a  body  whose  radius  vector  describes  about  any  point 
areas  proportional  to  the  times,  is  acted  upon  by  a  force  of  which*  the 
line  of  direction  passes  through  that  point  as  a  centre.  The  force  will 
be  attractive  or  repulsive  according  as  the  orbit  turns  its  concave  or 
convex  side  towards  the  centre. 

§  192. — Replacing  C  by  its  value  2  c,  in  Equation  (262),  and  divi 
ding  by  r*,  we  have 

da       2c 
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The  first  member  being  the  actual  velocity  of  a  point  on  the  radios 
vector  at  the*  distance  unity  from  the  centre,  is  called  the  angular  w- 
loeity  of  the  body.  The  angular  velocity  therefore  varus  inversely  as 
the  square  of  the  radius  vector, 

§  193. — Multiply  Equation  J[266)  by  d «,  and  it  may  be  put  undei 
the  form, 

rfi__  2c 


dt  rrfa' 

ds 

r,doL 

but  —1 — ,  is  equal  to  the  sine  of  the  angle  which  the  element  of  the 

orbit  makes  with  the  radius  vector,  and  denoting  by  p  the  length  of 
the  perpendicular  from  the  centre  on  the  tangent  to  the  orbit  at  the 
place  of  the  body,  we  have 

r.da 
•*^  ds 

ad 

y=y (2«») 

whence,  the  actual  velocity  of  the  body  varies  inversely  as  the  distance 
of  the  tangent  to  the  orbit  at  the  body's  place,  from  the  centre. 

§  194. — ^Denoting  the  intensity  of  the  acceleration  on  M^  by  F;  sab- 
stitating  M^.F.dr  for  Xdx  +  Ydy  +  Zdz^  writing  M^  for  M  in  the 
eoeflScient  of  F*  in  Equation  (121),  and  differentiating,  we  find 

VdYzzz-^-Fdr', 
mnd  taking  the  logarithms  of  both  members  of  Equation  (267), 

log  "r=  log  2  c  —  log^; 

differentiating, 

dV dp 

V  "       p' 

and  dividiDg  the  equation  above  by  this, 


1P4 
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Whence  we  conclude  that,  the 
velocity  of  a  body  at  any  point 
of  its  orbit  is  the  same  as  that 
which  it  would  have  acquired  had 
it  fallen  freely  fi^in  rest  at  that 
point  over  the  distance  ME^  equal 
to  one-fourth  of  the  chord  of  cur- 
vature M  Of  through  the  fixed  cen- 
tre— the  force  retaining  unchanged 
its  intensity  at  M. 

§  195. — Resuming  Equations  (120),  we  have 

dt*  dt' 

and  performing  the  operation  indicated,  regarding  the  arc  of  the  orbit 
as  the  independent  variable,  we  have,  after  dividing  both  numerator  and 
denominator  by  c{«*, 


X=M. 


dt 

ds 

d^x     dx 
ds"      ds 

d}i 
ds* 

de 

d^ 

tut 


whence, 


In  like  manner, 


,-.  rrf«»  d^x     dx  d^  d'ti 
Idi"  d^     ds  d^  ds^r 


d^  d^t d^s      rf«_Tr, 

rf*  a?     d  X  d^  St 

rf«*      ds   dt*l 


^•L       d^^ds  d^r 


d^g  ,  dz  d^s' 


'''■[^■}?^¥.m 


Bqwaing  smd  jiddini^ 
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«,.     ^.     ^  «-•    d*sfdx  d*x     dy  d^y     dz  d^z\    -„ 

JL  -^z    -^^  -<  -^^  K     c^/«\(/,   d^^ds   ds'^ds  d^J  -" 

bat,  denoting  the  radius  of  curvature  by  p,  wtj  Lave 

id^W  (^w  /^ilf \'_  1*. 
yds)  ^  w«7  ■*■  WW  ""p"' 

and  multiplying  the  second  term  of  the  second  member  of  the  prece- 
ding equation  by  ~,  it  may  be  put  under  the  form, 


MV*  M.d^s/dx      d*x     dy      d^y     dz      d}z\ 


•ff 


MV^   M.dU 


in  which  6  denotes  the  angle  made  by  the  element  of  the  curve  and 
radius  of  curvature ;  also 

dx^     dy*     di? 


+ 


^wT,  =  i; 


di?^      d^      d  s 
whenee,  substituting  for  X*  •\-Y*'\-  Z*  its  value  i?,  we  have 


ir  =  ; h  2.  • j-rr-   •   COS  O    +  if 

o*  p         di* 


'■m'' 


and  comparing  this  with  Equation  (56)  we  find  that  li  is  equal  to  the 
resultant  of  tho  two  component  forces 

-J-  and  if  .^, 

which  make  with  each  other  the  angle  d.    But  d  is  equal  to  90%  and 
tkerefore 

"-^^'-■{^1 « 

^iffM^JipMdlxNikt. 
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Tbo  second  of  these  components  is.  Equation  (13),  the  intensity  of 
the  reaction  of  inertia  in  the  direction  of  the  tangent,  and  the  first  is 
therefore  its  reaction  in  the  direction  of  the  radius  of  curvature. 

This  first  component  is  called  the  centrifugal  force,  and  may  be  de- 
fined to  be  the  resistance  which  the  inertia  of  a  body  in  motion  opposes 
to  whatever  deflects  it  from  its  rectilinear  path.  It  is  measured.  Equa- 
tion (269),  by  the  living  force  of  the  body  divided  by  the  radius  oC 
curvature.  The  direction  of  its  action  is  from  the  centre  of  curvature, 
and  it  thus  differs  from  the  force  which  acts  towards  a  centre,  and 
which  is  called  centripetal  force.     The  two  are  called  central  forces. 

If  the  component  in  the  direction  of  the  orbit  be  zero,  tlien  will 

and  denoting  the  centrifugal  force  by  F^j  we  have 

',=^. («., 

and  integrating  the  next  to  the  last  equation,  we  have 

in  which  C  h  the  constant  of  integration.  Whence,  the  velocity  will 
be  constant,  and  we  conclude  that  al>ody  in  motion  and  acted  upon 
by  a  force  whose  direction  is  always  normal  to  the  path  described,  will 
preserve  its  velocity  unchanged. 

These  laws,  except  that  expressed  by  Equation  (268),  are  wholly  in- 
. dependent  of  the  intensity  of  the  extraneous  force  and  of  the  law  of  its 
^variation.    Not  so,  however,  of 

THE   ORBIT. 

§  196. — ^To  find  the  differential  equation  of  the  orbit,  multiirfy  ^^ 
first  of  Equations  (259)  by  2dx,  the  second  by  2dy^  add  and  inte- 
grate; we  find,  omitting  the  accents, 


-^=^A"'.y 


2xdx  +  2pdf 
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bat 

Hrsa^  +  y",  and  rdrz=.xdx  +  ydy\ 

alao 

«  =  rco8a;     y  =  r.  sin  a; 

dx  =  —  r  sin  ad  a  +  cos  a  </  r ; 

dy  =  r  008  ad  a  +  sin  ac/r; 

and,  ^uation    (266), 

1  2c 


These  eabfitituted  above,  give 

Make 

-  =  a,  and  therefore    — -  =  —  rf  u, 

•obstitate  above,  diflt  **cntiatc  and  reduce,  there  will  result 

and  niaking 

^   ^    [^^^^  ■*■  ^^M*^\  ^  relBiwe  acceleration  on  M,    .    (271) 

Froin  wfaidi  the  equation   of  the  orbit  may  be  found  by  integration, 

when  th^  law  of  the  force  is  known ;  or  the  law  of  the  force  deducedf 

« 
when  the  equation  of  the  orbit  is  given.  / 

In  the  first  case,  the  integral  will  contain  three  arbitrary  constants 
— two  introduced  in  tlie  process  of  integration,  and  the  third,  c,  exist- 
ing in  the  differential  equation.  These  are  determined  by  the  initial 
or  other  circumstances  of  the  motion,  viz. :  the  body's  velocity,  its  dis 
tancc  from  the  centre,  and  direction  of  tlie  motion  at  a  given  instant. 
Hie  general  integral  only  determines  the  nature  of  the  orbit  described : 
iktt  drcoiiutancea  of  the  motion  at  any  given  time  determine  the  <pceU% 

of  the  orbit 
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In  the  second  case,  find  the  second  differential  coefficient  of  u  ii 
regard  to  oc,  from  the  polar  equation  of  the  carve;  substitute  this  in 
the  above  equation,  eliminating  a,  if  it  occur,  by  means  of  the  relatioii 
between  u  and  a,  and  the  result  will  be  F,  in  terms  of  u  alone. 


BT8TEM   OF  THE   WORLD. 

§  197. — ^The  most  remarkable  system  of  bodies  of  which  we  have 
any  knowledge,  and  to  which  the  preceding  principles  have  a  direct 
application,  is  that  called  the  solar  system.  It  consists  of  the  Sun, 
the  Planets^  of  which  the  earth  we  inhabit  is  one,  the  Satellites  of  the 
planets,  and  the  Comets,  These  bodies  are  of  great  dimensioiis,  are 
spheroidal  in  figure,  are  separated  by  distances  compared  to  which 
their  diameters  are  almost  insignificant,  and  the  mass  of  the  sun  is 
BO  much  greater  than  that  of  the  sum  of  all  the  others,  as  to  bring 
the  common  centre  of  inertia  of  the  whole  within  the  boundary  of 
its  own  volume. 

These  bodies  revolve  about  their  respective  centres  of  inertia,  are 
ever  shifting  their  relative  positions,  and  our  knowledge  of  them  is  the 
result  of  computations  based  upon  data  derived  from  actual  obeeiration, 

Kepler  found ; 

I.  That  the  areas  stoept  over  hy  the  radius  vector  of  each  planet 
about  the  sutiy  in  the  same  orbit^  are  proportional  to  the  times  of  de* 
scribing  them, 

II.  That  the  planets  move  in  ellipseSy  each  haying  one  of  its  fod  %n 
the  surCs  centre, 

III.  That  the  ^squares  of  the  periodic  times  of  the  planets  about  the 
sun,  are  proportional  to  the  cubes  of  their  mean  distances  from  that 
body. 

These  are  called  the  laws  of  Kepler,  and  lead  directly  to  a  knowl- 
edge of  the  nature  of  the  forces  which  uphold  the  solar  systeou 


.% 
f 


ooHBiQuiiroKS  or  xeflbr's  laws. 


g  198.— Tlie  first  law  shows,  §  191,  that  the'  centripetal 
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keep  tlie  planets  in  their  orbits,  are  all  directed  to  the  son's  centre; 
and  that  the  sun  is,  therefore,  the  centre  of  the  system. 

§  199. — What  law  of  the  force  will  cause  a  primary  to  describe^ 
about  a  central  body  an  ellipse  having  one  of  its  foci  at  the  centre  of 
the  latter !    The  equation  of  the  ellipse  referred  to  its  focus  as  a  pole  is 


'whence. 


1  +  c  COS  a ' 


1  1  +  «  cos  a 


a  (1  -  «») ' 

and, 

d}u       —  e  cos  a 

5^1  =  a  (1  -  i?y 
which,  snbstitated  m  Equation  (272),  give 


j._^^^«/-^<^««  I   l+ecosav 
^-^^"^  la(l-.')+  «(l-e«);» 

redacing  and  replacing  u  by  its  value  -,  we  have 

r 

and  from  which  we  conclude,  that  the  only  law  for  the  relative  accel- 
eration, is  that  of  the  inverse  square  of  the  distance. 

§  200. — Conversely,  let  the  force  vary  inversely  as  the  square  of  the 
distance;  required  tlie  orbit 

Denote  by  k^  the  reciprocal  attraction  of  one  unit  of  mass  upon  an- 
other at  the  anit*8  distance;   then  will 

and,  Equation  (271), 


in  which 


mrslf  +  JT, V$?\*J 
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and,  Eqaation  (272), 


d*  u  k,.m 

k  t<  =  — • : 


multiplyiDg  hy  2du  and  integrating. 


rf  a'         4  .  c« 


ti  —  u*  +  C7 


(2W) 


whence 


da  =z 


•^  du 


I         2k^.m 


the  negative  sign  being  taken,  because 


d 
da 


.  ^0) 


da 


dr 
r^da  ' 


•    •    •    • 


(276) 


Place  nnder  the  radical  ( -j-r)  ""  \~a~t  I  >  *"^^  ^®  ™*y  write^ 


Ja  = 


-rftt 


v'iw^^'  /JEW' 


and  integrating, 


te  — 


a  +  9  =  cos 


_t 


v/(i^)'+c 


in  which  q>  is  the  constant  of  integration. 

Replacing  u  by  its  value,  taking  cosine  of  both  members  and  wdving 
with  respect  to  r,  there  will  reiiult 

4c» 


r  = 


h.  .m 


\/^  +  (;^)'^-«»(*+*)' 


1  + 


which  is  the  eqnstion  of  a  conic  section,  having  it*  pole  at  ths 
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hodjl  To  find  the  precise  curve,  we  mast  find  C.  To  do  this,  denote 
bj  r^  the  initial  value  of  the  radius  vector,  and  by  e^  the  angle  which 
the  orbit  makes  with  r^  at  the  point  of  intersection  therewith.  Then, 
Equation  (275), 

du  1 

da""      r^  tan  e^  * 

and  this  in  Equation  (274)  gives  ' 


but,  Equation  (267), 


^  1  2k,.fn 

""  r/sin*c^        4c*r^  ' 


(276)' 


r/ sin"  c^       4  c*      At^lr^ 

in  which  F^  is  the  velocity  corresponding  to  r/,  hence, 

^_  F/.r,-2i8r,.m^ 

^-         477;         ' 

which,  tabstituted  in  the  equation  of  the  curve,  gives 

4  c* 

r  = .  '  .    (276j 

and  comparing  this  with  the  general  polar  equation  of  a  conij  sectioa 
referred  to  the  focus  as  a  pole,  viz.: 


we  find 


1  +  e  cos  (a  +  9)' 


«.(l-0  =  r^ (2") 


k^.  m 


and  this  last  value  will  be  greater  or  less  than  unity,  according  as  V,* 
is  greater  or  less  than 


»•/ 


Multiplying  and  dividing  the  last  factor  by  JT/  r/,  and  replacing  m 
hy  its  Taloei  the  orbit  will  be  an  ellipse,  parabola,  or  hyperbdai 
!ioidiiq(  aa 
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That  is,  according  as  the  living  force  of  the  primary  at  any  point  of 
its  orbit  is  less  than,  equal  to,  or  greater  than  twice  the  work  its  rela- 
tive weight,  at  that  point,  would  perform  over  a  distance  equal  to  its 
radius  vector.  So  that  a  primary  may  describe  any  of  the  conic  sec- 
tions as  well  as  the  ellipse,  the  only  condition  for  this  purpose  being 
an  adequate  value  for  its  velocity. 

Substituting  the  value  of  e*  in  Equation  (277),  we  find 


k.  .m ,r. 


"'       2;t^.m-r/.r/ 


(279) 


and  denoting  the  semi-parameter  by  ^,  the  equation  of  the  dure  givefl, 
by  making  a  -(-  9  =  90®, 

4  c*        F/ .  sin*  t, .  r* 


P  = 


k^  ,m 


k^  .m 


and  denoting  the  semi-conjugate  axis  by  6^, 


6,  =  N^a,.;>=r,.sin€,.r,yC^     .    .     .    (279)' 

Whence  it  appears  that  the  nature  of  the  orbit  and  its  tranaverse  axis 
are  independent   of  the   direction   of  the   primary's  motion,  while  the    . 
conjugate  axis  is  dependent  upon  this  element. 

§  201. — ^The  consequence  of  Kepler's  third  law  is  not  leds  important. 
Denote  the  periodic  time  of  the  primary  by  T^ ;  then,  Equation  (264), 

and   substituting  the  values  of  6^,  m,  and  c.  Equations  (279)^,  (2^9)^ 
and  (275)', 

I 


V(ir+j?p; 


\ 
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and  for  another  body  whose  mass  is  M^t  about  the  same  central  body, 

and  bj  division, 

f:^--^;  M+W,  k, ^^^' 

If  the  difference  of  the  masses  M,  and  M^,  be  so  small  in  comparison 
with  Jf  as  to  make  its  omission  insensible  to  ordinary  observation, 
which  is  the  case  in  the  solar  system,'  the  above  may  be  written, 

T,}  -  a,; '  k, ' 


Bat  by  Kepler's  third  law, 


whence 


That  is,  the  central  body  M  would  act  equally  on  the  unit  of  mass  of 
each  of  the  primaries  M^  and  M^^  were  they  at  the  same  distance ;  so 
that  not  only  is  the  law  of  the  central  force  the  same,  but  the  abso- 
lute force  at  the  same  distance  is  the  same,  and  it  is  one  and  the 
same  force  that  keeps  the  planets  in  their  orbits  about  the  sun. 

§  202. — ^The  observations  of  Dr.  Maskelyne  on  the  fixed  stars,  show 
tliat  a  neighboring  mountain,  Schohallien,  drew  the  plumb-line  of  his 
instrument  sensibly  from  the  vertical ;  and  those  of  Cavendish  and 
Baily  upon  leaden  and  other  balls,  demonstrate  this  power  of  attrac- 
tion to  reside  in  every  particle  of  matter  wherever  found  ;  and  that  it 
is  exerted  under  all  circumstances,  without  the  possibility  of  being  inter 
cepted.  It  is,  therefore,  concluded  that  matter  is  endowed  with  a  gen- 
eral gravitating  principle  by  which  every  particle  attracts  every  other 
|>article,  and  according  to  the  law  before  given. 

PERTURBATIONS. 

§  208d — Granting,  for  the  present,  that  universal   gravitation  is  a 
frincipls  of  natore,  and  denoting  the  distances  of  \]i«  M^mi  \yc^\^  A 
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the  system  from  the  central  by  r  wilh  subscript  accents  corresponding 
to  those  of  the  bodies  to  which  they  belong,  and  employing  the  same 
notation  in  regard  to  the  co-ordinates,  we  shall  have 


S  {MM,).  =  kM.-i'^-~^  =  *.  Jf  .S^?5^'' 


M..   X- 


r       r 

'u         'it 


it 


M  M 


«"-«' 


(a:"-«')'+(y"-y')'+(«"-*')'     N/(x"_,')«+(y"-y')«+(;r"-,7 

which,  substituted  in  first  of  Equations  (258),  give 


d 


«'        f  x'        M  x"       1  M  ,M,  .  («"—«')  "I 


but 


«"-»' 


7^ — j^^^TJ  '^ 


[(«"-  -:')'+  (y"-  y')'+  (*"- '')•]=*     rfa:'   -  ,/^^n_ ^')«,Ky'^,y-)« + (^^, ^y 

and  making  , 


the  last  term  of  the  equation  above  becomes 


\      dX 

M/  dx" 


and 


^-.^[(i/^+Jf,).-,-S-j^+-.— 1=0. 


Make 


**//  '"//i  -*i 


then  will 


dR_M„^'     M,„x'-'  dX         _.„    «"         dX 


// 


/// 


M^.dx' "  r,/      M,.dx" 


which,  substituted  above,  give,  after  treating  the  other  two  of  Sonatkiiis 
(258)  in  the  same  way, 
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^x*       .r,,,       ,,.    X'       dR- 


|:-»[(ir+ir,).^-J-|]  =  ., 


(283) 


The  curve  \vbich  would  be  described  by  the  primary  about  the  central, 
under  the  reciprocal  action  of  these  two  bodies  alone,  and  which  we 
have  seen  is  a  conic  section,  is  called  the  undisturbed  orbit  of  the  pri- 
mary. Tliat  which  it  actually  describes  under  the  joint  action  of  all 
the  bodies  of  the  system,  is  called  the  disturbed  orbit.  The  undisturbed 
orbit  is  given  by  the  first  two  terms  of  Equations  (283) ;  the  disturbed 
by  all  three.  The  departures  of  tlie  disturbed  from  the  undisturbed 
orbit  are  called  perturbations,  and  the  last  terms  of  Equations  (283), 
which  determine  them,  are  called  perturbating  functions.  The  construc- 
tions of  the  perturbating  functions  are  given  in  Equations  (281)  and 
(282),  and  the  methods  of  computing  their  values  are  greatly  fJEicilitated 
by  the  principle  of  the 

C0EXI8TSNCI   AKD   SUPSBPOSITIOir   OF   SMALL   MOTIONS. 

§  204. — Denote  by  ^^^^  ^///>  &C.,  numerical  quantities  which  depend 
upon  the  perturbating  actions  of  the  bodies  whose  masses  are  J/)^,  M^^^^ 
J^c,  and  of  which  the  values  are  so  small  as  to  justify  the  omission  d 
all  terms  into  which  their  products  enter  as  factors,  in  comparison  with 
such  as  contain  them  singly.  The  co-ordinates  of  M^,  at  the  time  /,. 
when  undisturbed,  being  ^  y*  z\  become,  when  the  body  M^  is  disturbed. 
by  M^^  at  the  same  time, 

aod  for  the  same  reason,  when  also  disturbed  by  i/)^^, 

«'+«,/+«„,(«'+«»«');  y+».y+»;«(y'+»,y);  «'+M'+u«'+<^y). 

or,  performing  the  multiplication   and  omitting  the  terms  containing 

•'+•'(»,,+»..);  /+/(«.+«.,);  •'+»'V«n^«uV. 
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in  the  same  way,  when  also  disturbed  by  i/)^^^, 

*'+^(0,,+e,„+e,,„) ;  y'+  y' (»«+»,«+»»«)  5  «'+«'(»»+»«,+<'./«) 

and  for  the  simultaneous  disturbance  of  all  the  bodies  of  the  system, 

in  which  x\X6^^^  y'.2d^^,  z'.ld^^  are  the  increments  of  x* y* z'  re- 
spectively, due  to  thq  joipt  action  of  all  the  disturbing  bodies.     Now  let 

u  =  9  (ar' y' 2'), 

in  which  9  denotes  any  function  of  x*  y'  z\    Differentiating,  we  have 

d u  du  du 

and  performing  the  multiplications  indicated,  we  have 

d  u  d  u  d  H 


d  u  =  -( 


du       ,  -      ,    d  u       , _      .  du      ,  ^ 

-J .xO     -4 'vd    -\ ,zd    . 

^dx'         '"  ^  dy'    ^    '"^  (/ r'  '"' 


dtu       ,  ^ 
a  ar 


+       &c. 


+ 


(Ssc. 
i\:c. 


+ 
+ 


<S:c. 
<!cc. 


Whence  it  appears  that  the  perturbation  in  u  or  9  {x'  y'  s'},  is  equal  to 
the  sum  of  the  separate  perturbations  due  to  each  of  the  perturbating 
bodies,  supposing  the  others  not  to  exist  The  practical  effect  of  this 
principle  is  to  reduce  the  problem  of  the  perturbations  from  one  of 
several  to  one  of  a  single  perturbating  body,  and  to  give  rise  to  what 
is  known  as  the  problem  of  the  three  bodies,  viz. :  the  central,  primary, 
and  perturbating. 

UNIVERSAL    GRAVITATION. 


§  205. — From  all  of  which  it  is  manifest  that  either  Kepler's  kwa 
cannot  be  rigorously  true,  or  universal  gravitation  is  not  a  Princij^e  of 
jNjitnre.     Now,  in  point  of  &ct»  obsen*atioDs  of  fiir  greater  nioetj  tfika 
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those  01  Kepler  prove  that  his  laws  are  not  accurately  true,  though 
they  differ  but  slightly  from  the  truth;  a  circuiustance  arising  entirely 
from  the  fact  of  the  great  mass  of  the  sun  as  compared  with  the  sum 
of  the  masses  of  all  the  planets.  Were  there  but  a  single  body  in  ex- 
istence besides  the  sun,  it  would  describe  accurately  an  elliptical,  para- 
bolic TT  hyperbolic  orbit  about  the  centre  of  the  sun,  depending  upon 
its  living  force  and  the  sun*s  attraction.  A  third  body  would  derange 
this  motion  and  cause  a  departure  from  this  simple  path,  and  the  de- 
gree ^f  the  disturbance  would  depend  upon  the  mass,  distance,  and  di- 
rection of  the  disturbing  body  as  compared  with  those  of  the  sun.  The 
same  remark  would  apply  to  a  fourth,  fifth,  and  to  any  number  of  addi- 
tional bodies.  The  disturbed  orbits  in  the  solar  system  have  been  com- 
puted by  Equations  (283),  and  the  complete  harmony  which  is  found 
to  subsist  between  the  numerical  results  deduced  from  theory  and  ob- 
servation, is  the  strongest  possible  evidence  in  support  of  the  Law  of 
Universal  Gravitation. 

If  the  principal  plane  of  the  solar  system,  as  determined  at  different 
and  remote  periods,  be  found  to  have  undergone  no  change,  this  will 
show  that'  the  system  is  uninfluenced  by  the  action  of  the  fixed  stars 
and  other  distant  bodies,  and  its  centre  of  inertia  will,  §  193,  either  be 
at  rest  or  be  moving  uniformly  through  space  in  a  right  line;  but  if 
the  principal  plane  be  found  to  have  changed  its  place,  it  will  be  a  sign 
that  the  system  is  in  motion,  and  that  its  centre  of  inertia  is  describing 
a  curvilinear  path  about  some  distant  centre. 

§  206. — Thus  much  for  the  larger  bodies  of  nature.  But  these  are 
themselves  built  up  of  innumerable  molecules  which  are  ever  on  the 
move  about  their  respective  places  of  relative  rest  The  molecular 
forces  within  the  range  of  their  natural  action  vary  direcUy  as  the  dis- 
tance from  their  respective  centres.  Let  it  be  required  to  determine 
tho  nature  of  the  orbits  under  this  law.    Then  will 


F=mk^.r  =  — '\ 


u 
which,  in  Equation  (272),  gives 
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moltipIyiDg  by  2  <2  u,  and  integrating,  we  find 


from  which  we  gei 


rftt  =  — 


udu 


\/0u*-'-^-u<' 


the  negative  sign  being  taken,  because 


rftt  ~    da. 


dr 
r'da 


•    • 


Placing  1^  C  —  J  (7*  under  the  radical,  we  may  write 


da=:^. 


--2  udu 


J 91 -tut'  r~¥-hcf 

V   4        4c»      /         C*      k..m 

V''    T--t?- 


and  integration, 


2  (a  +  9)  =  cos      ^ • 


V    4         4c« 


(284) 


.    .    (28iy 


in  which  9  is  the  constant  of  integrating. 

Taking  cosine  of  both  members,  replacing  u  by  its  value  and  solving 
with  respect  to  r,  we  find 

1 
viC7+i\/(7«-^.cos2(a  +  9) 

Denote  by  r^  the  radius  vector  which  is  normal  to  the  orbit;  cone* 
sponding  to  this  value  we  have 


du 
da 


=  0, 


d,  by  Equation  (284),     . 
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and  because 

cos  2  (a  +  9)  =  cos'  (a  +  9)  —  on*  (a  +  9), 

the  above  reduces  to 

r=  ^  ^  =     .    .     (286) 

V  r«  *^*^*  +  ^)  +  '  '^^'  ^'  "»*(«  +  9) 

which  is  the  equation  of  an  ellipse  referred  to  its  centre  as  a  pole,  the 
aami-aies  being 

•   ^. 
§  207. — ^The  time  required  to  describe  the  entire  ellipsb  being  deno- 
ted by  T,  we  have,  Equation  (264), 


7r.r,.2cy  7 r-—- 

Tzs —  =2ny  ' ; 

and  replacing  m  by  its  value.  Equation  (273)', 


=  27r|/ 


{M+Af,)k, 


(286) 


Thus  the  time  is  wholly  independent  of  the  dimensions  of  the  orbit, 
and  will  be  the  same  in  all  orbits,  great  and  small.  This  result  finds 
its  application  in  the  subject  of  acoustics,  thermotics,  optics,  &c. 

§  208. — Let  us  conclude  the  planetary  motions  with  the  centrifugal 
force  on  its  surface,  arising  from  the  rotation  of  one  of  these  bodies, 
aay  the  earth,  about  its  axis. 

If  Vi  denote  the  angular  velocity  of  a  body  about  a  centre,  then  will 
KspFi,  and  Equation  (270)  becomes 

Thb  earth  revolves  about  its  axis  AA^  once  in  twenty-four  houis^ 
the   eiraimfereDoee  of  the   parallels  of  latilnvd^  \)«<t«  N^cy^Yon^ 

U 
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which  diminish  fron)  the  eqiator  to 
the  poles.  The  hiw  of  this  diminu- 
tion,  on  the  supposition  that  the 
planet  is  a  sphere,  is  given  by 

in  which  if  is  the  body's  mass,  F| 
the  earth's  angular  velocity,  and  JR^ 
the  radius  of  one  of  its  parallels  of 
latitude. 

Denoting   the    equatorial    radius  CI!=zCP,  by  jR,  and   the   angl« 
CF  C  =z  P  CUj  which  is  the  latitude  of  the  place,  by  9,  we  have 

i2'  =:  jR  cos  9  ; 


which  substituted  for  M'  above,  gives 


/;  =  if  r,*i2co8(p 


(286)' 


The  only  variable  quantity  in  this  expression,  when  the  same  mass 
is  taken  from  one  latitude  to  another,  is  9;  whence  we  conclude  that 
die  centrifuf/al  force  varies  as  the  cosine  of  the  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the  radius  H'  of 
the  parallel  of  latitude,  and  therefore  in  a  direction  oblique  to  the  ho- 
rizon T  T\    The  normal  and  tangential  con>ponents  are,  respectively, 

Ff.cos(pz=MVi*JR  cos*  9,^ 
-F^ .  sin  9  r=  if  F,*  i? .  sin  9  cos  9  =  J  -W  F,*  i2  sin  2  9 ; 

whence  we  conclude,  that  the  diminution  of  the  weights  of  bodies 
arising  from  the  centrifugal  force  at  the  eartKs  surface^  varies  ns  the 
square  of  the  cosine  of  the  latitude;  and  tJiat  all  bodies  are^  in  eoii- 
sequence  of  the  centrifugal  force,  urged  towards  the  equator  by  a  force 
which  varies  as  the  sine  of  twice  the  latitude. 

At  the  equator  the  diminution  of  the  force  of  gravity  is  a  max- 
imum, and  equal  to  the  entire  centrifugal  force;  at  the  poles  it  is  zero. 
The  earth  is  not  perfectly  spherical,  pud  all  observations  agree  in.  de- 
monstrating that  it  18  protuberant  at  the  equator  and  flattened  at  the 
poles,  the  difference  between  the  eqaatonal  and  polar  diameten  bwng 
4d>otti  twentf-eix  Engiisfa  miles.    If  we  si]|>peee  the  earth  jto  i 
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at  one  time  in  a  state  of  Knidity,  or  even  appmaching  to  it,  its  present 
fi<^ure  is  readily  accounted  for  by  the  foregoing  considerations. 

To  find  the  valae  of  the  centrifiigal  force  at  the  equator,  make,  io 
Equation  (286)',  3^=  1  and  cos  9  =  1,  which  \f  equivalent  to  suppo- 
c^iiig  a  unit  of  mass  on  the  equator,  and  we  have 

F,=  V,'Ii, 

ill  which,  if  the  known  radius  of  the  equator  and  angular  velocity  be 

substituted,  we  shall  find 

/ 
F^=:  F,*.i?=  0,1112. 

To  find  the  angular  velocity  with  which  the  earth  should  rotate,  to 
make  the  centrifugal  force  of  a  body  at  the  equator  equal  to  its 
weight,  make 

.  ^  =  32,1937=  F,'«i2; 

in  which  32,  1937  is  the  force  of  gravity  at  the  equator. 
Dividing  the  second  by  the  first,  we  find 

32,1937       V,^      ^^^  , 

-071112  =  17=''''"'*'^^' 
whence, 

V,'  =  17  F, ; 

that  is  to  say,  if  the  earth  were  to  revolve  seventeen  times  as  &8t 
it  does,  bodies  would  possess  no  weight  at  the  equator. 


UfPACT   OF   BODIES. 

§  209. — When  a  body  in  motion  comes  into  collision  with  another, 
cither  at  jest  or  in  motion,  an  impact  is  said  to  arise. 

The  action  and  reaction  which  take  place  between  two  bodies,  when 
pressed  together,  are  exerted  along  the  same  right  line,  perpendicular  to 
ttic  surfaces  of  both,  at  their  common  point  of  contact  This  arises  from 
the  symmetrical  disposition  of  the  molecular  springs  about  this  line. 

When  the  motions  of  the  centres  of  inertia  of  the  two  bodies  are 
jMiiiffif  to  thni  normal  before  collision,  the  impact  is  said  to  Vk^  dvrtt^« 
Ml  tUs  nomial  jmssoi  Ihroogh  the  oentrea  ot  iufht^aa  ol  Xn^*^ 
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bodies,  and  the  motions  of  these  centres  ar%  along   that  lino,   tbe 

impact    is    said    to    be    dirtei    and 

central. 

When  the  motion  of  the  centre 
of  inertia  of  one  of  the  bodies  is 
along  the  common  normal,  and  the 
normal  does  not  pass  through  the 
cientre  of  inertia  of  the  other,  the 
impact  is  said  to  be  direct  and 
eccentric , 

When  the  path  describe4  by  the 
centre  of  inertia  of  one  of  the  bodies, 
makes  an  angle  with  this  normal, 
the  impact  is  said  to  be  oblique. 

When  two  bodies  come  into  col- 
lision, each  will  experience  a  pres- 
sure from  th^  reaction  of  the  other;  and  as  all  bodies  are  more  or 
less  compressible,  this  pressure  will  produce  a  change  in  the  figure 
of  both ;  the  change  of  figure  will  increase  till  the  instant  the  bodies 
cease  to  approach  each  other,  when  it  will  have  attained  its  maximum. 
The  molecular  spring  of  each  will  now  act  to  restore  the  former 
figures,  the   bodies  will  repel  each  other,  and  finally  separate. 

Three  periods  must,  therefore,  be  distinguished,  viz.:  1st.,  that 
occupied  by  the  process  of  compression ;  2d.,  that  during  which  the 
greatest  compression  exists ;  3d.,  that  occupied  by  the  process,  as 
for  as  it  extends,  of  restoring  the  figures.  The  force  of  restitution 
must  also  be  distinguished  from-  the  force  of  distortion;  the  latter 
denoting  the  reciprocal  action  exerted  between  the  bodies  in  the 
first,  and  the  former  in  the  third  period. 

Tlie  greater  or  less  capacity  of  the  molecular  springs  of  a  body 
to  restore  to  it  the  figure  of  which  it  has  been  deprived  by  the 
application  of  some  extraneous  force  when  the  latter  ceases  to  act, 
is  called  its  elasticity. 

The  ratio  of  the  force  of  rostitution  to  that  of  distortion,  is  Uie 
measure  of  a  body's  dastksity.  This  ratio  is  sometimes  called  the 
oHffimmf  qf,§ki9Miii^  .rWlpeii:  tli«M»  two  Ibvoes  are  equal,  tlie  n 
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is  unity,  and  the  body  is  said  to.  be  perfectly  elastic;  .ivhen  tbe 
ratio  is  zero,  the  body  is  said  to  be  non-elcuttie.  There  ar^  no.  bodi#s 
that  satisfy  these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

Let  the  two  bodies  AB  and  A' B\  the  former  moving  along  tka 
line  HT^  and  the  latter  along 
JT  7T,  come  into  collision  at  the 
point  0.  Through  0,  draw 
the  common  normal  HL,  De- 
note the  angle  H  O  N  hy  9, 
and  IT  EN  by  9' — these  being 
the  angles  which  the  directions 
of  the  two  motions  make  with 
the  normal.  Also  denote  the 
Telocity  and  mass  of  the  body 
AB  hy  V  and  M  respectively,  and  the  velocity  and  inass  o(' A'B' 
by   F'  and  iT.  .  .  , 

The  components  of  the  quantity  of  motion  of  the  two  bodies  in 
the  direction  of  the  normal  and  of  the  perpendicular  to  the  normal, 
will  be 

MVcoa  <p,    JT  V  cos  9'    and    If  F  sin  <p,    iT  P  sin  <p'. 

The  former  of  these  components  will  alone  be  involved  in 'the 
Impact;  for  if  the  bodies  were  only  animated  by  the  latter,  the^ 
would  not  collide,  but  would  simply  move  the  one  by  the  other; 
For  simplicity,  let  the  body  ^^  be  spherical;  the  normal  wilt 
pass   through  its  centre  of  inertia. 

Denote  by  t#,  the  velocity  of  the  body  ^  ^  in  the  direction  of 
the  normal  at  the  instant  of  greatest  compression,  and  by  u'  the 
velocity  of  the  body  A'  B'  at  the  same  instant  in  the  same  directioii. 
Then  will 


V  cos  9  —  II,    and     F'  cos  9'  —  u' 


.     •    • 


(287) 


ke  the  Tdodtiea  lost  and  gained  in  the  direction  of  tlie  normal,  and^ 


^M{VeMp-m),    and    JT  (^rcoaV  -  u"^  •  •  >  VSfifS\ 
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be  the  forces  lost  and  gained  at  the  instant  of  .greatest  compressioD; 
and  hence, 


ir(Fcos<p  -  «)  +  if'(Fco8<p'  —  t»')  =  0; 


•    • 


(289) 


and  denoting  the  angular  velocity  of  the  bodj  A*  B^  by  VI  ^  the 
distance  Q^  D  from  the  centre  of  inertia  of  A'  B'  to  the  normal 
by  ^,  and  the  principal  radius  of  gyration  of  A'  B\  with  referenca 
to  the  instantaneous  axis  by  k^^  then  will 


_  ^(Fcosy  —  i*).e 


(290) 


and  since  the  velocity  ti  must  be  equal  to  that  of  the  pohut  2)  a| 
the  end  of  the  lever  arm  e,  we  have 


t»  =  tt'  +  e.v; 


(291) 


Substituting  the  values  of  u  and  u*  from  this  equaticm  successively 
In  Equation  (289),  we  find 


«  = 


jfFcos^  +  itrF^cos9^  + jTg  v; 


•   •    • 


(292) 


ifFcos„  +  if-rcos,--^ifer/^    ^    ^ 

After  the  instant  of  greatest  compression,  the  molecular  springs 
of  the  bodies  will  be  exerted  to  restore  the  original  figures,  and 
if  e  denote  the  co-efficient  of  elasticity,  then  will  the  velocities  lost 
by  ^^  and  gained  by  A'B'  during  the  process  of  restitution  b^ 
respectively, 

e(Fcos9  — «)    and    c  (F' cos  9' —  «'); 

and  the  entire  loss  of  A  B,  and  gain  of  -4'  B',  will  be,  respectively, 

Foosq)  —  1*  +  c(Fcos(p  — 1»),    and    F'oos^'  — ti' +  <? ( F' cos 9'— »*). 

Also   the    gain    of  angular  velodty   of  the  body  A'  B\  during    dbn    ;■ 
process  of  restitution,  will  be . 
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and  the  whole  angular  velocity  produced  by  the  impact  and  denoted 
bj   Vjj  will  be  given  by  the   equation, 

F;  =  (l+c)il^^.^     ...     (294) 

Denoting  the  velocities  of  A  B  and  A'  B\  afler  the  collision  by 
9  and  v\  and  the  angles  which  the  directions  of  these  velocities 
make  with  the  normal  by  6  and  6\  respectively,  then  will 

r  008  6z=  Fcos9  —  Fcos^  +  tt— c(Fcos9— t*)=:(l  -f-  c)u  —  c  Foos^, 

•'co8a'=  Pcosq^-  F^»s^+t«'—«(PcosV— w')=(l+e)u'— cF'ieos9', 

and  replacing  the  values  of  u  and  u\  as  given  by  Equations  (292) 
and  (293),  '  ' 

,     ,,  .    ,if  Fcosc+iTF  cos 9'+ iTc  F/         ^  ,       , 

•^oo8d=(l+c)  M+M'       ^-cFoos9,  (295) 

r' cos  «'=(!+<;) ir  .     ayy— —  ^  ^  cos<P  (29G) 

Jit  "T*   -^ 

Moreover,  because  the  effects  of  the  impact  arising  from  the  compo- 
nents  of  the  quantities  of  motion  in  the  direction  of  the  normal  will 
be  wholly  in  that  direction,  the  components  of  the  quantities  of 
motion  before  and  after  the  impact  at  right  angles  to  the  normal  will 
be  the  same,  and  hence 

»  sin  «  =  Fsin  9, (297) 

»' sin  d' =  F  sin  9' (298) 

Squaring  Equations  (295)  and  (297)  and  adding;  also  Equations 
(296)  and  (298)  and  adding,  we  find  afler  taking  square  root,  and 
reducing  by  the  relations 

cos^6  +  sin^  a  =  1 ;    oos^6'  +  sin» fl'  =  1 ; 


/r/,  ,    ,iVKcos9-firFcos9'4-^<fF/       Z       i«  1  it*  •  1     /oao\ 
•=\/:  [( I + ^) M  +  3€      "^  Fcos9p  +  F«8m»9  •  (299) 


^^^Vt^l+«')^'^'"^y^y•"^"^-<'^<^^'-V^V^V\^^ 
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Dividing  Equation  {297)  by  Equation  (295),  and  Equation  (298)  by^ 
Equation  (296),  we  have, 


tand  = 


V,  sin  9 
(1  +  c) 1 1^  .    1^/ '--eVcosip 


tan  4'  = 


M+  M' 
V .  sin  9' 


0+0 = M+JkP  ^-cFcos9' 


(302) 


Equations  (290)  and  (292),  will  give  the  values  of  u  and  F/»  in. 
known   terms,   and  these  in  Equation^  (294),  (295)  and  (296)   will 
give  the  values  of   F,,  v,  and  v\  and  all  the  circumstances  of  the 
collision  will  be  known. 

§  210. — If  the  bodies  be  both  spherical,  then  will  «  =  0,  and  Equa- 
tion (294)  gives  V,  =  0;  and  Equations  (299)  and  (300),  (301)  and 
(302),  become 


^=\/[(l+0 


J/Tcosy-fif'F^  cos  9^ 
M+M' 


•eroos9p+F*sin»9 


(308) 


=v^[a^^^  (3M) 


tand  = 


F8in9 


,,    .    ,  Jf Foos  9  +  if' F' cos  9'        „ 
(1+c) rrr-luF? 2L_cFoos9 


•  • 


(305) 


tand'  = 


M+  M 

V  sin  9' 


,,   .    ,ifFcos9  +  if' F'cos9'.       ^ 

(1  +  c) w^r-m ^-cFcos9' 


(306) 


M'\'M' 


The  Equations  (303)  and  (304)  will  make  known  the  velocities, 
and  (305)  and  (306)  the  directions  in  which  the  bodies  will  move, 
after  the  impact 

Now,  suppose  the  body  A'  B'  at  rest,  and  its  mass  so  great  that 
the  mass  of  AB    is  insignificant  in   comparison,    then  will    V  be 

J£ 

aero,  JT  may  be  written  for  M  -^  W  and  -jgf  will  be  a  fraction  to 
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small  that  all  the  terms  into  which  it  enters  as  a  factor  may  be 
neglected,  and  Equation  (303)  becomes 


V  =  F'-^/c^cos*^  +  sin*  9  ; 


and  Equation  (305), 


tan  ^  =  — 


tan  9 


c 


(307) 


The  tangent  of  6  being  negative,  shows  that  the  angle  NHK^ 
which  the  direction  of  AB'*^  motion 
makes  with  the  normJEtl  NN^  after  the 
impact,  is  greater  than  90  degrees;  in 
other  words,  that  the  body  AB  is 
driven  back  or  reflected  from  A'  B\ 
This  explains  why  it  is  that  a  cannon- 
ball,  stone^  of  "other  body  thrown  ob- 
liquely against  the  surface  of  the  earth, 
will  reboun<}  several  tinies  before  it 
comes  to  rest. 

If  the  bodies  be  non-elastic,  or,  which  is  the  same  thing,  if  c  be 
zero,  the  tangent  of  h  becomes  infinite ;  that  is  to  say,  the  body 
AB  will  move  along  the  tangent  plane,  or  if  the  body  A' B*  were 
reduced  at  the  place  of  impact  to  a  smooth  plane,  the  body  AB 
would  move  along  this  plane. 

If  the  body  were  perfectly  elastic,  or  if  c  were  equal  to  unity, 
which  expresses  this  condition,  then  would  Equation  (307)  become 


tan  ^  =  —  tan  (p 


(308) 


which  means  that  the  angle  NHF  =  EHN^  becomes  equal  to 
KHN\  The  angle  EHN*  is  called  the  angle  of  incidence,  the 
angle  KHN\  commonly,  the  angle  of  reflection.  Whence  we  see, 
that  when  a  perfectly  elastic  body  is  thrown  against  a  smooth,  hard, 
and  flxed  plane,  the  angle  of  incidence  will  be  equal  to  the  angle 
of  refleotion. 

IT  tlie  aoglet  f  and  9'  be  xero,  then  will   coa  ^  ^  \^  ^fc^  V  '^  ^'^ 
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sin  9  =  0,   sin  9'  =  0 ;   tho   impact  will   be  direct  and  centra!,  JBud 
Equations  (303)  and  (304)  become 

r 

and  passing  to  the  limits,  non-elasticity  on  the  one  hand  and  perfect 
elasticity  on  the  other,  we  have  in  the  first  case,  c  =  0,  and 

JtfF+JTF'  .,^- 

"  =      M+lf         <»^<>) 

and  in  tbe  second,  c  =  1,  consequently, 

jfF4-irr>_       ^  ^     .^  ;   . 

'=^     M  +  M'      -^         '        '    '    (812) 


CONSTRAINED  MOTION. 

§211. — Thus  far  we  have  only  discussed  the  subject  ofyiw  motion. 
We  now  come  to  constrained  motion,         * 

Motion  is  said  to  be  constrained  when  by  the  interposition  of 
some  rigid  surface  or  curve,  or  by  connection  with  some  one  or 
more  fixed  points,  a  body  is  compelled  to  pursue  a  path  different 
from   that  indicated  by  the  forces  which  impart  motion. 

§212» — ^The  centre  of  inertia  of  a  body  may  be  made  to  con- 
tinue on  a  given  surface,  by  causing  it  to  slide  or  roll  upon  some 
other  rigid  surface. 

§213.— We  have  seen,  §128,  that  the  motion  ot  tranalatioii  of 
the  centre  of  inertia,  and  of  rotation  about  that  pointy  tK  viMdIy 
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independent  of  one  another,  and  the  generality  of  anj  discussion 
telsting  to  the  former  will  not,  therefore,  be  affected  by  making, 
in   Equation  (40), 

^9  =  0;     ^>^  =  0;     SztzizO; 
which  will  reduce  that  equation  to 

(2  Pcos  a  —  -T-T-  •lm)o  X, 
+  (2Pcosi8-- ^.2wi)(Jy,   V  =  0. 
+  (jPcosy  -  jl. .  2  m)  (J«, 

2m  =  if;    2Pcosa  =  X;     iPoosiS  =  F;     2Pco8y  =  Z; 
and  omitting  the  subscript  accents,  we  may  write 

Now,  assuming  the  i movable  origin  at  the  centre  of  inertia,  and 
supposing  this  latter  point  constrained  to  move  on  the  surface  of 
which  the  equation  is 

L  =  F{xyz)  =  0, (314) 

the  virtual  velocity  must  lie  in  this  surface,  and  the  generality  of 
Equation  (313),  is  restricted  to  the  conditions  imposed  by  this  cir 
cumstance. 

Supposing  the  variables  x  y  z^  in  the  above  equaitions,  to  receive 
the  increments  or  decrements  J  a;,  ^  y,  ^  f ,  respectively,  we  have,  from 
the  principles  of  the  calculus. 


dL   J.  dL    J.  dL    jK 

-J— 'OX  +  -J—  -oy  +  -J—  -Oif  =  0. 

dx  dy       ^         dx 


(316) 


Multiplying  by  an  indeterminate  intensity  X,  and  adding  the  product 
lo  Equation  (313),  there  will  result 


(x-^  M'^  +  \ 


{t-^m- 


d(^ 

d^y 
dt^ 

d^9 


dx/ 


dx 
dL 


+  ^^•77)*^    \^'^' 


+  (--^-.^>-^)*-\ 
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The  quantity  X,  being  entirely  arbitrary,  let  its  value  be  such  as  to 
reduoe  the  coefficient  of  one  of  the  yariables  Sx^  Sy^  $  gj  say  that  of 
6xy  to  zero;  and  there  will  result 


•      • 


(316) 


and 


(r-v.^'+x.i^)  6,  +  (z_j,.f£  +  x.^) ,.  =  0.  (317, 

Now  in  Equation  (315),  Sy  and  Sz  may  be  assumed  arbitrarily,  and 
Sx  will  result;  hence  Sy  and  Sz  in  Equation  (317)  may  be  regarded 
as  independent  of  each  other,  and  by  the  principle  of  indeterminate 
coefficients, 


dt^  dy  ' 

dt^^         dz 


^    •     •     •     • 


(318) 


and  eliminating  X  by  means  of  Equation  (31 G),  we  find, 


(^-'•S)ll-(^-*f?) 


d 

d:^z 


dx 
dL 


d^xX     dL 

dfi)  '  dy 

d^y\    dL 


=  0, 


>  •  • 


/«.         ,-.    d^z\     dL         /^        ^,   d?y\     dL 


(319) 


which,  with  the  equation  of  the  surface,  will  determine  the  place  of 
the  centre  of  inertia  at  the  end  of  a  given  time. 


MOTION  ON  A  CUBVE  OF  DOUBLE  OUBVATUHB. 


§214. — If  the  centre  of  inertia  be  constrained  to  move  upon 
two  surfaces  at  the  same  time,  or,  which  is  the  same  thing,  upon 
a  curve  of  double  curvature  resulting  fi-om  their  intersection,  take 


=:F{xyE)=zO,  1 
=  JP(*y,)  =  0;f 


(320) 
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from  which,  by  the  process  of  differentiating  and  replacing  dx,  dy,  dn^ 
by  the  projections  of  the  virtual  velocity, 


dL  J.  dL    J.  dL    J. 


dx 


dy 


dz 


dff  .     ,   dH   ^      ,    dH   ^ 
dx  dy  dz 


(321) 


(322) 


Multiplying  the  first  of  these  by  X,  and  the  second  by  X',  adding  the 
products  to  Equation  (313),  and  collecting  the  coefficients  of  6x^  Sy^ 
and  6 «,.  we  have 


(X- 


»^  d^  x  dL 

d  fi  dx 

cP  V  dL 

d^z  dL 


dH 
d  X 


dH 

dy 

dH 
d  z 


^Sx 


6z 


=0    .  (323) 


Now  the  coefficients  of  two  of  the  three  variables  $Xj  Sy  and  Sz; 
say  those  of  Sx  and  Sy,  may  be  made  equal  to  zero  oy  assigning 
proper  values  for  that  purpose  to  the  indeterminate  intensities  X  and 
X',  in  which  case,  since  6z  is  not  equal  to  zero,  its  coefficient  must 
also  be  equal  to  zero;    whence 


€Px 
M'^-^+  X 


r-  M 


d^ 

d^y 
dfi 


+  X' 


+  x 


dL 
dx 

d  L 

dy         ^ 


cPz 


dL 
dz 


+  X' 


dH 
dx 

dH 

dy 

dH 

dz 


=  0, 


=  0, 


=  0. 


•  • 


(324) 


and  eliminating  X  and  X',  there  will  result 

(ParX     /dL     dH        dL    dH 


('-^•^)( 
+(^-*?j)( 


dz 
dL 


dy 

dH 


dy 
dL 


d 
dH 


dx      dz 


) 


d  z     dx 
dL    dH\ 


.  =  0.  (325) 
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which,  with  the  equations  of  the  sur&ces,  is  suffident  to  determine 
the  coordinates  of  the  centre  of  inertia  when  the  time  is  given. 


§215. — If   the    given    surfaces    be  the   projecting  cylinders  of   a 
curve  of  double  curvature,  then   will   Equations   (320)  become 

£r=>(yz)  =  o.r 

And  because  L  is  now  independent  of  y,  and  JET  is  independent  of  x^ 
we  have 


(826) 


dL       ^     dH 


which  reduce  Equations  (324)  to 


JT  —  if  •  -r^  +  X  •  -r—  =  0; 


(/^ 


dx 


di^  dy 

d?  2  d  L 

di^^  dt 


+  X'.— —  =  0; 
dz  ' 


(327) 


c/2a-\     rfZ    dH\ 


abd  Equation  (325)  to 

\  *     '  dt^/  '   dz     dy 


-(^-'••^) 


=  0. 


•       •       • 


(828) 


This,  with  the  equations  of   the  curve,  will  give  the  place  of  the 
centre  of  inertia  at  the  end  of  a  given  time. 

§210. — U  the  curve  be  plane,  the  co-ordinate  plane  «f,  may  be 
assumed  to  coincide  with  that  of  the  curve;  in  which  case  the 
second  of  Equations  (327),  becomes  independent  of  y,  that  Tari** 
ble  reducing  to  zero,  and 

dH 


d^jl  ss  0,    and 


*1 


0; 
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hence  Equations  (327),  bcomo 


X-if-^  +  X.44  =  0; 


dfi 


dx 


r=0; 


•        •        • 


dC^  dz  dz 


=  0; 


(829) 


and  because  the  factor 


dfl         ' 


Equation  (328)   becomes,  on  dividing  out  the  common  factor  -t 


dH 


y 


§217. — By '.transposing  the  ternls  involving  X,  in  Equations  (316) 
and  (318)  and  squaring  we  have 


4(^)'+(f)'+01= 


The  second  member  of  this  equation  is,  Equation  (50),  the  square  of 
the  intensity  of  the  resultant  of  the  extraneous  forces  and  the  forces 
of  inertia.     Denoting  this  resultant  by  iV,  we  may  write 


and  dividirg  each  of  the  equations 

Ix 


dx  \  dfiJ 


dL 
dy 

dJs 


=  -(r-if.fe). 


S7  =  -(*- 


M 


dt^/ 
d^» 


). 
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obtained   by   the  transposition  just  referred  to,  hy  Equation  (881), 
we  find, 


dL 
d  X 


X  --  M 


cP  X 

"57^ 


dL 
dL 


N 


Y --  M^ 


dt^ 


N 


>• 


Z  —  M 


d*  2 
"7? 


N 


(332) 


The  second  members  are  the  cosines  of  the  angles  which  the 
resultant  of  all  the  forces  including  those  of  inertia,  makes  with  the 
axes ;  the  first  members  are  the  cosines  of  the  angles  which  the 
normal  to  the  surface  at  the  body^s  place  makes  with  the  same  axes. 
rhese  being  equal,  with  contrary  signs,  it  follows  not  only  that  the 
forces  whose  intensities  are* 


are  equal,  but  that  the^  are  both  normal  to  the  surface,  and  act  m 
opposite  directions.  The  second  is  the  direct  action  upon  the  surface; 
the  first  is  the  reaction  of  the  surface. 

Equation  (331),  will,  therefore,  give  the  value  of  a  passive 
resistance  sufficient  to  neutralize  all  action  in  the  system  which  is 
inconsistent  with  the  arbitrary  condition  imposed  upon  the  body's 
path.  If  the  body  be  constrained  to  move  on  a  rigid  surface  oi 
line,   this  resistance   will  arise   from   its  reactiou. 

g  218.— -If  Equations   (332)   be  muiiiplied   by 
Mad  the  aoglea  which  the  Doniial  rabVi^iACft  o«  ikft  wrW^ 


• 
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die  axes  x^  y,  g,    respeotiyely,    be  denoted  by   6^  h^  and   h^  ibose 
equations  will  take  the  form 

-X^  -  ^- f^  + -^- cos  ^^  =  0; 

r- if.^  +  iV.cosa^    =0;  1^ (888) 

Z  "  Af'-y^  +  N'CoaS,    =0. 
at* 


§210. — ^To  impose  the  condition,  therefore,  that  a  body  in  motion 
shall  remain  on  a  rigid  surface,  is  equivalent  to  introdudng  into 
the  system  an  additional  force,  which  shall  be  equal  and  directly 
opposed  to  the  pressure  upon  the  surface.  The  motion  may  then 
be  regarded  as  perfectly  free,  and  treated  accordingly.  The  same 
might  be  ^own  from  Equations  (824)  to  be  equally  true  of  A 
rigid  curve,  but  the  principle  is  too  obvious  to  require  further 
elucidation. 

Equations  (888),  may,  therefore,  be  regarded  as  equally  appli- 
oable  to  a  rigid  curve  of  any  curvature,  as  to  a  surface;  the  nor- 
mal reaction  of  the  curve  being  denoted  by  iT,  and  the  augles 
which  i^  makes  with  the  axes  «,  y,  z,  by  6^  6^  and  6^ 

§  220. — ^To  find  the  value  of  iV,  eliminate  d  t  from  Equations 
(333),  by  the  relation 

JL  ~Z 

dt  "  ds' 

in  which  V  and  8  are  the  velocity  and  the  space ;  tHen  by  transpo- 
^tion  these  equations  may  be  written 

JT.cos^.  ^M-r^'^--  X\ 

ar 


JT-ooe*.    =  if.  F»~-  Z. 


u 
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Squaring,  adding  and  reduoing  by  the  relations 

JP  =  ^»  +  F»  +  Z», 
ooa*4,  +  008*4,  +  ooa*  4.  =  1, 


and  we  find 


IP  = 


•^[<'^') 


•  +  («Py)»  + 


(5»,)»]+ 


Besolving  H  into  two  components,  one  parallel  and  the  other  per* 

pendicular  to  the  path,  the  former  will    be    in  equilibrio  with  the 

inertia    it  develops    in    the    direction  of  the    curve;    and  denoting 

by  9  the  inclination  of  i2  to  the  radius  of  curvature,   we  have 

iZsin (p  =  if.^  =  if .  F*—*. 


or. 


0  =  i?.8in(p-if  .F»~'-,' 


Squaring  and  subtracting  from   the  equation  above,  there  will  result. 


y^= 


but 


- 


j/a.^.  ({^cPxY  +  (<Py)»  +  (<P«)*  -T<<*«)*}  +  iPcos«»] 


X  dx  ,    T  dy      Z    dz 
'''"'  =  R'dJ-^RTs  +  R'Ts'' 


multiplying  the  second    member  by  p  -r  p,  substituting  above,  and 
reducing  by  the  relations, 


d^                              d^ 
<ftc     dzd^i       ds          dhf     <fycP«       ds 

d^    dsds^''  di'        ds^     dsds^"   ds' 

d*s    dz  d*t       d» 
d^    d*d*»~  da 

X      di       T     "«/f  , 

^^^B'f   dM-^R^    d,+ 
1 

Z 
R 

,dz  * 
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SfiT 


aiKl 


dfi 


P  = 


-/(<P«)»  +  [fPyf  +  (rf««)»  -  (<<»*)» 


in    which   p  denotes  the  radius  of  curvature,   we  have, 


A'«  =  if«.-^  -.2 ^-^.220089 +  i?co8»9; 
P  P 


and  taking  square  root, 


1^      ^^       j> 


(884) 


The  first  term  of  the  second  member  is, 

§  195,  the  centrifugal  force   arbing  from 

the  deflecting  action  of  the  curve,  and  the 

last  term  is  the  normal  component  of  the 

resultant  R.    As  the  equation  stands,  its  ' 

signs  apply  to  the  case  in  which  the  body 

is  on  the  concave  side  of  the  curve,  and 

the  resultant  acts  from  the  curve.    The  angle  9,  must  be  measured 

6x)m  the  radius  of  curvature,  or  that  radius  produced,  according  as 

the  body  is   on  the  concave  or  convex  side  of  the  curve.     When 

tbe    body  is    moving  on    the  convex  side  of   the    curve,  the  first 

term    of    the    second  member    must   change   its  sign   and   become 

negative. 

§221.— Writing  Equations  (S88)  under  the  form 

ir.^=r+3roosa^ 
jr~=:Z  +  ivrcosa.; 

nudtt^yiiw  the  first  by  2dx^  the  second  by  2i/y,  the  third  by  2ifi^ 
iddfaig  end  reducing  by  the  relation 


iti^'€o$s.+y^.v»t,  +-.«>.  1.) .  «o. 


4m 
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the  second  factor  being  the  cosine  of  the  angle  made  hy  the  nor 
mal  and  tangent  to  the  curve,  we  have 

Jf .  (^^dx.d*z  +  2dy.^d*p  +  2d>.iP,^  =2(Xd.+  rdy+Z<b); 

Integrating  and  reducing  bj 

_  dx^  +  rfy»  +  d9» 

we  find 

if  F*  =  2  J{Xdx  ^  Ydy  +  Zdz)  +  C7.     .    .    (335) 

Thb  being  independent  <^  the  reaction  of  the  curve,  it  can  have  no 
effect  upon  the  velocity. 

If  the  incessant  forces  be  zero,  then  will 

2r=0j*  7^=0;    and    Z  =  0; 
and 

that  is,  a  body  moving  upon  a  ri^d  surface  or  curve,  and  not  acted 
upon  by  incessant  forces,  will  preserve  its  velocity  constant,  and  the 
motion  will  be  uniform. 

We  also  recognize,  in  Equation  (335),  the  general  theorem  of 
the  living  force  and  quantity  of  wori( ;  and  firom  which,  as  before, 
it  appears  that  the  velocity  is  wholly  independent  of  the  path  de- 
scribed. 

Example  1. — Let  the  body  be  required  to  move  upon  the  interior 
surface  of  a  spherical  bowl,  imder  the  action  of  its  own  weight.  In 
tins  case, 

X  =  ««  +  y«  +  «»-aa  =  0;     ••••    (886) 
dZ       „        dL       ^        dL       ^ 


I      -     '    •  ^  -.»  U  .• 
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^ 


and  Che  axis  of  e  being  vertical  and 
positiye  downwards, 

jr=0;     F=0;    Z  =z  Mg; 

which    values    in    Equations    (319), 
give 


cPx  d^y       ^ 

y* «•  — =^  =  0: 


^y-y 


d?z 


+  z 


<Py 


=  0; 


►• 


(337) 


iind  difierentiadng  the  equation  of  the 
iq>here  twice,  we  have 

dividing  by  cf^',  and  replacing  the  second  member  bj  its  value  F^, 
the  velocity,  we  find, 

«--^r^  +  y  •  -rl-  +«•  -TT=-  =  —  P. 


di^ 


d^ 


d(^ 


Bat,  Equalaoa  (335),  ^ 

r»  =  2^«  +  C (338) 

and  denoting  by  P  and  iCr,  the  initial  values  of  V  and  Zy  respectively, 
we  have 


wh^oh  substituted  above,  gives 


d^x  cPy    .       <£*« 


rf/» 


dfi 


di» 


=  2^  (it  -  «)  -  F'«  .  .  (339> 


Eliminate  «,  y,  (f'j;,  cf'y,  from  this  equation  by  means  of  Equa- 
tions (336)  and  (337). 

From  the  latter  we  find, 


dfi  '^   X  Vrf^       V* 
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irfaicfa  Bttbstitiited  in  Equation  (389),  and  redudng  by  means  of 
Equation  (386),  we  get 

a».  ^  =  ^(a*  -^8i»  +  2it«)  -  F>f ; 
multiplying  by  2dz^  and  integrating,  we  find 

in  which  0  is  the  constant  of  integration,  and  to  determine  whichy 
we  denote  the  component  of  the  velocity  F',  in  the  direction  of  the 
axis  f ,  by  F,',  and  make  m  =z  k.    This  being  done,  we  get 

whence, 
a«.^=2y(a»s-«»  +  *s»)-  F'*«a  +  a*  F,'»  +  F^ifc»- 2^a»it, 

adding  and  subtracting  a'  F''  in  the  second  member,  this  reduces  to 


in  wluch 


Finding  the  value  of  cf/,  and  integrating,  we  have 


=/ 


adz 


V(a*  -  ^)  [V^  -  2j,  (k  -  z)]  -  C, 


(340) 


Could  this  equation  be  integrated  in  finite  terms,  then  wouid  s 
become  known  for  a  given  value  of  <;  and  iiua  value  of  s  in 
Equation  (886),  and  the  first  of  Equations  (837),  after  integration, 
would  make  known  the  values  of  x  and  y,  and  hence  die  podtion 
of  the  body ;  its  velocity  would  be  known  firom  Equation  (385)i 
But  tU§  integ^$ltkia  is  not  po«iUe.    ^ 
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§222. — We  may,  however,  approximate  to  the  result  when  the 
mitial  impulse  is  small  and  in  a  horizontal  direction,  and  the  point 
of  departure  is  near  the  bottom  of  the  bowl.  Let  6  be  the  angle 
which  the  radius  drawn  to  the  variable  position  of  the  body  makes 
with  the  axis  of  2;;  9,  the  angle  which  the  plane  of  the  angle  6 
makes  with  the  plane  through  the  axis  z  and  initial  place  of  the 
body,  supposed  in  the  plane  xz'y  V  =z  P  V^  the  velocity  of  pro- 
jection in  a  horizontal  direction,  P  being  a  very  small  quantity; 
and  a  the  initial  value  of  $.    Then,  because 

s  =  a.oos4  =  a(l— 2  sin*  ^tf);    i&r=aco8a=:a(l  —  2  sin*  ^  a) ; 

</z=  —  a  .  sin  ^  .  (ftf  ;     F','=  0; 

C,  =  a* .  4  sin*  ^  a  .  cos'  J  a  .  /?* .  «  ^  =  a' .  /J* .  <7  .  sin*  a ; 

Equation  (340)  becomes 

«  =  -v/?    r Bin^.(/^        ^    , 

^9'*^  VP'  (sin*  i  '-  sin*  a)  -  4  sin*  6  (sin*  }  6  -  sin*  ^  a)  ' 

and  making  6  and  a  very  Bniall,  their   arcs   may  be   taken   for  their 
sines,  and  the  above  becomes,  after  differentiating, 

which  may  be  put  under  the  form 

2^=    /^./*  — 4^.cf^ 

V  ^  7  y^(a»  -  p^f  -  [2«»  -  (a»  +  i8«)]«' 

whence,  by  integration, 

I  making    ^  =  0,  and    ^  =  a,    we    have    C7  =  ~  cos  1 .  ^a  -r  VV*    or 

17=0;    and  solving  the  equat^ion  with  reference  to  ^,  we  get  . 
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From  which  it  appears  that  the  greatest  and  least  ralues  of  i 
will  occur  periodically,  and  at  equal  intervals  of  time.  The  formel 
of  these  values  is  found  by  making 


and  so  on;    and  for  a  single  interval  between  two  consecutive  maxi- 
ma, without  respect  to  sign, 


=  'Vf5 


,.  (***) 


the  maximum  being  a. 

The  least  value  occurs  when 


whence  for  a  single  interval  between  any  maximum  and  the  succeed* 
ing  minimum, 

*  =  i*y/j-' (3«) 

the   minimum  being  /S. 

The  movement  by  which  these  recurring  values  are  brought  about| 
is  called  oscillatory  motion;  that  between  any  two  equal  values  is 
called  an  oscillation;  and  when  the  oscillations  are  performed  in 
equal   times,   they  are  said  to  be  Isoehronou9. 

Again, 

d^        d^    dt^ 

do 
Buostituting  for  -^-i  its  value  obtained  from  the  relation  y  =z  xtaokf^ 

dt 


we  find 


dm  I  /      dy  dx\     dt 

d6       «»+y2     \      dt        ^     dt/     d6 


r 

Integrating  the  first  of  Equations  (337),  we  get 

dy  4z 


X 


.j^^3f.jy  =  2«=:  Fa«=:«^avV«J 
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substituting  tliis  abo7e,  and  also  the  value  of  -jj »  given  hy  £qua> 
tion  (341),  we  find 

4f  =  -  —==^±=.i     .    .    .   .  (M6) 


dividing  this  hy  Equation  (341), 

rfjp  _     /J  a.^  /J  a.P 

dt  " 


i(a'  +  /3a)  +  i(a^-p^).cos2^y^*t 


but 


I 


whence 

d^  fg       ft'ff 


a3 . cos^W^  •  /  +  iS^  8in2 y-^  .  ^ 


•  •  • 


(847) 


firom  which  we  find 


£ 

a 


({9  = 


*+§'*^'\/t-*' 


integrating,  and  taking  tangents  of  both  members, 

tan9  =  —  .  tan\/— •' (348) 

firom  which  the  azimuth  of  the  plane  of  oscillation  may  be  found 
•t  the  end  of  any  time. 

Making  tan  9  =:  od,  we  have 

Vi-'  =  T*'    or    =-*;    ot    «-^S^. 
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and  the  interral  from  the  epoch  to  the  first  azimttth  of  M^,  it 

and  to  the  first  azimuth  of  270^, 


3  fa 


9  • 

• 

and  the  interyal  from  die  azimuth  of  90^  to  the  next  azimuth  of  270* 


<./-'.  =  <  =  *-\/7' 


equal  to  the  time  of  one  entire  oscillation. 

From   Equation  (348)  we  have,   after  substituting  for  tan  9    Its 
yalue  in  the  relation  y  =  aptan9, 

adding  unity  to  both  members, 

P^x^  +  tt»ya 


also  from  y  =  ap.tan9, 


«»  +  y» 


=  1  +  tan*  9  ; 


dividing  the  last  equation  by  thi^  one,  and  replacing  «*  +  y*  by  its 
value  a*  —  z^,  from  the  equation  of  the  surface,  we  get 

1  +  tan»4/^.< 

^  1  +  tan*  9  ' 

but,  neglecting  the  term  involving  d\ 

a^  -^z^  =z  a*^*; 

substituting  this   above,  replacing    tan^9    by  its   value   in   Equation 
(848),  and  4*  by  ito  value  in  Equation  (343),  after  making 


oos2y^.|sl--28in>y^.| 

a 
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sin' 


m  have 


r-  tan»ri.< 

^•'= V- 

l+taii»|/£.< 


5  +  S=«*;-    • (849) 


)» 


which  shows  that  the  projection  of  the  path  of  the  body  on  the 
plane  ^y,  is  an  ellipse  whose  centre  is  on  the  vertical  radius  of  the 
sphere,  and  that  the  line  connecting  the  body  with  the  centre  of 
the  sphere,  describes  a  conical  surface. 

If  a  =  i?,  then  wil],  Equations  (343)  and  (348), 


^2  =  al=,^2.     ^=,y(Z./; 


and,  Equation  (349), 

«»  +  ya  ^tL^a^', (350) 

hence,   the    body  will  describe  a  horizontal  circle  with   a    uniform 
motion. 

The  pressure  upon  the  surface,  at  any  point  of  the  body's  path, 

is  given  by  the  value  of  iV  in  Equation  (334). 

§223. — Example  2. — Let  the  body,  still  reduced  to  its  centre  of 
inerUa  and  acted  upon  by  its 
own  weight,  be  also  repelled 
from  the  bottom  point  A 
of  the  bowl,  by  a  force  which 
varies  inversely  as  the  square 
of  the  distance ;  required  the 
position  of  the  body  in  which 
it  would  remain  at  rest. 

As  the  body  is  to  be  at 
rest,  there  will  be  no  inertia 
eierted,  and  we  have 


fi-O-    ^'-=0-    ^-Q. 
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* 

and  assuming  the  axis  e  verticaly  podtive  upwai^s,  and  the  origSx 
at  the  lowest  point  Aj 


Z  =  ««  +  y»  +  ««  —  2az  =  0, 


•    • 


(851) 


dx 


dL 


dL 


=  2«;     ^  =  2y;     ^  =  2(.-«); 


and  denoting  the  distance  of  the  body  from  the  lowest  point  by  r, 
the  intensity  of  the  repelling  force  at  the  unit's  distance  by  F^  and 
the  force  at  any  distance  by  P,  then  will  > 


p  =  -2;  r=v^M^7Mr;^. 


•        •       • 


(352) 


a;  y  t 

for  the  force  P,   cos  a  =  — ;    cos  p  =  — ;    cos  y  =  —  ;    for    the 

weight  Mgy  cos  a'  =  0 ;    cos  ^'  =  0 ;    cos  7'  =  —  1 ;   and 

These  several  values  being  substituted  in  Equations  (319),  give 

Fyx       Fyx 


r» 


=  0, 


The  first  equation  establishes  no  relation  between  x  and  y,  since 
the  equilibrium,  which  depends  upon  the  distance  of  the  particle 
from  the  source  of  repulsion,  would  obviously  exist  at  any  point 
of  a  horizontal  circle  whose  circumference  is  at  the  proper  height 
from  the  bottom. 

From  the  second  equation  we  deduce. 


Fa 


^Mg, 


= (s*. 


Mg/ 


F        1* 


(S53) 


J     .  Ml 
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fix»n  which  r  becomes  known ;  and  to  determine  the  position  of  the 
circle  upon  which  the  body  must  be  placed,  we  have,  hj  making 
ir  =s  0  in  Equations  (352)  and  (351), 

-/«»  +  y*  =  r, 
y^  +  z^  —  2az  =  0. 

Equation  (353)  makes  known  the  relation  between  the  weight 
of  the  body  and  the  repulsive  force  at  the  unit's  distance ;  the  in- 
tensity of  the  force  at  any  other  distance  may  therefore  be  deter* 
mined. 

If  there  be  substituted  a  repulsive  force  of  different  intensity, 
but  whose  law  of  variation  is  the  same,  we  should  have,  in  like 
manner. 


heLce, 


F 
Mg 

F 

.F  : 

:  r'-.r''; 

that  is,  the  forces  are  as  the  cubes  of  the  distances  at  which  the 
body  is  brought  to  rest. 

If,  instead  of  being  supported  on  the  surface  of  a  sphere,  the 
body  had  been  connected  by  a  perfectly  light  and  inflexible  line 
with  the  dbntre  of  the  sphere  and  the  surface  removed,  the  result 
would  have  been  the  same.  In  this  form  of  the  proposition,  we 
nave  the  common  Electroscope, 

The  differential  co-efficients  of  the  second  order,  or  the  terms  which 
measure  the  force  of  inertia,  being  equal  to  zero,  Equations  (332), 
show  that  the  resultant  of  the  extraneous  forces,  in  this  case  the 
weight  apd  repulsion,  is  normal  to  the  surface,  which  should  be  the 
case;  for  then  there  is  no  reason  why  the  body  should  move  in 
one  direction  rather  than  another.  The  pressure  upon  the  sur&ce  is 
givm  by  the  value  of  i\r,  in  Equation  (334). 

..|S34.-— JSMmp/«  S.    Let  it  be  required  to  find  the^T^vnxAXaxL^^Mk 
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of  motion  of  a  body  acted  upon  by  its  own  weight  wlule  on  tlie 

arc  of  a  cycloid,  of  which 

the  plane  is  vertical,  and  ^ 

directrix  horizontal. 

Taking  the  axis  of  s, 
vertical;  the  plane  eXy  in 
the  plane  of  the  curve; 
and  the  origin  at  the  low- 
est point,  then  will 


=  «  — \/2a»  — ^s*  —  a  versin" — =0;*    •    (354) 


In  which  e  is  taken  positive  upwards. 


dL  _  ^      dL 
dx  "~     *     dz 


=-/ 


a  —  « 


•     • 


X=0;     Z^  ^  Mg, 


and  Equation  (330)  becomes 


(355) 


r"*  +  ^  +  tJ  =  *•  •  •  •  •  (**«) 


and  by  transposition   and  division. 


dt^ 


d^z 


1 


4- 


la-^z      di^     /2a —  z 


sf- 


(867) 


From   the  equation  of  the  cur\o   we  find. 


2dxr    ,>  Iz 


V 


2a  — f 


(869) 


multiplying  by  Equation   (S»r»7),  iV.ere  will  result 

%%d%.d^%  ^     .    .    2c^s.d>« 
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tnd  bj  integration^ 

da?      _     „  rf«» 


and  supposing  the  velocity  zero,  when  « =  A ; 


which  subtracted  from  the  above  gives 


dx^  +  dz^      «    /.        V  *— ^% 

J^p       =  ay  (*-«); (S59) 


•i:d   eliminating  da?  by  means  of  Equation  (358), 


^'^  -9  «,      -.v 


whenoe. 


"=V;    " 


^     y/kz-7^' 


% 

the    negative  sign   being    taken  because  «  is  a  decreasing    functioo 
of  t. 

By  integration, 

.  -1  2# 

, _,  ,„jin    — r- 

-/*«-•»  V  <r  A 

Making  s  s  A,  we  have 


=  —  c/—  .  /  —  =  —  W  — .  versin    — r-  +  tt 


0 


^^y/^*Ymbr'%+^Oi      ^ 
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whence, 


and 


t  =  4/ —  yne  —  versin""  •  —j (860) 


When  the  body  has  reached  the  bottom,  then  will  «  zi:  0,  and 


=  'V7' 


which  is  wholly  independent  of  A,  or  the  point  of  departure,  and 
we  hence  infer  that  the  time  of  descent  to  the  lowest  point  will  oe 
the  same  in  the  same  cycloid,  no  matter  from  what  point  the  body 
<«tarts. 

Whenever   «  =  A,   the  body   will,   Equation   (359),  stop,    and  we 
shall   have  the  times  arranged  in  order  before  and  afler  the  epoch, 

the  difference  between  any  two  consecutive  values  being 


v^ 


y 

The  body  will,  therefore,  oscillate  back  and  forth,  in  equal  times. 
The  cycloid  is  a  Tautochrone, 

The  pressure  upon  the  curve  is  given  by  Equation  (334). 

The  time  being  given  and  substituted  in  Equation  (360),  the  value 
of  z  becomes  known,  and  this,  in  Equations  (359)  and  (354),  will 
give  the  body's  velocity  and  place. 

§225. — Example  4. — Let  a  body  reduced  to  its  centre  of  inertia, 
and  whose  weight  is  denoted  by  fF,  be  supported  by  the  action 
of  a  constant  force  upon  the  branch  EM  of  an  hyperbola,  of  which 
the  transverse  axis  ia  verttcalf  the  force  being  directed  to  the  centre 
o£  the  curve.    Required  the  podtion  of  equilibrium. 
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Denote  the  constant  force  by  IP,  whidi  may  be  a  weight  at  the 
end  of  a  cord  passing  over  a  small  wheel 
at  (7,  and  attached  to  the  body  if.  De- 
note the  distance  CM  by  r,  and  the  axes 
of  the  curve  by  A  and  B,  Take  the  axis 
z  vertical,  and  the  curve  in  the  plane  ««• 
Make 

then  will  * 


cos  y'  =  1,    cos  a'  =  0, 

oos  y"  = >    cos  a''  = ♦ 

'  r  r 


X=  P'  cos  a'  +  P"  oos  a"  =  -  »P.  — , 

•  r 

Z  =  P'  cosy'  +  P"  cos  r"  =  JT  -  JP.  ~ 
and  as  the  question  relates  to  the  state  of  rest, 


'  =0;     -t::;  =  0. 


di^ 


dfi 


The  Equation  of  the  curve  is 

rhence, 

dL 


=  0; 


dx 

dL 
dz 


=  2A^x, 


=  -.2-B»«; 


these  values  substituted  in  Equation  (830),  give 


JP^«  — -  WA^x+  WA^—^Oi 

r  r 


16 


•    •    «    % 


\jja^ 


2ia 
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But 


r»  =  «»  +  a»  =  z»  +  :?»»  -,  S*z=a>^*'t^*  -  ^t 


whencei  denoting  the  eooentricity  by  €, 

and  this,  in  Equation  (361),  gives  after  reduction. 


z  = 


e^W^^W^  «»)i ' 


which,  with  the  equation  of  the  curve,  will  give  the  position  of 
equilibrium. 

If  We  be  greater  than  IF,  the  equilibrium  will  be  impossible- 
If  TP«  =  IT,  the  body  will  be  supported  upon  the  asymptote. 

The  pressure  upon  the  curve  is  given  by  Equation  (334). 

§226. — Example  5. — Required  the  circumstances  of  motion  of  a 
body  moving  from  rest  under  the  action  of  its  own  weight  upon  an 
inclined  right  line. 

Take  the  axis  of  g  vertical, 
the  plane  z  z  to  contain  the 
line,  and  the  origin  at  the 
point  of  departure,  and  let  z 
be  reckoned  positive  down- 
wards.   Then  will 

Z  =  «  —  a«=:0, 
dL  _         dL  _ 

which  in  Equation   (330)  give,  after  omitting  the  common  factor  M^ 


«P« 


d^z 


.._  +  «^_a_=0. 


•     •     •     •     • 


(862) 


From  the  equation  of  the  line  we  have 
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%Meh  in  Equation  (362),  after  sl^t  redaetibii, 

57"  "■  1  +«^*^ 

Multiplying  by  2d2,  and  integrating, 

die  constant  oi  integration  being  zero. 
Whence 

and 

the  constant  of  integration  being  again  zero. 

The  body  being  supposed  at  JBj  then  will  g  =:  ^2>;  and  if  iv^* 
draw  from  jS  the  perpendicular  B  C  to  AB^  we  have 

dl!  -.  L±-fL. 
which  substituted  above, 

in  which  d  denotes  the  distance  A  C, 

But  the  second  member  is  the  time  of  falling  freely  through  the 
vertical  distance  d\  if,  therefore,  a  circle  be  described  upon  A  C  ea 
a  diameter,  we  see  that  the  time  down  any  one  of  its  chords,  ter« 
minating  at  the  upper  or  lower  point  of  this  diameter,  will  be  the 
same  as  that  through  the  vertical  diameter  itself.    This  is  called  the 

mechanical  property  of  the  cirde. 

• 

JBgtm^  6« — A  spherical  body  placed  on  a  plane  inclined  to  the 

hericoD,  would,  in  the  absence  of  friction,  slide  under  the  action  of 

bi  OWB  wei^^t;  but,  owing  to  friction,  it  will  rolL     BAK^ik«l  ^3u^ 

of  d»  motioB. 


?44 
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If  the  sphere  move  from  rest  with  no  initial  impulse,  the  centra 
will  describe  a  straight  line 
parallel  to  the  element  of 
steepest  descent.  Take  the 
plane  xz^  to  contain  this 
element,  the  axis  z  vertical 
and  positive  upwards. 

The  equation  of  the  path 
will  be, 


Z  =  #  +  ^tana  —  A  =  0; 


whence, 


dL 
dz 


=  1; 


dL 
dx 


=  tana. 


The  extraneous  forces  are  the  weight  of  the  sphere  and  the  fiio^ 
tSon.  Denote  the  first  by  W^  and  the  second  by  F.  The  nature 
of  friction  and  its  mode  of  action  will  be  explained  in  the  proper 
place,  §  354 ;  it  will  be  sufficient  here  to  say  that  for  the  same 
weight  of  the  sphere  and  inclination  of  the  plane,  it  will  be  a  con- 
stant force  acting  up  the  plane  and  opposed  to  the  motion.  We 
shall  therefore  have 

Zz:z  ^  Mg  -{-  Ftm a ;    JT  =  —  ^cosa, 

which  values,  and  those  above  substituted  in  Equation  (330),  give 


d^x 


—  i^oosa  —  if-  ^^  +  (lig  —  Fsina  +  ^"t^  tana  =  0. 


But  from  the  equation  of  the  path,  we  have 

d»»*=  —  d^x^  tana; 


■ad  Aliminflting  d^m  by  means  <^  this  relation,  there  will  result 


♦  llJ=«*»«^-^"^*) 
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Multiplying  hy  2dz^   integrating   and  making  the   velocity   zero 
when  «  =:  A,  we  have 


=  ^  =  2  sin  a  (^  —  ^  sin  a)  .  («  —  A). 


This  gives 

1  dz 


dt=:' 


w  2  sin  a  (—  —  p  sin  a)      ^ 


z-^h 


asd   by  integration,  the  time  being  zero  when  z  =  A, 

w 

A  —  z  =  I  sin  a  (^  •  sin  a  —  —  )  •  />.      .        •        .      (a). 

Again,  all  axes  in  the  sphere  through  its  centre,  are  principal 
ases;  the  sphere  will  only  rotate  about  the  movable  axis  y,  in 
whicb  ease  v.  and  v,  will  eadi  be  zero,  and  Equations  (202)  will  giy« 


B.^^M.; 


wliereiii, 


B  —  Mk^'     — i  —       '^-     M  —  Fr* 


r  beittg  die  radius  of  the  sphere. 
Whence, 

d»4/  _    Fr 
dO'   "  Mky 

Multiplying  by  2tf  4*  integrating,  and   making  the  angular  velodlf 
and  the  arc  4/  vanish  together, 

li?  _  2/V 


fShF  ^+. 

«l  S3 


^ 


»i6 
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4114  b^  ifttegrfttioii,  making  t  aai  -^  Tuush  together. 

Also,   because  the   length  of  path  described  in  the  direciioa  of  the 
plane  is  r.^^i  ^^  have,  in  addition, 

md    eliminating  4^  from    this   and   the   aboye    equation,  there   wiU 
result 


Dividing  Equation  (a)  by  Equation- (6),  and  solving  with  respect 

and  this  in   Equation    (b),  gives 

y   g '  sin^  a  r^  ^  ' 

If  the  sphere  be  homogeneous,  then   will 

if  the   matter  be  all   concentrated   into   the  surface,  then   will 
which  ti.mes  are  to  one  another  as    y^  to   V^dl 


OOKSTRAINED  MOTlOIf  ABOUT  A  7ECED  POZZTT. 

g  227.— If  a  body  be  retained  bj  a  find  pmnt,  the  fixed  and 
what  has  been  thus  hx  regarded  as  a  moTaUe  origin  may  botli  be 
taken  lit  this  point;  in  which  ease,  ix^^  iy^y  iz^^  In  Equaltoa  (40), 
wJU  be  jeero,  thb  first  three  lemHi  of  IjNal  fjaknX  eqnatei  «^  ^ 
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llbrium  will  reduce  to  zero  independently  of  the  forces,  and  the  equi- 
librium will  be  satisfied  by  simply  making 

2P(jPC0Si3  —  y  cos  a)  — 2m. ^tt^ =  0 


2  P  («  cos  a  —  rr  cosy)  —  2  m • -7-j =  0 

2  P (y  cosy  -  « cos /S) -- 2  m .  j^l^^TH^^-^  =  ^ 


- . . (865) 


die  accents  being  omitted   because   the  elements  m,  m',  &c.,   being 
referred  to  the  same  origin,  x',  y',  2'  will  become  x,  y,  a. 

The  motion  of  the  body  about  the  fixed  point  might  be  discussed 
both  for  the  cases  of  incessant  and  of  impulsive  forces,  but  the  discus- 
sion  being  in  all  respects  similar  to  that  relating  to  the  motion  about 
the  centre  of  inertia,  §  127  and  §  173,  we  pass  to 

OONffTRAINED  MOTION  ABOUT  A  FIXED  AXIS. 

§228. — If  the  body  be  constrained  to  turn  about  a  fixed  axis, 
both  origins  may  be  talcen  upon,  and  the  co-ordinate  axis  y  to 
coincide  with  this  axis;  in  which  case  $x^,  ^y^,  $z^y  $^  and  ^vr, 
in  Equation  (40),  will  be  zero,  and  to  satisfy  the  conditions  of 
equilibrium,   it  will  only   be   necessary  for   the  forces  to   fulfil  the 


2P(«cosa  —  «cosy)  —  2m -— =  0    •  •  (360) 

the  accents  being  omitted  for  reasons  just  stated. 

§229. — ^The  only  possible   motion  being  that  of  rotation,   let  tft 
transform  the  above  equation  so  as  to  contain  angular  co-ordinates. 
For  this  purpose  we  have,  Equations  (36), 

«'  =  r"sin4.;    «' =  r"cos>J. (367) 

ia  which  r^'  denotes  the  distance  of  the  element  m  from  the  axis  y. 
Omittii^  the  accents,  differentiating  and  dividing  hy  dtj  we  have 
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Now, 


g.d^x        X'tPz 


d(^ 


dO 


1      .  /     rf«  dz\ 

=2   —  •  O  I  «  •  —    —  «•  -r-  I  I 

dt       \      dt  dt/  ' 


vrhence  by  substitution,  Equations  (367)  and  (368), 


z 


d^x  d^z  1      ,/o    d-^\         -    rf>4. 


and  since    -r-^  must  be  the  same  for  every  element,  we  have,  Eqi 
dv* 

tion  (366), 

Itnr^'  -j^  =  2  P  («  cos  a  —  ap  008  7), 


and 


4 


(P>^  __  2P»(2roosa  —  arcosy) 


d(^ 


^mr^ 


(369) 


That  IS  to  say,  the  angular  acceleration  of  a  body  retained  by  a 
fixed  axis,  and  acted  upon  by  incessant  forces,  is  equal  to  the 
moment  of  the  impressed  forces  divided  by  the  moment  of  inertia 
with  reference  to  this  /ixis. 

Denoting  the  angular  velocity  by  Fj ,  and  the  moment  of  inertia 
by  ly  we  find,  by  multiplying  Equation  (369)  by  2  i 4^  and  integnitiiig, 

/  Fi*  =  2f:L  P(«  COS  a  —  «  cosy)  d^  +  C, 

and  supposing  the  initial  angular  velocity  to  be  F/,  we  have 

/(F;2  _  yn)  =  2flP{zQosa  -  xcosy)d^. 

But  the  second  member  is,  §  107,  twice  the  quantity  of  work 
about  the  fixed  axis;  whence  the  quantity  of  work  performed  be- 
tween  the  two  instants  at  which  the  body  has  any  two  angular 
velocities,  is  equal  to  half  the  difference  of  the  squares  of  these 
velocities  into  the  moment  of  inertia,  or  to  half  the  L>ing  force 
gtdaed  or  hmt  in  d»  iotervaL 
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Now,  r=MJt,' =  M,.{\)' =  M/,  80  that,  ihe  moment  of  ineilii 
measDres  that  mass  wbicli  would,  if  concentrated  on  the  arc  ■]>,  hav* 
a  living  force  equal  to  that  of  the  body  which  actually  rotates. 


/ 


OOHFOiniD    PESDVLUX. 

§230.— Any  body  suspended  from  a  horizontal  axis  AS,  aboat 
which  it  may  swing  with  freedom  under  tlie 
action  of  its  own  weight,  is  called  a  eompound 
pendtUam. 

Tha  elements  of  the  pendulum  being  acted 
upon  only  by  their  own  weights,  we  have 

P  =  my;     P" f=  m'ff,  &o.  ; 

the  axis  of  s  being  talien  vertical  and  positive 
downwards, 

cos  a  =  COS  a'  =  Aec  =  0 ; 
"■Bosy  =  cosy'  =  &o.  =  1, 
aa^  Equation  (369)  becomes 


dP 


Xmr* 


.  (»70) 


Denote  by  e,  t£e  distance  A  G,  of  the  centre  of  gravity  from  tlie 
■Lxis ;   by  -^i   ^^^  angle  SA  O,  which 
A  0  makes  with  the  plane  yt;  by  x„ 
the  distance  of  the  centre  of  gravity 
from  this  plane;    then  will 

X,  =  0  .  sin  ■)'  ; 

and  from  the  principles  of  the  centre 
of  gravity, 

Snae  =  J/"*,  =  if.«.Bin4.; 

«biob  lubititotvl  above,  gives 


rfN;_  _       M.t.^Af 


»3Civ^ 
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Multiply ii^  by  2d'^,  and  integrating, 

Denoting  the  initial  value  of  4^  by  a,  we  have 

Me 


whence, 


Imr* 


d'^^       ^      M.e    ,       , 


d(^ 


Imr^ 


•     •     •     • 


but 


«»+  =  1  -r^  + 


1.2   '    1.2.3-4 


—  &a 


(m) 


eoe  a  =  1  — 


+ 


1.2    '    1.2. 3. 4 


—  &C. 


and  taking  the  value  of  4/,  so   small   that  its  fourth  power  may  be 
neglected  in  comparison  with  radius,  we  have 

cos  -^f  —  COS  a  = ; 

which  substituted  above,  gives,  after  a  slight  reduction,  and  repladng 
2mr^  by  its  value  given  in  Equation  (216), 


dt=z 


the  negative  sign  being  taken   because  4^  is  a  decreasing 'function  of 
the  time. 

Integrating,  we  have 


l  =  w-i — : cos     ~ (373) 

The  constant  of  integration  is  zero,  because  when  4"  »  <S  W6  kave 
IsO. 


• 
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MakiDg  4/  =  —  a,  we  .have 


=•%/=?  - 


'  =  *V-'r^i (874) 


which  gives  the  time  of  one  entire  oscillation,  and  from  which  we 
oondude  that  the  oscillations  of  the  same  pendulum  will  be  isochro- 
nal, no  matter  what  the  lengths  of  the  arcs  of  vibration,  provided 
thej  be  small. 

If  the  number  of  oscillations  performed  in  a  given  interval,  saj 
ten  or  twenty  minutes^  be  counted,  the  duration  of  a  single  oscillatioa 
will  be  found  by  dividing  the  whole  interval  by  this  number. 

Thus,  let  B  denote  the*  time  of  observation,  and  N  the  number  of 
oscillations,  then  will 


and  if  the  same  pendulum  be  made  to  oscillate  at  some  other  location 
during  the  same  interval  ^,  the  force  of  gravity  being  different,  the 
number  N*  of  oscillations  will  be  different;  but  we  shall  have,  aa 
before,  g'  being  the  new  force  of  gravity, 


9' 


Squaring  and  dividing  the  first  by  the  second,  we  find 


=  ^ (874)' 


J^  '^  9 

that  is  to  say,  the  intensities  of  the  force  of  gravity,  at  different 
places,  are  to  each  other  as  the  squares  of  the  number  of  oscilla- 
tions performed  in  the  same  time,  by  the  same  pendulum.  Hence, 
if  the  intensity  of  gravity  at  one  station  be  known,  it  will  be  easy 
to  find  It  at  others. 

§  281.— From  Equation  (372),  we  have 

-^  •Slur*  =  2ir.^.e(cos4^  —  cosa);    .    •    QR^\ 
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and  making  « 

-—^  r=  Vii    Xmr^  =  /;    e(oos4/  —  cos  a)  =  jBT; 

CI  • 

we  have 

/.  r,a  =  2if.^.JI; (876) 

in  which  ffy  denotes  the  vertical  height .  passed  over  hj  the  centre 
of  gravity,  and  from  which  it  appears  that  the  pendulum  will  come 
to  rest  whenever  ^  becomes  equal  to  a,  on  either  side  of  the  ver* 
tical  plane  through  the  axis. 

§  232. — If  the  whole  mass  of  the  pendulum  be  conceived  tQ  be 
concentrated  into  a  single  point,  the  centre  of  gravity  must  go 
there  also,  and  if  this  point  be  connected  with  the  axis  by  a  medium 
without  weight  and  inertia,  it  becomes  a  timple  pendulum.  Deno- 
ting  the  distance  of  the  point  of  concentration  from  the  axis  by  l^ 
we  have 

which  reduces  Equation  (374)  to 


-'■Vi' 


(ST7) 


If  the  point  be  so  chosen  that 


v^=y^' 


or, 

^=   ^   J      ; (878) 

the  simple  and  compound  pendulum  will  perform  their  oscillations  in 
the  same  time.  The  former  is  then  called  the  equivalent  simple  pen^ 
dulum;  and  the  point  of  the  compound  pendulum  into  which  the 
mass  may  be  concentrated  to  satisfy  this  condition  of  equal  duration^ 
is  called  the  centre  of  oieillatian.  A  line  through  the  centre  of 
osdllation  and  paraUel  to  the  axis  of  suspension,  is  called  an  ojeu  of 
9§eiUaiion» 
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§233. — ^The  axes  of  oscillation  and  of  suspension  are  reciprocal. 
Denote  the  length  of  the  equivalent  simple  pendulum  when  the  com- 
pound pendulum  is  inverted  and  suspended  firom  its  axis  of  oscillation, 
bj  V ,  and  the  distance  of  this  latter  axis  from  the  centre  of  gravity 
bj  $[  then  will 

/=«  +  «'     or     «'  =  /  —  #; 
and,  Equation  (878), 


«'        ~         l-e 


and  replacing  /,  by  its  value  in  Equation  (378),  we  find 

e 

That  is,  if  the  old  axis  of  oscillation  be  taken  as  a  new  axis  of  sus 
pension,  the  old  axis  of  suspension  becomes  the  new  axis  of  oscilla- 
tion. Hiis  furnishes  an  easy  method  for  finding  the  length  of  an 
equivalent  simple  pendulum. 

Differentiating  Equation  (378),  regarding  /  and  e  as  variable,  we 
have 

and  if  /  be  a  minimum, 

dl  e^  ^  k^ 

whence, 

But  when  /  is  a  minimum,  then  will  <  be  a  minimum,  Equa- 
tioii  (3T7).  That  is  to  say,  the  time  of  oscillation  will  be  a 
minimum  when  the  axis  of  suspension  passes  through  the  principal 
^tntrn  of  gyraHan^  and  the  time  will  be  longer  in  proportion  as  the 

\  noedis  from  that  oentre. 
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Let  A  and  A'  be  two  acute  parallel  prismatio  axes  firmly  60tt< 
nected  with  the  pendnlum,  the  acute  edges 
being  turned  towards  each  other.  The 
oscillation  may  be  made  to  take  place 
about  either  axis  by  simply  inverting  the 
penduluin.  Also,  let  if  be  a  sliding  mass 
capable  of  being  retained  in  any  position 
by  the  clamp-screw  ff.  For  any  assumed 
position  of  Af,  let  the  principal  radius  of 
gyration  be  G  C\  with  6^  as  a  centre, 
O  C  AS  radius,  describe  the  circumference 
CSS\  From  what  has  been  explained, 
the  time  of  oscillation  about  either  axis 
will   be  shortened    as    it    approaches,   and 

lengthened  as  it  recedes  from  this  circumference,  being  a  minimum^ 
or  least  possible,  when  on  it.  By  moving  the  mass  M,  the  centre 
of  gravity,  and  therefore  the  gyratory  circle  of  which  it  is  the 
centre,  may  be  thrown  towards  either  axis.  The  pendulum  bob  being 
made  he^vy,  the  centre  of  gravity  may  be  brought  so  near  one  of 
the  axes,  say  ^',  as  to  place  the  latter  within  the  gyratory  cir- 
cumference, keeping  the  centre  of  this  circumference  between  the 
axes,  as  indicated  in  the  figure.  In  this  position,  it  is  obvious  that 
any  motion  in  the  mass  Af  would  at  the  same  time  either  shorten 
or  lengthen  the  duration  of  the  oscillation  about  both  axes,  but 
unequally,  in  consequence  of  their  unequal  distances  from  the  gyratory 
•circumference. 

Tlie  pendulum  thus  arranged,  is  made  to  vibrate  about  each  axis 
in  succession  during  equal  intervals,  say  an  hour  or  a  day,  and.  the 
number  of  oscillations  carefully  noted;  if  these  numbers  be  the 
same,  the  distance  between  the  axes  is  the  length  l^  of  the  equiva- 
lent simple  pendulum ;  if  not,  then  the  weight  If  must  be  moved 
towards  that  axis  whose  number  is  the  least,  and  the  trial  repeated 
till  the  numbers  are  made  equal.  The  distance  between  the  axes 
may  be  measured  by  a  scale  of  equal  parts. 

§234. — From  this  value  of  l^  we  may  easily  rin<l  that  of  the  Mimple 
tecomTi  pendulum;   that  is  to  say,  the  surple  pendulum  Irfaiek  wttt 
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perform  its  Tibration  in  one  second.  Let  iT,  be  the  number  of 
vibrations  performed  in  one  hour  by  tbe  oomponnd  pendulum  whose 
equivalent  simple  pendulum  is  /;  the  number  performed  in  the 
same  time  by  the  second's  pendulum,  whose  length  we  will  denote 
by  r,  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence, 


1*    m      r^ 


^ 


SOO'  "■  ^  ""  "^  V  a  ' 


3600 

and  because  the  force  of  gravity  at  the  same  station  is  constant, 
we  find,  after  squaring  and  dividing  the  second  equation  by  the  first, 

^'  ^   (36000*     •••••••     (379) 

Such  is,  in  outline,  the  beautiful  process  by  which  Katbr  determined 
the  length  of  the  simple  second's  pendulum  at  the  Tower  of  London 
to  be  39,13908  inches,  or  3,26159  feet. 

As  the  force '  of  gravity  at  the  same  place  is  not  supposed  to 
change  its  intensity,  this  length  of  the  simple  second's  pendulum 
niust  remain  forever  invariable ;  and,  on  this  account,  the  English 
have  adopted  it  as  the  basis  of  their  system  of  weighis  and  measures. 
For  this  purpose,  it  was  simply  necessary  to  say  that  the  y,g  ji^g*^ 
part  of  the  simple  second* s.  pendulum  at  the  Tower  of  London  shall 
be  one  English  faot^  and  all  linear  dimensions  at  once  result  from 
the  relation  they  bear  to  the  foot;  that  the  gallon  shall  contain 
iVi^*^  of  a  cubic  foot,  and  all  measures  of  volume  are  fixed  by  the 
relations  which  other  volumes  bear  to  the  gallon;  and  finally,  that 
a  cttbic  foot  of  distilled  water  at  the  temperature  of  sixty  degrees 
Fahr.  shall  weigh  one  thousand  ounces^  and  all  weights  are  fixed  by 
the  relation  they  bear  to  the  ounce.  ^ 

§235. — It  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London;  that  is  to  say,  the  force  of  gravity  as  affected  by  the  oen- 
ftsifhgd  fme  and  the  oblateneaa  of  the  carlK    T\i^  \Xxii^  ol  owsSS^aato^. 
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being  one  second,  and  the  length  of  the  simple  pendulum  3,26159 
feet,  Equation  (377)  gives 


/3^6159 


9 

whence, 

^  =  <«  (3,26159)  =  (3,1416)» .  (3,26159)  =  32,1908  feet. 
From  Equation  (377),  we  also  find,  by  making  %  one  second, 


*and  assuming 


we  have 


/  =  «  -f-  y.co8  24^, 


9^ 


=  «  +  ycos24/ (380) 


Now  starting  with  the  value  for  g  at  London,  and  causing  the 
same  pendulum  to  vibrate  at  places  whose  latitudes  are  known,  we 
obtain,  from  the  relation  given  in  Equation  (374)',  the  corresponding 
values  of  g^  or  the  force  of  gravity  at  these  places ;  and  these 
values  and  the  corresponding  latitudes  being  substituted  successively 
in  Equation  (380),  give  a  series  of  Equations  involving  but  two  un* 
known  quantities,  which  may  easily  be  found  by  the  method  of 
least  squares. 

In  this  way  it  has  been  ascertained  that 

<».«  =  32,1808    and    ^^ .y  =  -  0,0821 ; 
whence,  generally, 

g  =  32,1808  -  0,0821  cos  2  4^ ;     •    •    •    .    (381) 

and  substituting  this  value  in  Equation   (377),  and   miaking  <  =:  1, 
we  find 

/  =  3,26058  —  0,008318  cos  2  4^    •    •    •    •    (882) 

Such  is  the  length  of  the  simple  second'^  pendulum  at  any  plaM 

% 

of  which  the  latitude  is  4^. 
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If  we  make  4.  =  40''  42'  40",  the  latitude  of  the  Citj  Hall  of 
New  York,  >re  shall  find 

/  =  3,25938  =  39,n256. 

• 

§236. — The  principles  which  have  just  been  explained,  enable  us 
to  find  the  moAent  of  inertia  of  any  body  turning  about  a  fixed 
axis,  with  great  accuracy,  no  matter  what  its  figure,  density,  or  the 
distribution  of  its  matter.  If  the  axis  do  not  pass  through  its  centre 
of  gravity,  the  body  will,  when  deflected  from  its  position  of  equi- 
librium, oscillate,  and  become,  in  fact,  a  compound  pendulum ;  and 
denoting  the  length  of  its  equivalent  simple  pendulum  by  /,  we  have, 
after  multiplying  Equation  (378)  by  if. 


or  smce 


M.l.e  =  M(k,^  +  e^)  ^:Lmr^', 


9 

W 

—  •  l,e  =  lmr\ 

9 


•     •     • 


(383) 


(884) 


in  which  W  denotes  the  weight  of  the  body. 

Knowing  the  latitude  of  the  place,  the  length  V  of  the  simple 
second's  pendulum  is  known  from  Equation  (382) ;  and  counting  the 
number  iV^of  oscillations  performed  by  the  body  in  one  hour 
Equation  (379)   gives 

,_  V  ■  (3600)^ 

To  find  the  value  of  e,  which  is 
the  distance  of  the  centre  of  gravity 
from  the  axis,  attach  a  spring  or 
other  balance  to  any  point  of  the 
body,  say  its  lower  end,  and  bring 
the  centre  of  gravity  to  a  horizontal 
plane  through  the  axis,  which  posi- 
tion will  be  indicated  by  the  max- 
imum reading  of  the  balance.    De- 

MCiiig  hy  Oi  did  diitanoe  from  the  axis  C7  to  the  ^^VnX.  ci  ^m^y^t^.  K^ 

17 
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«^d  bj  6,  the  maximum  ia^oatk)^  of  tbe  halano^  we  baTdi  from 
the  principle  of  moments,  . 

(a  =  We. 

Tlie  distance  a,  may  be  measured  by  a  scale  of  equal  parts.  Sub- 
stituting the  values  of  TT,  e  and  /  in  the  expression  lor  the  moment 
of  inertia,  Equatioi;!  (384),  we  get 

,...r.0my  ^  , „^, 

If  the  axis  pass  through  the  centre  of  gravity,  as,  for  example, 
in  the  fiy-wheely  it  will  not  oscillate;  in  which  case,  take  Equation 
(383),  from  which  we  have 

Mount  the  body  upon  a  parallel  axis  A^  not  passing  through  the  cen- 
tre of  gravity,  and  cause  it  to  vibrate 
for  an  hour  as  before;  from  the  num- 
ber of  these  vibrations  and  the  length 
of  the  simple  second's  pendulum,  the 
value  of  /  may  be  found;  M  is  known, 
being  the  weight  W  divided  by  g ;  and 
€  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  the  spring 
balance,  as  already  indicated;  whence  k^  becomes  known. 


MOTION    OF  A  BODY  AB0I7T  AN    AXIS  UNDER  THE  ACTION    OF    DIFUL* 

SrVE    FOBCES. 

I  237.— If  the  forces  be  impulsive,  we  may,  §  170,  replace  in 
Equation  (366)  the  second  differential  co-efficients  of  a?,  y,  «,  by  the 
first  differential  co-efficients  of  the  same  variables,  which  will  reduoe 
it  to 
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2S9 


and  replacing  dx  and  dz,   by  their  values  in  Equations   (368),  we 
find 


^4/        2P(«co8a  — ajcosy) 
"5T  ■"  2inr* 


(386) 


That  is,  the  angular  velocity  of  a  body  retained  by  a  fixed  axisy  and 
9ubjeeted  to  the  simultaneous  action  of  impulsive  forces^  is  equal  to  the 
9Ufn  of  ike  mcmmts  of  the  impressed  forces  divided  by  the  moment  of 
inertia  mth  rrference  to  this  axis. 


BALUSTIG   PENDULUM. 

§  288. — In  artillery,  the  initial  velocity  of  projectiles  is  ascertained 
by  means  of  the  baUistie  pendulum^ 
which  consists  of  a  mass  of  matter 
suspended  from  a  horizontal  axis 
in  the  shape  of  a  knife-edge,  after 
the  manner  of  the  compound  pen- 
dulum. The  bob  is  either  made 
of  some  unelastic  substance,  as 
wood,  or  of  metal  provided  with 
a  large  cavity  filled  with  some 
soft  matter,  as  dirt,  which  re> 
eeives  the  projectile  and  retains 
the  shape  impressed  upon  it  by  the 
blow 

Denote  by  V  and  m,  the  initial  velocity  and  maaa  of  the  ball; 
Vi  the  angular  velocity  of  the  ballistic  pendulum  the  instant  after 
tho  blow,  /  and  M  its  moment  of  inertia  and  mass.  Also  let  I 
represent  the  distance  of  the  centre  of  oscillation  of  the  pendulum 
from  the  axis  A.  That  no  motion  may  be  lost  by  the  resistance 
of  the  axis  arising  from  a  shock,  the  ball  must  be  received  in  the 
dircdion  of  a  line  passing  througb  this  centre  and  perpendicular  to  the 
plane  of  the  axis  and  line  A  0.     With  this  condition,  Eq.  (380)  gives 


^  =  ^7  = 


mV 


Xmr*       (ITfii) Vik •  +  ^) ""  vM-Vw^V*^ 
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whence 

m 

and  supposing  the  angular  velocity  communicated  to  the  pendulam  tc 
be  equal  to  that  acquired  by  falling  from  rest  through  the  initial  arc 
a,  in  Equation  (3*72),  we  have,  from  that  equation  and  Equation  (216), 
by  writing  e  for  d, 


and  Eq.  (374), 


which  substituted  above  gives 

Fj  =  2  -  •  sin  J  a ; 

and  this  in  the  value  for  V  gives,  after  substituting  for  the  ratio  of  tbe 
masses  that  of  their  weights, 

7=2 tf.smia (387). 

From  this  equation  we  may  find  the  initial  velocity  V\  and  for 
this  purpose,  it  will  only  be  necessary  to  have  the  duration  of  a  single 
oscillation,  and  the  amplitude  of  the  arc  described  by  the  centre  of 
gravity  of  the  pendulum.  The  process  for  finding  the  time  has  been 
explained.  To  find  the  arc,  it  will  be  sufficient  to  attach  to  the 
lower  extremity  of  the  pendulum  a  pointer,  and  to  fix,  on  a  permanent 
stand  below,  a  circular  gi'aduated  groove,  whose  centre  of  curvature  is 
at  A ;  the  groove  being  filled  with  some  soft  substance,  as  tallow,  the 
pointer  will  mark  on  it  the  extent  of  the  oscillation.  Knowing  thus 
the  arc  a,  and  the  value  of  e,  found  as  already  described,  §  236,  we 
have  V. 
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THE    GUN    PENDULUK. 

This  consists  of  a  gan  suspended  from  a  horizontal  axis.  The  shot 
is  fired  from  the  ^n,  and  its  velocity  is  inferred  from  the  recoil,  as 
in  the  Ballistic  Pendulum.  The  forces  measured  by  the  quantities  of 
motion  developed  by  the  expansive  action  of  the  exploded  powder, 
must  be  in  equilibrio.    Make 

»   V  r=  velocity  of  the  ball  on  leaving  the  gun, 
nV=.  average  velocity  of  the  inflamed  powder, 

V  =  angular  velocity  of  pendulum  on  parting  from  shoti 
W^  =z  weight  of  gun  pendulum,  . 
W;  =       «  ball  and  wad, 

W^  =       **  the  charge  of  powder  and  bag^ 

W^  =       **  "  **        of  powder  alone, 

6  =  diameter  of  bore, 

d  =:  diameter  of  ball, 

e  =  distance  of  axis  of  bore  from  axis  of  suspension. 

The  quantity  of  motion   in   ball  and  wad,  on  leaving  the  gun,  will  be 

Wk 

V]  the   corresponding  pressure   on   the   bottom   of  the  gun   is  to 

that  which  generates  this  motion,  as  the  area  of  a  cross-section  of  the 
bore  is  to  that  of  a  great  circle  of  the  ball.  Again,  the  blast  of  the 
powder  will  continue  its  action  on  the  gun  after  the  ball  leaves  it. 
Let  this  action  be  proportional  to  the  charge  of  powder.  The  moment 
of  the  force  impi^ssed  upon  the  pendulum,  in  reference  to  the  axis  of 
en^pension,  will  be  given  by  Eqs.  (384)  and  (229) ;  and  taking  the 
tnoments  of  the  other  forces  in  reference  to  the  same  axis,  we  have 

ff  9  ^       $  9 

m  which  n',  like  fi,  is  a  constant  to  be  determined  by  experiment; 
and  from  which  we  find 


_— « 
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The  living  force  with  which  the  pendulum  separates  from  the  ball 
must  equal  twice  the  work  performed  by  the  weight  while  the  centre 
of  gravity  is  moving  to  the  highest  point;  whence 

V*' — -'he  =  2W  .e.  version  «  =s  ilT  .e.  sin'^a, 

in  which  a  denotes  the  gp*eatest  inclination  of  e  to  the  Vertical. 
Whence 

r,=  2|/^.8ini«; 
which  substituted  above  g^ves^ 


F= 


ji — 

W^'^  +  nW^  +  n'W^ 


sin  {a 


•     •     • 


.     (888)u 


The  methods  for  finding  e  and  a  are  the  same  as  in  the  ballistic 
pendulum.  To  find  n  and  n',  fire  the  ball  from  the  gun  into  the 
ballistic  pendulum;  the  effect  upon  the  latter  will  give  the  initial 
velocity  V,  Repeat  as  oflen  as  may  be  thought  desirable,  and  with 
different  charges.  The  corresponding  initial  velocities  substituted  in 
Eq.  (388),  will  give  as  many  equations  as  trials.  These  equations  will 
eontain  only  n  and  n'  as  unknown  quantities,  which  may  be  found 
by  the  method  of  least  squares.  For  full  and  valuable  informatioD 
on  this  subject,  consult  Mordecai*s  ^Experiments  on  Gonpowder.'* 


V 


PART    II. 


MECHANICS    OF   FLUIDS. 


INTKODITCTORT     REMARKS. 

§239. — IThb  physical  condition  of  every  body  depends  upon  the 
relation  subsisting  among  its  molecular  forces.  When  the  attrac- 
tions prevail  greatly  over  the  repulsions,  the  particles  are  held  firmly 
together,  and  the  body  is  solid.  In  proportion  as  the  difierence  be- 
tween these  two  sets  of  forces  beconofes  less,  the  body  is  softer,  and 
its  figure  yields  more  readily  to  external  pressure.  When  these 
forces  are  equal,  the  particles  will  yield  to  the  slightest  force,  the 
body  will,  under  the  action  of  its  own  weight,  and  the  resistance 
of  the  sides  of  a  vessel  into  which  it  is  placed,  readily  take  the 
figure  of  the  latter,  and  is  liquid.  Finally,  when  the  repulsive  ex- 
ceed the  attractive  forces,  the  elements  of  the  body  tend  to  separate 
from  each  other,  and  require  either  the  application  of  some  extra- 
neous force  or  to  be  confined  in  a  closed  vessel  to  keep  them 
together;  the  body  is  then  a  gas.  In  the  vast  range  of  relation 
among  the  molecular  forces,  from  that  which  distinguishes  a  solid  to 
that  which  determines  a  gas  or  vapor,  bodies  are  found  in  all  possible 
conditions — solids  run  imperceptibly  into  liquids,  and  liquids  into 
gases.  Hence  all  .elaseificatioa  of  bodies  founded  on  tkevc  \V^^<^ 
properties  alone,  must;  of  necessity,  be  ar\>\tr«ry, 

§34(K—Anjr  hody  wiiote   oleiientary  paT\\c\e»   ^m\\.  ol  xs^^*^^ 
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among  each  other,  is  called  a  fluid — such  as  water,  wine,  mercury, 
the  air,  and,  in  general,  liquids  and  gases ;  all  of  which  are  distin- 
guished from  solids  by  the  great  mobility  of  their  particles  among 
themselves.  This  distinguishing  property  exists  in  different  degrees 
in  different  liquids — it  is  greatest  in  the  ethers  and  alcohol ;  it  is 
less  in  water  and  wine;  it  is  still  less  in  the  oils,  the  sirups, 
greases,  and  melted  metals,  that  flow  with  difRculty,  and  rope  when 
poured  into  the  air.  Such  fluids  are  said  to  be  viscous,  or  to  possess 
viscosity.  Finally,  a  body  may  approach  so  closely  both  a  solid  and 
liquid,  as  to  make  it  Hiflicult  to  assign  it  a  place  among  either 
clasR,  as  paste^  putty,  and  the  like. 

§241. — Fluids  are  divided  in  mechanics  into  two  classes,  viz.: 
compressible  and  incompressible.  The  term  incompressible  cannot,  in 
strictness  of  propriety,  be  applied  to  any  body  in  nature,  all  being 
more  or  less  compressible;  but  the  enormous  power  required  to 
change,  in  any  sensible  degree,  the  volumes  of  liquids,  seems  to 
justify  the  term,  when  applied  to  them  in  a  restricted  sense.  Hie 
gases  are  highly  compressible.  All  liquids  will,  therefore,  be  regarded 
as   incompressible ;   the  gases  as   compressible. 

■ 

§242. — ^The  most  important  *and  remarkable  of  the  gaseous  bodies 
is  the  atmosphere.  It  envelops  the  entire  earth,  reaches  far  beyond 
the  tops  of  our  highest  mountains,  and  pervades  every  depth  from 
which  it  is  not  excluded  by  the  presence  of  solids  or  liquids.  It 
is  even  found  in  the  pores  of  these  latter  bodies.  It  plays  a  most 
important  part  in  all  natural  phenomena,  and  is  ever  at  work  to 
inflaence  the  motions  Nvithin  it.  It  is  essentially  composed  of  oxygen 
and  nitrogen,  in  a  state  of  mechanical  mixture.  The  former  is  a 
supporter  of  combustion,  and,  with  the  various  forms  of  carbon,  is 
one  of  the  principal  agents  employed  in  the  development  of  mechan- 
ical power. 

The  existence  of  gases  is   proved  by  a  multitude  of  facts.      Con* 

tained  in  an  inflexible  and  impermeable  envelope,  they  resist  pressure 

like    solid   lodies.      Gas,    in   an  inverted  glass   vessel   plunged  into 

wAter,  will  not  yield  its  plaee^  to  the  Uc^uid^  unless  some  avenne  of 

escape    be  provided  for   it.    TotnaAoe*  ^KVkxeVi  xi^^t^^X.  ^x^»^  ^xw^aox^ 
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houses,  and  devastate  entire  districts,  are  but  air  in  motion.  Air 
opposes,  by  its  inertia,  the  motion  of  other  bodies  through  it,  a&d 
this  opposition  is  called  its  resistance.  Finally,  we  know  that  wind 
is  employed  as  a  motor  to  turn  mills  and  to  give  motion  to  ships 
of  the  largest  kind. 

§243. — In  the  discussions  which  are  to  follow,  fluids  will  be  con- 
sidered as   without  viscosity ;   that  is   to  say,  the  particles  will   be 

• 

supposed  to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  fluids  are  said  to  be  perfect.  The  results  deduced  upon  the 
hypothesis  of  perfect  fluidity  will,  of  course,  require  modification 
when  applied  to  fluids  possessing  sensible  viscosity.  The  nature  and 
extent  of  these  modifications  can  be   known  only  from  experiments. 


habiotte's  law. 


§244. — Gases  readily  contract  into  smaller  volumes  when  pressed 
externally ;  they  as  readily  expand  and  regain  their  former  dimen- 
sions when  the  pressure  is  removed.  They  are  therefore  both  com" 
pressible  and  elastic. 

It  is  found  by  experiment,  that  the  change  in  volume  is,  for  a 
constant  temperature,  always  directly  proportional  to  the  change  of 
pressure.  The  density  of  the  same  body  is  inversely  proportional  to 
the  volume  it  .*  occupies.  If,  therefore,  P  denote  the  pressure  upon 
a  unit  of  surface  which  will  produce,  at  a  given  temperature,  say 
0°  Centr.,  a  density  equal  to  unity,  and  D  any  other  density,  and 
p  the  pressure  upon  a  unit  of  surface  which  will,  at  the  same  tem- 
perature of  the  gas,  produce  this  density,  then,  according  to  the  ex- 
periments above   referred  to,  will 

p  =  F,D (389) 

This  law  was  investigated  by  Boyle  and  Mariotte,  and   is  known 
as  MariottiM  Law.    By  experiments  made  at  Paris^  it  ^«a  ^<(s>\\A  ^^caX 
this  law  obtauM^  when  air,  in  its  ordinary  coii4\\\oti,  y&  c^xAsscAft^*^ 
stflrf  m»6ed  112  timet. 
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§  245. — Under  a  constant  pressure,  all  bodies  are  expanded  bj 
heat ;  under  a  constant  volume,  their  elastic  force  is  increased  by  the 
Sname  agent.  Experiment  has  shown  that  the  laws  of  thesie  chan«;e9 
for  gases  are   expressed   by 

p-P.D, (l  +  a&); (390) 

in  which  p  denotes  the  pressure  upon  a  unit  of  surface,  D  the 
density  of  the  gas,  6  the  differenoe  between  the  actual  and  some 
standard  temperature,  and  a  a  constant  which  is  ecjual  to  y^r=  0,003665 
when  the  standard  is  0^  centr.,  and  6  is  expressed  in  units  of  that  scale. 

First  supposing  D  and  6  variable  and  p  constant;  then  p  and  i 
variable  and   D  constant,  Equation   (300)  gives 

d D  a,.  D  dp  ap  .  , 

d6  l-fa^'       d6       14-a^  ^^ 

The  quantity  of  heat,  denoted  by  q^  necessary  to  change  the  tem- 
perature A  degrees  from  the  assumed  standard,  will  be  a  function 
of  pi  D,  A  ;    but  because  of  Equation   (390,)   we   may  write 

q=/{D,p) (b) 

The  increment  c)f  heat  which  will  raise  a  body's  temperature  one 
degree,  is  called  its  specific  heat.  The  specific  heat  being  Ihe  in- 
crement of  q  for  each  unit  of  d,  if  c  denote  the  specific  heat  when 
the  pressure  is  constant,  and  c^  that  when  the  density  is  constant, 
then  will  ' 


or,   Equations   (a). 


dq        dq    dD 
^  ^  dd^TD    dS  ' 

dq       dq   dp 
'"■rfd  "dp   d6' 

«, 

d q      a,  D   ^ 

^~"       dU    1  +  a^' 

dq      a  ,p 
^'^  dp    1  -f  a  4  ' 

and  by   division,  making  c  =  7.c^, 

•^     da  d  a 

In    which   7,   denotes  the   ratio   of  the  specific  heat  of  the  gas  at  a 
constant    pressure    to    that    at    a  cimstant    density.      This  ratio    it 
known   from   experiment  to   be  cimstant  f'r  atmospheric  airland    h 
probahl^   to   tor  all    gnses.      lli«    %xv^T\iT\ei\tft  of   D«si 
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Clements  make  its  value  1,3482;  those  of  Gay-Lussac  and  Walter 
ly3748;  and  those  of  Dulong  on  perfect]/  dry  air  1,421.  Regard- 
ing y  as  constant,   the  integration   of   the   foregoing   equation  gives 

1_ 


=/© 


(»«»Afy<l»lfo.l.) 


in  which  f^  denotes  any  arbitrary  function  of  |he  quantity  Mithin 
the  parenthesis,  and  from  ^bicb,  dcnqting  the  inverse  functions  by 
F^  we  may   write 

f  =  J?.F{q) (c) 

From   Equation    (300),   we  have 

^=_f_-l  =  J-.i>y"'./'(^)-.l.     .     .     .(d) 

Sadden  com|>ression  increases,  and  a  sudden  expansion  decreases  the 
temperature  of  bodies,  and  if  q  remain  the  same,  Mhile  suddenly 
Pf  2>,  B,   become  p\  2>',  6\  .we  have 

p'=iy^.F{q),    .    .    (e)         6'=.-l^D'-y-KF(g)-l    .    .    (g) 

Eliminating  F  (q)  first  from  Equations  (c)  and  (e),  and  then  fiom  Equa- 
tions (d)  and  (g),  we  have,  replacing  y  and  a  by  their  numerical  values, 

P'^PKjj)  •       •       •       •      (3»i) 

~)  ~  273     ....  (392) 

These  equations  give  the  relation  between  the  densities,  elastic 
forces,  and  the  temperatures  of  a  gas  suddenly  e()m})res8ed  or  dila- 
ted,   and   retaining   the   quantity   of  its   heat   unchanged. 

The  pressure  being  constant,  make, in  Eq.  (300),  6  =  0,  J)  z=  Z>^,  and 
divide  same  equation  by  the  result  ;  we  find  7>  =  7)^  -r  (I  4-«^).      Make 
p^zzD^'h^^  •  *;'  =  weij^ht  of  a  eolnniu  of  nienMiry  nt  stnM<l:ird  temperature 
3f',  and  resting  on  a  base  imitv,  in  Lat.  4.")°,  whrre  j:ni\ity  is  t/\     These 
in  Eq.  (389)  give,  after  writing  0  0.i»04  fm-  a,  and  /'='  —  3-2°  for  6, 

P  =  P^^^i^ .  [1  4  (/•  ^  TOO)   0.C0SO4] .    .    .    (893) 
the  tewrt'f Hfvrr  uf  ilf  mm-nrv    vuvv    fviviix  \\\ei  vVtw'      *   T. 
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and  became   Z*  then  will  i)_  also  vary  and  become  Dl„  and  to  exert 
the    same  pressure  A„   must  have  a    new    Talne    h,  and    such  that 

I>..h„.ff'  =  Di,.h.g'. 
Mercury    expands   or    contracts  O-OOOIOOI""    part   of    il 
ume    far   each   degree  of  Fahr.    by    which   it  increases  < 
ica    temperature.       And    as   the    density   of    the    same 
iDv«rtiely   as   its   volume,   we   have 

J>i  =  I>^[1  + {T -  r). 0,0001001] 
which   substituted   above  gives 

A„  =  A[i +  (r-r'). 0,0001001].  •   - 


I  entire  vol 
r  diniinishei 
body    variei 


.(SM) 


EQCAL    TBAN^HBeiOH    OF    FBE88DBS. 


g  346. — Let  EHL,  represent  a  closed  vessel  of  wiaj  ihape,  with 
which  two  piston  tubes  A  B'  and 
D  C  communicate,  each  tube  be- 
ing provided  with  a  piston  that 
fits  it  accurately  and  which  may 
move  within  it  with  the  utmost 
freedom.  The  vessel  being  filled 
with  any  fluid,  let  forces  P  and 
P',  be  applied,  the  former  per- 
pendicularly to  the  piston  A  B, 
and  the  latter  in  lilie  direction 
to    the  piston   CD,  and    suppose  "*  ■" 

these   forces   in  equilibrio,   which 

they  may  be,  since  the  fluid  cannot  escape.  Now  let  the  piston 
^  £  be  moved  to  the  position  A'  B' ;  the  piston  CD  will  taks 
some  new  poii^on,  as  CD',  And  denoting  by  (  and  t^,  the  dis- 
tances A  A'  and  C  C,  respectively,  wo  have,  from  the  principla  oS 
virtual  velodties, 


Denote  the  ares  of  the  piston  AB  \>y  a,  and  tiut  of  the  ptaton 
df  by  a',  then  will  the  voVume  ot  <ti&  IbaEA  -v^oda.  ■««»  "^owh  &(»& 
He  tube  AB",  it6  mewuied  ^>y  a  -i^  «A.  ^t!uh  ^^^i^  « 
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I)  (T^  will  be  measured  by  a!  s'.  But  the  pressuie  upon  the  pistons 
and  the  temperature  remaining  the  same,  the  entire  volume  of  the 
fluid  in  the  vessel  and  tubes  will  be  unchanged.      Hence, 

as  =  a' «' ; 
dividing  the  equation  above  by  this  one,  we  have 

p    p' 

-  =  ^ 4  •     (396) 

a         a'  %  ^       ' 

n%at  is  to  say,  two  forces  applied  to  pistons  which  communicate  freely 
with  each  other  through  the  intervention  of  some  confined  fiuid^  will 
he  in  equilihrio  when  their  intensities  are  directly  proportional  to  the 
areas  of  the  pistons  upon  which  they  act, 

Hiis  result  is  wholly  independent  of  the  relative  dimensions  and 
positions  of  the  pistons;  and  hence  we  conclude  that  any  pressure 
communicated  to  one  or  more  elements  of  a  fluid  mass  in  equilihrio,  is 
equally  transmitted  throughout  the  whole  fluid  in  every  direction,  Hiis 
law  which  is  fully  confirmed  by  experiment,  is  known  as  the  prin- 
ciple of  equal  transmission  of  pressure, 

§247. — Let  a  become  the  superficial  unit,  say  a  square^  inch  or 
square  foot,  then  will  P  be  the  pressure  applied  to  a  unit  of  sur- 
face, and.  Equation  (396), 

P'  =  P  a'. (397) 

That  is,  the  pressure  transmitted  to  any  portion  of  the  surface  of 
the  oontuning  vessel,  will  be  equal  to  that  applied  to  the  unit  of 
surfikoe  multiplied  by  the  area  of  the  surface  to  which  the  transniis- 
sioii   is  made. 

§  248* — Since  the  elements  of  the  fluid  are  supposed  in  equilibrio, 
the  pressure  transmitted  to  the  surface  through  the  elements  in  con« 
tact  with  it,  must,  §217  and  Equations  (332),  be  normal  to  the  a\it 
ftflc.    That  ia,  M#  prermre  of  a  fluid  against  any  turfafie^  octt  a\u»a>)% 
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liOnQN  OF  THB  FLUID  ?AjnX0L¥8. 

§249. — The  particles  of  a  fluid  having  the  utmost  freedom  of 
motion  among  one  another,  all  the  forces  applied  at  each  particle 
must  be  in  equilibrio.  Regarding  the  general  Equation  (40)  as  ap- 
plicable to  a  single  particle,  whose  co-ordinates  are  x,  y,  z^  ve  shall 
have 


«  =  «/>    tf  =  !fij    «  =  f 


/» 


and  supposing  the  particle  to  have  simply  a  motion  of  translation, 
we  also  have 


and  that  equation  becomes 


(^2  P  cos  a  —  m  •  ^t-j- )  ^  « 
+  (xPcosjS-m.^)  ^y 
+    (xPcosy  — 


d 


m.— )^. 


=  or 


whence,  upon  the  principle  of  indeterminate  co-eflicients, 


2  P  cos  a  —  m 


2  P  cos  jS  —  m 


d^ 


=  0; 


=  0; 


2  P  cos  y  —  f»  •  ^x  7  =-••  0, 
'  di 


(398) 


Now  the  terms  2  P  cos  a,  2  P  cos  ^  and  2  P  cos  v,  are  each  composed 
of  two  distinct  parts,  viz. :  1st,  the  component  of  the  resultant  of 
the  forces  applied  directly  to  the  particle  \  uid  ^.,  the  component 
of  the  pressure  transmitted  to  it  from  a  d:^  urn* .  arising  from  the 
forces  impressed  upon  other  particles. 

Denote  by  J^,  Y  and  Z,  the  accelerations,  in  .he  directioiis  of  tht 
juras  Xf  |fy  ^  respeoliTsly,'  dne  to  the  forces  applied  direotlj  lo 
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particle;  then  m,  l>eing  the  niass  of  the  partide,  the  components  of 
the  forces  directly  impressed  will  be 

The  pressure  transmitted  will  depend  upon  the  particle's  place, 
and  will  be  a  function  of  its  co-ordinates  of  position.  Denote  by  />, 
the  pressure  upon  a  unit  of  surface,  on  the  supposition  that  every 
point  of  ^e  unit  sustains  a  pressure  equal  to  that  communicated  to 
the   particle  from  a  distance ;  then,  for  a  given  time,  will 

Conceive  each  particle  of  the  fluid  to  consist  of  a  small  rectan- 
gular  parallelopipedon  whose 
feces  are  parallel  to  the  co- 
ordinate planes,  and  whose  con- 
tiguous edges  at  the  time  <, 
are  dz,  dy  and  dz\  and  let 
or,  y,  2r,  l)e  the  co-ordinates  of 
the  molecule  in  the  solid  an- 
gle nearest  the  origin  of  co- 
ordinates. Then  would  the 
difference  of  pressure  on  the 
opposite  faces,  which  are  paral- 
lel to  the  plane  sy,  were  these  faces  equal  to  unity,  be 

dp 


F{x  +  dx,  y,«,)  -  F{x,y,z,)  =^.rfaj; 

and  upon  the  actual  faces  whose  dimensions  are  each  dz.dy^  this 
difference  becomes,  Equation  (397), 

-7^-  dx'dv'dz, 
dx 

In  like  manner   will  the  difference   of  the   pressures  transmitted 
lo  the  opposite  faces  parallel  to  the  planes  zx  and  xy^  be,  respet> 

-J^-dy^di'dx.    and    -—•iu^dt^d^^ 
dy       ^         '     *  dM 
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These  pressures  being  normal  to  the  surfaces  to  which  they  are 
respectively  applied,  they  will  act,  the  first  in  the  direction  of  ar, 
the  second  in  the  direction  of  y,  and  the  third  in  the  direction 
of  z.  And  as  these  differences  alone  determine  that  portion  of  the 
motion  due  to  the  transmitted  pressures,  we  have 

d  D 
2Pcosa  =  mX  -j-  -^'dx .dy  ,dz\ 

2Pcosj8=mF-^ — ^  'dy  .dx.dzi 

dy 

dp 
2  Pcosy  =  mZ  -t-  -—-  'dz ,dx .  dy. 

9 

Denote  by  D  the  density  of  the  mass  m,  then  will,  Equation  (1)^, 

m  =  D  .dx  ,dy.dz, 

and  by  substitution,  E< [nations  (398)  become 


4r'^^  =  X- 


1 
J) 

dx 

1 
J) 

dp. 

dy 

1 

■     < 

J) 

dp 
dz 

-^r  •  -T^  =  r  - 


=  z  - 


d^x     ] 

d(^ ' 

d^z 

dP  'J 

{299) 


Denote  by  «,  v  and  w,  the  velocities  of  the  molecule  whose  co- 
ordinates are  xyz,  parallel  to  the  axes  x,  y,  «,  respectively,  at  the 
time  t.  Each  of  these  will  be  a  function  of  the  time  and  the  co- 
ordinates of  the  molecule's  place;  and,  reciprocally,  each  co-ordinato 
will  be  a  function  of  /,  u,  v  and  w ;  whence,  Equations  (12)  and  (18), 


^  rft*  __  /cf  tt\    dt      du    dx      du     dy      du     dz 
"^It"  \dl/  'Tt'^  die'  Tt^  Ti  '  Tt"^  Tz  '  Ti' 


d^x       du 
1? 


,       dx    dy    dz 
and  replacing  j^'   77'  t:»    ^7  ^^^^^  values  m,  v,  w,  respectiyely,  we 


have 


cPa?  __  ^du\  ^  du         J    ^^ 
7? 


/du\        du 


dv. 


"  +  77-' 
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in  tlie  same  way, 


=  (4f)+ 
=  (4t)  + 


dv 
dx 

dv) 
dx 


«  + 


«  + 


dv 
dw 


dw 

V  +   --7— •W 

dz 


which,  substituted  in  Equations  (399),  give 


1 
J) 

dp 

dx 

1 

1      < 

J) 

dp 
dy 

1 

dp 

J> 

dz 

J)'  dx  ~  \dt/ 


—.ziL^  r- 


=^-(4^)- 


du 
dx 

dv 
dx 

dw 
Tx 


u  — 


u  — 


«  — 


du 

dv 
dy 

dw 


V  — 


V  — 


V  — 


du 

17 

dv 
dz 

dw 
IT 


w\ 


w; 


*w. 


*  •    • 


(400) 


Here  are  three  equations  involving  five  unknown  quantities,  viz. : 
ii,  V,  19,  p  and  2),  which  are  to  be  found  in  terms  of  x^  y,  z  and  I. 

Two  other  equations  may  be  found  from  these  considerations,  viz: 
the  velocity  in  the  direction  of  x^  of  the  molecule  whose  coordinates 
are  xyz^  is  u\  the  velocity  of  the  molecule  in  the  angle  of  the 
parallelopipedon  at  the  opposite  end  of  the  side  dx^  at  the  same  time, 

IS 

du 

dx        ' 

and  hence  the  relative  velocity  of  the  two  molecules  is 

.  rfu    .  rfu    , 

tt  +  '^—•dx  —  «  =  -, —  •dx. 
dx  dx 

I 

At  the  time  <,  the  length  of  the  edge   joining  these  molecules  is 
dXf  and  at  the  end  of  the  time  t  +  dt^  this  length  will  be 

dx  +  —'dx.dt=idxll  +^.dt)i 
dx  ^         dx        ' 

tte    aeoond  term  being   the    distance   by  which   the   molecules   in  w 
a{q^roMh  toward   or    recede    from    one    another  in   tbflT 

111 


im 
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In  the  same  way  the  edges  of  the  paraUelopipedon 
time  tj  were  dy  and  dz^  become  respectively, 


ivUflli^*  tb 


dy  +  ~dy.dt     =dy{l+^.di); 

dw  +  ^'dt.dt    =4i«(l  +  4^.d/). 
ds  ^  dg        '^ 

and  the  volume  of  the  parallelopipedon,  whioh  at  lira  time  t^ 
dx.dy.dz^  becomes  at  the  time  t  +  dty 


du 


dv 


dw 


dx.dy.dz{\  +^.rf/).(l+^.rf<).(l  4.^. J/). 

The  density,  which  was  2),  at  the   time  /;  being  a.  function  of  xyu 
and  ^  becomes  at  the  time  t  +  dt^ 

which  may  be  pot  under  the  form, 


^+(^+ 


dP  dx         dP   rfy         rf^    dz 
Tx'  dt  "*"  IJ^dT  "*"   d«  '  d 


7)"> 


and  replacing 


dx        dy 
It'    It 


dz 
U' 


by  their  values  ti,  v,  tr,  respectively, 


dD 

a:e  ay  dz 


^ '^  yjt    +  "!^'^  +  '^^'^  + 


w^  dt. 


Multiplying  this  by  the  volume  above,  we  have  for  the  mass  of  tlie 
parallelopipedon,  which  was 

D  .dx.dy  .dz^ 
at  the  time  <,  the  value. 


,    /dD    .dD        .   ___         , 


X  ds.dy.dz\l  + 


dD 
dy 


dD 
dz 

dv 


wj  dtj 


\dt         dx 
«t  the  time  t  +  dt. 


dv 
d* 


'«() 
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But  these  masses  must  be  equal,  since  ^e  quantity  of  matter 
is  unchanged.  Equating  them,  striking  out  the  common  ^tors,  per- 
forming the  multiplication,  and  neglecting  the  second  powers  of  the 
difierentials,  we  have 

» 

This  is  called  the  Equation  of  continuity  of  the  fiuid.  It  expres- 
ses the  relation  between  the  velocity  of  the  molecules  and  the  den- 
sity of  the  fluid,  which  are  necessarily  dependent  upon  each  other. 
Hiis  is  a  fourth  equation. 

§250«— If  the  fluid  be'  coftipressible,  then  will  the  fifth  equatiou 
be  given  by  the  relation, 

iP(2>,p)=0, (402) 

as  is  illustrated  in  the  piurticular  instance  of  OBfarlotte^slaw,  Equi^ 
tion  (389).  The  form  of  the  function  designated  by  the  letter/^ 
will  depend  upon  the  nature  of  the  fluid. 

§251. — If  the  fluid  be  incompressible,  the  total  difleriential'  of  J9 
will  be  zero,  and 

dD        dD        .   dD  dD  ^  ,,^,., 


and  consequently,  the  equation  of  continuity,  Equation  (401),  becomes, 

Slid  we  have  for    the  determination   of  tt,  v,  v,  J9  and  p^  the  Ave 
Equations  (400),  (403),  (404). 

§252.-— Iliese  equations  admit  of  great  simplificatlcHi  in  tlie  case 
of  an  ineompresMle  homogeneous  Jiuid  when  u^dx  -i-  v.dy  4-  w.dg^ 
ii  ft  perfect  dlflereatia].    For  if  we  make 
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ttiea  from  the  partial  differentials  will 


II  = 


r  = 


d<p 


do 
dz  ' 


(405) 


which,  in  Equation  (404),  gives  for  the  equation  <^  contihuity, 


<Pq>  (f2(p  <Pq> 

dz^  "^  rfy3  "^  rf«3  "     ' 


(406) 


by  the  integration  of  which  the  function  9  may  be  found. 
Differentiating  the  values  of  11,  v  and  to  above,  we  have 


d^<p 
du  =  -j-^;  rfw>=  -7^;    dw  r= 


d^<p 

77 


Eliminating  ti,  v,  ir,  du,  dv  and  cf tr,  from  Equation  (400),  by  means 
of  the  values  of  these  quantities  above,  we  have 


rf^^^ 


d(p    d^^        d(p       d^(p  d(p       d^(p 


l.i£.=.^ , 

1/     dx  dx'dt        dx     d^       dy    dx,dy       dz     dx.dz 


D'  dy 


=  r- 


(p(p 


rf(p       (^9  d^   d^p       d(p       d^p 


2>     c/2r 


dy,dt        dx    dy,dx      dy  dy^       dz    dy,dz^ 

d^p         dp       d^p  dp      d^p  dp    d^tp 

•  ■     -^  — — ^  •      -  — ^   ■  •      ■  — —  ■   •  ^— ^—  • 

dz.dt        dx    dz^dx       dy    dz.dy       dz     d^ 


Multiplying  the  first  by  dx,  the  second   by  cfy,  the  third  by  <fz,and 
adding,  we  find, 


1 


dp 


From  which,  by  integration,  may  be  found  the  pressure  at  any  point 
of  an  incompressible  fluid  mass  in  motion,  when  Equation  (406)  b 
the   equation  of.  continuity. 

§253. — When  the  excursions  of  the  molecules  are  small,  the 
second'  ppw^rs  of  the  velocities  may  be  neglected,  which  will  reduce 
Equation  j^A^)  to 


^^dp::^Xdx  +  rdy  +  Zds^  d^. 


(408) 


MSOHANIOS    OF    FLUIDS.  27? 

§254. — If  the  condition  expressed  by  Equation  (406)  be  not  ful* 
filled,  then  we  must  have  reoourse  to  Equation  (404)  to  find  th^ 
pressure. 

§255. — Resuming  Equation  (401),  which  appertains  to  a  oompres- 
Bible  fluid,  retaining  the  condition  that  - 

udx  +  vd^  +  wdz  =  d^ 

% 

is  a  perfect  differential,  and  from  whicli,  therefore, 

we  obtain  by  substitution, 

^i  dn     .     dv        dw  )       dD      dD  d(p        dD  d(p    ^  dDda>       ^. 
I  dx   ^   dy^  dz  S^  dt^  dx   dx^  dy  dy^  dz  dz 

V  the  excnrsions  of  the  molecules  from  their  places  of  rest  be 
very  small,  both  the  change  of  density  and  velocity  will  be  so 
tmall  that  the  products  which  constitute  the  last  three  terms  of 
titts  equation  may  be  neglected,  and  the  equation  of  continuity  be^ 
eomes 

^     /du  dv         dw\    .    dD 

and  replacing  du,  dv  and  d w,  by  their  values  from  Equations  (400)^ 
and  dividing  by  i>,  we  find 

from  which,  and  Eq.  (408),  the  equation  connecting  the  extraneous 
forces  with  the  co-ordinates  xyz,  and  that  expressive  of  Mariotte'a 
law,  the  funetaon  9  may  b^  found,  then  the  value  of  2),  and  finally 
that  of  ji. 

Tlie  exoonkms  bdng  small,  if  we  impose  the  additional  cniQL^v 
4nfe  Ihft  moleeulea  of  the  fluid  are  not  ac^t^i  vx^^^Ql  V)   «s^^3r»r 
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Heocis  foktiei/iii  whlcb  case  the  motion^  ca&  only  arise  firom  some 
Mitraiy  initSid'  disturbance ;  then,  Equation  (408), 


j^'dp  = 


-  d 


d<p 

In 


di 


and  by  Mariotte^s  law, 


p  =  F.I>z=u^.J^ 


•    •    •    • 


from  which 


dpzzia^dJb 


(411) 


(412) 


ihd  the  above'  may  be  written,'  after  diriding  by  tf  #, 


a*   d^  _    ,    rflog2>_       d»9 


(4ia) 


which,  in  Equation  (410),  gives 


<P9 


'  \dx^   ^  dy^  ^  d^/ 


(414) 


From  this  Equation  thp  function  9  is  to  be  determined,  then  the 
value  of  i>,  from  Equation  (410),  and  that  of  j»,  from  either  of  the 
Equations  (411)  or  (413). 

§  256. — CoDceivc  a  homogeneous  elastic  fluid  to  be  disturbed  at  one 
of  its  points  by  the  sudden  expansion  or  contraction  of  the  element 
there  situated.  This  will  break  up  the  cqnilibfinm  of  the  surrounding 
ibolecular  forces  at  that  point,  the  particles  adjacent  will  move  to  re- 
store the  uniformity  of  density,  and  an  expanding  disturbance  irill  pro- 
ceed.  outward  from  this  as  a  centre.  Take  the  origin  at  the  point,  und 
denote  the  distance  of  any  particle  involved  in  the  disturbance,  at  any 
time  /,  subsequent  to  the  disturlS^nce  by  r,  then  will 

«'  +  y*  +  2*  =  '•'- 

Denote  the  velocity  of  the  particle,  impposed  ill  tike  direction  of  r,  bj 
{^;  then  will 

* 

T  ^  ~ 
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Dlfferentuiting  the  first  of  the  above  equations,  we  have 

jr«f«  +  yrfy +  zrf2  =  r.  c/r. 

Substituting  the  vdues  of  r,  y,  and  z  from  the  secood,  third,  and  fourth, 
there  will  result 

80  that  this  satisfies  the  condition  of.  the  first  meniber  being  an  exact 
differential ;  and,  therefore,  c^  q>  =  ^ .  </  r ;  or 

And  henoe 

d^       d(p    X  d^       dd^    y  d(p       d(p     z 

differentiating. 


dP^'d?^7''^  dr'  "7«~  * 


and  these  values,  substituted  in  Equation  (414),  give 


/d'q>      2    d(p\ 


which  may  be  written. 


d^TO         ^    d* r o 


of  which  the  integral  is,  Appendix  No.  IV., 

moA  in  which  F  nad^  denote  any  arbitrary  tuui-^doxia  ^qiWuv^vc^   %tcxfi^ 
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(p  =  -[F{r  +  at)-hf{r'-at)]     ....     (415) 

Taking  the  first  differential  coefficient  of  <p  witli  respect  to  r,  and  re- 
placing its  valae  by  ^, 

^^\.[F'ir  +  at)+/'{r-at)]-i[F{r  +  al)+f(r-at)l 

For  any  considerable  distance  from  the  origin,  the  second  term  may  be 
omitted  in  comparison  with  the  first ;  and  there  will  remit,  ailor  sqaaring" 
and  multiplying  by  m,  the  mass  of  the  moving  particle, 

m 
m^  =  -,.[F'{r  +  al)+f'{r-at)y    .     .     .     (410) 

The  first  member  is  the  living  force  of  the  moving  particle,  or  double 
the  quantity  of  work  it  may  impress  upon  the  organs  of  sense  exposed 
to  its  action.  The  effect  it  may  produce  will,  therefore,  all  other  things 
being  equal,  vary  inversely  as  the  square  of  its  distance  from  the  place 
of  primitive  disturbance.  Equations  (415)  and  (416)  are  employed  in 
discussing  the  theo^  of  sound. 
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§  267.— If  the  fluid  be  at  rest,  then  will 

•   and  Equations  (399)  become 

dp 


dx 

dy 

dp^ 

dt 


=  J>.Xi 


=iD.T; 


=  D.Z. 


(417> 


§Si58. — ^Multiplying  the  first  by  dx^  the  second  1>]r  Jy,  the  third 
hj  dtf  and  adding  ire  find, 


•        •       • 
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sjid  by  iQtcgi-AlJon, 

p=fD.(Xdx-\-¥d>i-{-Zdi);    .     .     .     .(419] 

whence,    in    order   that  the    value    of  p    may    be    ponible   for    sayi 
point   of  the  fluid  maas,  the    product  of  the  density   by  the  funotioi 
Xdx  +  Ydy  +  Zdt,  must  be  an  exact  differential  of  a  Ainction  of  4 
the  three  independent  variables  z,j/,  s.     Reciprocally,  when  this  oondi-  ' 
tion  is  fulfilled,  not  only  will  the  pressure  at  any  point  become  known 
by  subatitutiog  ila  co-ordinates,,  but  the  Equations    (417),  will  be  t 
isfied,  and  the  fluid  will  be  in  equilibrio. 

§259. — Conceiving  those  points  of  the  fluid  which  experience  equals 
pressures    to    be   coDDected   itf,   indeed   to    form    a  surface,    then   ; 
passing  from    one    point    to   another    of  this   surfkce,  we   shall    hart 
dp  =  0,  and 

Xdx  +   Ydy  +  Zia  =  0, (480).J 

which   is  obviously    tlic   differential  equation   of  the   siirfaoe. 

Dividbig  this  by  Rd»,  in  which  m/;,  denotes  the  resultant  of  ttw 
forces  which  act  upon  any  particle,  and  dx,  the  element  of  any' 
curve  upon  the   suriaco  passing  through  the   particle,  we  have 


X   dx__ 

a'  d3 


R    dg 


Z     dz 

'  r'  da 


=  0; 


.(421) 


I  whence  the  resultant  of  the  forces  acting  upon  any  one  of  the 
elements  of  a  surface  of  equal  pressure,  is  normal  to  that  surface. 
■  the  characteristic  of  what  is  called  a  level  mrfaee,  which 
may  be  defined  to  be  any  surface  which  cuts  at  right  angles  the 
direction  of   the  resultant  of  the  forces  whicii  act  upon  its  particles. 

§260.— If  Equation  (420)  be  integrated,  we   have 

f{Xdx  +  Yd<f  +  Zdz)  =  C,       ... 

in  wfali^   C  is   the   constant  of  integration.     The   mngTiitudcs  of  this   i 
«»nalant  must   result   from    iho  dimensions  of  iW  sttt^vwa,  Qt    ■ 

t  of  the  ttuid    it  envelops.      Bj   g,»^Vnij  Vt    ftSSStawa.  < 
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suitable  values,  we  may  start  from  a  single  particle  and  proceed  (m^ 
wards  to  the  boundary  of  the  fluid,  and  if  the  successiye  yalues 
difler  by  a  small  quantity,  we  shall  have  a  series  of  level  coneentrk 
strata. 

The  last  posAble  value  for  C  will  determine  the  exterior  or  boaoding 
suHaco  of  the  fluid ;  because  this  surface  being  fir^e,  the  pressare  npon  it 
will  be  sero ;  the  diflerential  of  the  pressure  from  one  point  to  another 
win,  therefore,  be  zero,  and  the  difl*ercntial  equation  will  be  that  nom- 
bered  (420),  or  that  of  equal  pressure.  Every  free  surfi^ce  of  a  fluid  in 
eqailibrio  is,  therefore,  a  level  surfkce. 

§261.— Putting  Equation  (418)  under  the  form 

^  =  Xdx  +  Tdy  +  Zdz, (428) 

we  see  that  whenever  the  second  member  is  an  exact  d|fierential, 
p  must  be  a  function  of  2>,  since  the  flrst  member  must  also  be  an 
exact  diflerential.     Making,  therefore, 

i>  =  ^(i>), (434) 

in  which  F  denotes  any  function  whatever,  the  above  equation  be- 
comes 

^J^zrzXdx+Tdy  +  Zdz',      .    .    .    (425) 

but  for  a  level  surface  or  stratum,  the  second  member  reduces  to 
lero;  whence, 

dF{JD)  =0; 
and  by  integration, 

F(P)  =  (7; 

whence,  not  only  will  each  level  stratum  be  subjected  to  an  equal 
pressure  over  its  entire  surface,  but  it  will  also  have  the  same 
density  throughout. 

§262. — If  the  fluid  be  homogeneous  and  of  the  tone^  tempeiratiire 
throughout,  then  will  J)  be  constant,  and  U^  condition  of  equflflbriiim 
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simply  requires  £hat  the  function  Xdx  +  Tdy  +  Zdg^  Ec^uation 
(419),  shall  be  an  exact  differential  of  the  three  independent 
variables  z,  y,  z,  and  vhen  this  is  not .  the  case,  the  equilibrium 
will  be  impossible,  no  matter  what  the  shape  of  the  fluid  mass, 
and  though  it  were  contained  in  a  closed  vessel. 

But  the  function  above  referred  to  is,  §  133,  always  an  exact 
differential  for  the  forces  of  nature,  which  are  either  attractions  or 
repulsions,  whose  intensities  are  functions  of  the  distances  from  the 
centres  through  which  they  are  exerted.  And  to  insure  the  equi- 
librium, it  will  only  be  necessary  to  give  the  exterior  surface  such 
shape  as  to  cut  perpendicularly  the  resultants  of  the  forces  which  act 
upon  the  surface  particles.  This  is  illustrated  in  the  simple  example 
of  a  tumbler  of  water,  or,  on  a  larger  scale,  by  ponds  and  lakes 
which  only  come  to  rest  when  their  upper  surfaces  are  normal  to 
the  resultant  of  the  force  of  gravity  and  the  centrifugal  force  arising 
firom  the  earth's  rotation   on   its  axis. 

In  the  case  of  a  heterogeneous  fluid  subjected  to  the  action  of  a 
central  force,  its  equilibrium  requires  that  it  be  arranged  in  concentric 
level  strata,  each  stratum  having  the  same  density  throughout^  And 
the  equilibrium  will  be  stable  when  the  centre  of  gravity  of  the 
whole  is  the  lowest  possible,  §  138,  and  hence  the  denser  strata  should 
be  the  lowest. 

When  the  fluid  is  incompressible,  the  density  may  be  any  function 
whatever  of  the  co-ordinates  of  place.  It  may  be  continuous  or  dis- 
continuous. When  it  is  given,  the  value  of  the  pressure  is  found  from 
Equation  (419). 

§  263. — In  compressible  fluids  the  density  and  pressure  are  con* 
nected  by  law,  and  the  former  is  no  longer  arbitrary.   . 
Dividing  Equation  (418)  by  Equation  (389),  we  have 

iL  -  -^^^.+  ^dy  +  Zd2      ....     (426)' 
P     "  ^  * 

iBUgrating, 

.  /JTc/ig  +  Tdy  +  Zdg  ^  ,      ^,  .  ^^ 
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denoting  the  base  of  the  Naperian  syjstem  by  e,  we  have 

and  this  substituted  in  Equation  (389),  gives 

^  =  — p (428) 

These  equations  determine  the  pressure  and  density. 

For  any  sur&ce  of  constant  pressure,  the  exponent  of  e,  in  Equa- 
tion  (427),  must  be  constant,  its  differential  must,  therefore,  be  zero, 
and  all  the  consequences  deduced  from  Equation  (420)  will  follow ; 
that  is,  when  the  fluid  is  at  rest,  it  must  be  arranged  in  level  strata, 
each  stratum  having  the  same  density  throughout,  with  the  addition 
that  the  law  of  the  varying  density  must  be  continuous  by  the  re- 
quirements of  Mario tte's  law. 

If  the  temperature  vary,  then  will  P  vary,  and  in  order  that 
Equation  (425)'  may  be  an  exact  differential,  F  must  be  a  function 
of  xyz,  and  hence,  Equations  (427)  and  (428),  when  p  is  constant, 
D  will  be  constant ;  that  is,  each  level  stratum  must  be  of  uniform 
temperature  throughout. 

It  is  obvious  that  the  atmosphere  can  never  be  in  equilibrio  ;•  for 
the  sun  heating  unequally  its  difierent  portions  as  the  earth  turns 
upon  its  axis,  the  layers  of  equal  pressure,  density  and  temperature 
can  never  coincide.  Hence,  those  perpetual  currents  of  air  known  as 
the  trcule  winds^  and  the  periodical  monsoons;  also,  the  sea  and  land 
breezes,  variable  winds,  ^q,^  dzc. 

§264. — Rest  is  a  relative  term;  when  applied  to  a  particle  of  a 
fluid  mass,  it  means  that  that  particle  preserves  unaltered  its  place  in 
regard  to  the  other  particles;  a  condition  consistent  with  a  bodily 
movement  of  the  entire  mass. 

If  a  liquid  mass  turn  uniformly  about  an  axis,  the  preceding 
eq^oAtions  will  make  &nowti  \ta  ^tmMhftxv\i  f^i^st^.  ¥<»  thn  purpose 
t  will  be  sufficient  to  loin  to  tVie  fotWA  X^T,2s^^»«flB»:Ww|jaL^ 


^tikd 
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Take  the  axis  «  as  the  axis  of  rotation ;   denote  the  angular  velocity 
by  9,  and   the  distance  of 
the   particle   M  from   the 
axis  2  by  r;  then  will 

ft 

r^  =  a?2  +  y2  J 

the  centrifugal  force  of  M 
regarded  as  a  unit  of  mass, 
will  be  . 

and  its  components  in  the 
direction  of  x  and  y,  respectively, 


T 


»'.9'-  — =  y9'. 

and  these  in  Equation  (418),  give 

c/;)  =  D.(Xdx  +  Ydy  +  Zdz  ^(^^.xdx  +  92y.rfy)-- (429) 

When  the  second  member  is  an  exact  differential,  the  permanent  form 
will   be  possible. 

For  the  free  surface  cfp  =  0,  and  we  have 

Xdx  +  Ydy  +  Zdz  +  (^'^.x.dx  +  9»yrfy  =  0-  •  -(430) 

Example  1. — Let  it  be  required  to  find  the  figure  assumed  by 
the  free  sur&ce  of  a  heavy  and  homogeneous  fluid  contained  in  an 
open  vessel  and  rotating  about  a  vertical  axis. 

Here, 

X  =  04     r=0;     Z=  -^; 
and   Equation  (430)  becomes 

gdz  =  (^^(xdx  +  ydy). 
Integrating, 


9 


«  =  ^(^'  +  y»)+C; 


V^\\ 


«Ui|.  ir  the  equBium  of  a  parabojoid  whose  tt\a  \a  ^^eisX^  o(  tq^Xa^w^ 


286 


ELEMENTS    OF    ANAI4YTIOAL    MECHANICS. 


To  find   the  constant  C,  let  the  vessel  be  a  right  cylinder,  with 
drcular  base,  whose  radius  is  a,  and  denote  by  h  the  height  doe  to 
«    the   velocity  of  the  fluid  at  the  circumference,  then 


a^(^^  =  2gh, 


and 


A.r^ 


z  = 


a* 


+  c 


(4sa) 


Denote  by  h  the  height  of  the  liquid  before  the  rotation;  hi 
volume  will  be  ^a^,b.  Conceive 
the  whole  body  of  the  liquid  to 
be  divided  into  concentric  cylin- 
drical layers,  having  for  a  common 
axis  the  axis  of  rotation.  The  base 
of  any  one  of  these  layers  will 
have  for  its  area,  neglecting  rfH, 
2*r  ,dr^  and  for  its  volume,  taking 
the  origin  of  co-ordinates  in  the 
bottom  of  the  vessel,  2irr.rfr.r, 
which  being  integrated  between  the 
limits  r  =  0  and  r  -=  a^  will  give 
the  whole  volume  of  the  fluid,  and 
hence, 


a^b=z2j    zr  ,dr  \ 


replacing  r.  (fr  by  its  value  from  Equation  (432),  and  integrating 
between  the  limits  z  =  C  and  2  =  A  +  C^  which  are  the  valoes 
given   by  Equation  (432)  for  r  =  0  and  r  =  a,  we  find 

and   the  equation  of  the  upper  surface  becomes 

A  r* 

The  least  and  greatest  values  for  i,  are  h  ^  \h  and  &  +  i A, 
obtained  by  making  r  =  0  and  r  s=  «^  to  that  the  daprawlon  nf  tlir 


HXCHAKIOS    OF    FLUIDSw 


287 


liquid  St  the  axis  is  equal  to  its  elevatioi:  at  the  surfiu^  of  the 
cylindrical  yessel,  and  is  equal  to  half  die  height  due  to  the 
▼elodty  of  the  latter. 

§  265.— jlKromp^  2.— Let 
the  fluid  elements  be  attract- 
ed to  the  centre  of  the  mass 
bj  a  force  varying  inversely 
as  the  square  of  the  distance. 
Take  the  origin  at  the  cen- 
tre ;  denote  the  distance  to 
the  particle  m  from  that  point 
by  r,  and  the  intensity  of  the 
attractive  force  at  the  unit's 
distance  by  k.    Then  will 

k  X 

P=m-r-;    co8a= ; 

r*  '  r  ' 


cos  j3  =  — - 


— ;    cosy 


and 


-*  —  —  -^  >     J^ 


r3'     ^-         H' 


which  in  Equation  (430),  give 

—  (xdx  +  ydy  +  zdz)  —  (fl^{xdx  +  ydy)  ■=  0, 


or 


kdr 


9 


-^d{x^  +  y^)  =  0, 


and  by  integration, 


f +  y(*'  +  y')  =  c'; 


making 

gfl  +  y^  :=!  r^  cos*  6, 

in  which  6  denotes  the  angle  made  by  r,  with  the  plane  xy^ 

k       o* 

— +  3^-r»co»««s=  C, 
r        2 
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and    denoting  the  distance  from  the  origin    to  the  point  in   which 
ihe  free  surface  cuts  the  axis  z  by  unity,  we  have,  by  making  6  =  00^, 

1  '  •  . 

which  substituted  above,  and  solving  with  respect  to  cos' 4,  gives 

^(p^-cos^^  =  ^^'''7  ^^ (434) 


ku 


and  making  r  =  1  +  ti,  we  have 

if  the  angular  velocity  be  small,  then  will  u  be  very  smalL 
Developing  the  second  member  with  this  supposition,  atid  limiUng 
the   terms  to   the  first  power  of  w,  we  find 

J  (p2  .  cos2  a  =  i:  (tt  —  3  w3). (434)' 

Neglecting  3  w*-^,  and  replacing  u  by  its  value,  viz. :  r  —  1,  we 
have  for  a   first  approximation, 


2Ar 

From  Equation  (434)',  we  find 

9^  •  cos^  6 


u  = 


2k 


+  3i*3. 


and  this  in  the   equation 


r  =  1  +  t/, 


gives 


2 


r  =  1  +  §T'COS^^  +  3tt2; 


and  replacing  u^  by  its  approximate  value  ^  '      — >   above^  by  nM 
lecting  3u2,  we  have 

-    ,    9*         o^    .   39*-oos*^ 

r  =  1  4-  -^-  •  COS*  6  H % 

^  2k  ^      4A»        • 


for  the  polar  equation  of  the 


•eodotf. 


HBOEANICS    OF   FLtTIDS  280 

Comparing  this  with  the  equation 

r  =  — =1  +  J  e'  coa*  S  +  f  ■  e*  ■  cos*  fl  +  &o., 

the^  become  identical   bf  neglecting  the  higher  powers  and  malciog 


The  free  surfikce  of  the  flbid  approximates  therefore  very  doaely 
to  an  ellipsoid  of  revolution  of  which  the  eccentricity  of  its  meridian 
paction  is  equal  to*  the  square  root  of  the  quotient  arising  from 
dividing  the  centrifugal  force' at  the  unit's  distance  from  the  axis 
of  rotation,  by  the  force  of  attraction  at  an  equal  distance  from  the 
oentra. 
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§260. — When  a  fluid  contained  in  any  vessel  is  acted  upon  by 
Its  own  weight,  if  the  axis  e  be   taken  vertical 
and  posiUve  downwards,  then  will 

X=Oj     r=0;     Z  =  g; 

■od    Equation  (418)  becomes,  after  integrating, 

p  =  Dgz  +  0; 

«nd    assuming    the  plana  xy  ta    coindde  with 
thv  upper  surface  of  the  fluid,  .which   must,   when   i 
ItDrizontal,  we  have,  by  making  z  =  0, 

?'  =  <■; 

in  which  p'  denotes  the  pressure  exerted  upon  the  unit  of  the  tnt 
mrfitoe.     Whence, 


equilibrio,  be 


-.D.,.i 


(«5> 

3Im  tint  member   Ib  the  pressure   exerted   upon  a  unit  of  surfiuMr 
•VM7  pcrfnt  of  which  unit  having  a  pressure  equal  to  that  &\u^:^infi& 
dCBMBt  irilDW  otMwdfute   tl  t. 
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If  p'  =  0,  then  will 

p  =  Bgz\ (436) 

and  denoting  by  h  the  area  of  the  surface  pressed,  and  bj  </5,  the 
element  of  this  surface,  whose  co-ordinate  is  z^  we  have.  Equation 
(397),  for  the  pressure  upon   this  element  denoted  by  p^^ 

p^  =  Dff.z.dbj 

and  the  same  for  any  other  clement  of  the  surface ;  whence,  deno- 
ting the  entire  pressure  by  P,  we  shall  have 

P  zzzlp^  =  Dg.lz.db. (437) 

But  if  Zj  denote  the  co-ordinate  of  the  centre  of  gravity  of  the 
entire  surface  6,  then   will,  Equations  (91), 

Iz.db  =  bz,^ 
•and 

P  =z  Dg.b.z,. (438) 

Now  b  z^  is  the  volume  of  a  right  cylinder  or  prism,  whose  base 
is  by  and  altitude  z/^  Dg,b,z^  is  the  weight  of  this  volume  of 
the  pressing  fluid.  Whence  we  conclude,  that  the  pressure  exerted 
upon  any  surface  by  a  heavy  fluid  is  equal  to  the  weight  of  a  cylin^ 
dncal  or  prismatic  column  of  the  fluid  ij^hose  base  is  eqtuil  to  the 
surface  pressed^  and  whose  altitude  is  equal  to  the  distance  of  the  cen- 
tre   of  gravity  of  the   surface  below  the  upper  surface  of  the  fluid. 

When  the  surface  pressed  is  horizontal,  its  centre  of  gravity  will 
be  at  a  distance  from  the  upper  surface  equal  to  the  depth  of  the 
fluid. 

This  result  is  wholly  independent  of  the  quantity  of  the  pressing 
fluid,  and  depends  solely  upon  the  density  of  the  fluid,  its  height,  and 
the  extent  of  the  surface  pressed. 

Example    1.  —  Required     the     pressure 
against  the  inner  surface  of  a  cubical  ves- 
sel fllled  with  water,  one  of  its  faces  being 
horizontal.      Call   the  edge  of  the  cube  a, 
the  area  of  each  face  will  \>e  a^>  \.W  d\v 
tBnce    of  the    oentre  of   gravitj   oC   ««di 


z^ 


i 
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lower*  face  «;  whence,  the  principle  of  the  centre  of  gravity 
givea, 

4a^  X  la  -^  a^  Xa       , 

''  = 5V^ =2-«. 

Again, 

and  these,  substituted  in  Equation  (438),  give 

Now  i)^  X  l*  =  jD^,  is  the  weight  of  a  cubic  foot  of  water  =  62,5 
Ibti^  whence, 

P  =  62,5  X  3a».  • 

Bfake  a  =  7  feet,  then  will 

P  =  62,5  X  3  X  (7)5  =  64312,5. 

The  weight  of  the  water  in  the  vessel  is  62,5  o^,  yet  the  pressure 
is  62,5  X  3(^5,  whence  we  see  that  the  outward  pressure  to  break 
the  vessel,  is  three  times   the   weight  of  the   fluid. 

Example  2. — Let  the  vossel  be  a  sphere  filled  with  mercury,  and 
let  its  radius  be  R.  Its  centre  of  gravity  is 
at  the  centre,  and  therefi>re  below  the  upper 
surface  at  the  distance  R,  The  surface  of  the 
sphere  being  equal  to  that  of  four  of  its 
great  circles,  we  have 

6  =  4iri?; 

whence, 

and.  Equation  (438), 

P  =  i^^.D.g.R}. 

The  quantity  i>^  x  P  =  -O^',  is  the  weight  of  a  cubic  foot  of 
m&narj    =  84S,75   lbs.,  and    therefore,   substltvitAxi^  Xki^   M%^\k.^    ^ 

J^ss4  X  S,1416  X  8«>75 .». 
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Now  suppose  the  radius  of  the  sphere  to  be  two  feet,  then* will 
E^  =  8,  and 

P  =  4  X  3,1416  X  843,75  X  8  =  84822,4. 

The  Yolume  of  the  sphere  U  ^*Ii^\  and  thf  weight  of  the  oon- 
tained  mercury  will  therefore  be  ^* R^ g D  =^  W,  Dividing  the 
whole  pressure  by  this,  we  find 

whence  the  outward  pressure  is  three  times  the  weight  of  the  fluid. 

Example  3. — Let  the  vessel  be  a  cylinder,  of   which    the   radius 
r  of  the  base  is  2,  and  altitude  L  6  feet.    Then   will 

h.z,  =  *rl{r  +  I)  =  3,1416  X  2  X  6  X  8; 

which,  substituted  in  Equation  (438), 

F  =  301,5936  X  Dg, 


and 


whence. 


W  =  3,1416  X  2^  X  6  X  2>5r  =  75,398  X  Dg} 


301,5936  X  I>g 


=  4; 


W  "     75,3984. J9^ 

that  is,  the  pressure  against  this  particular  vessel   is  four  times  the 
weight  of  the  fluid. 

§267.— The  point  through  which  the  resultant  of  the  pressure 
upon  all  the  elements  of  the  surface 
passes,  is  called  the  centre  of  pressure. 
Let  JS I F  he  any  plane,  and  MJf 
the  intersection  of  this  plane  produced 
with  the  upper  surface  of  the  fluid 
which  presses  against  it.  Denote  the 
area  of  any  elementary  portion  n  of 
the  plane  JSIF  by  db ;  and  let  m  be 
the  projection  of  its  place  upon  the 
upper  surface  of  the  fluid;  dia-w  mM 
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latter  will  also  be  perpendicular  to  MN^  and  the  angle  nMm  will 
measure  the   inclination  of  the  plane  EIF  to  the   surface   of  the 
fluid.     Denote  this  angle  by  9,  the  distance  m  n  by  h\  and  Mn  by  r' 
then  will 

A'  =  r'8in9; 
Che  pressure '  upoa  the  element  d  h^ 

its   moment  with  reference  to  the  line  MN, 

JO^r'^sin  9  .rfi; 

and  for  the  entire  surface,  the  moment  becomes 

Z>^.sin9,2r'*<f^. 

Denote  by  r  the  distance  of  the  centre  of  gravity  of  the  sur&oo 
pressed  from  the  line  3f  Ny  its  distance  below  the  upper  surface  of 
the  fluid  will  be  r.  sin9;  and  the  pressure  upon  this  surface  will  be 

i)y.  r  Sin9.6; 

And  \f  i  denote  the  distance  of  the  centre^  of  pressure  from  the 
line  MN^  then  will 

i>^.rsin9.6.  /  =  J)^ ,  sin (p  ,lr'^,db, 

from  which  we  have, 

l  =  ^y^4^  =  iL±^-^ (439) 

r.b  r  ^       ' 

whence,  Equation  (238),  the  centre  of  pressara  is  found  at  the  centre 
of  percussion  of  the  surface  pressed. 

§268. — ^The  principles  which  have  just  been  explained,  are  of 
l^reat  practical  importance.  It  is  oflen  necessary  to  know  the  pre- 
cise amount  .of  pressure  exerted  by  fluids  against  the  sides  of  ves- 
sels and  obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimenaons  of  the  latter  as  to  give  them  suflicieut  strength  to 
resist.  Reservoirs  in  which  considerable  quaut.\t\e«  o£  v^iiXa^t  ^x^  ^^- 
laeted  and  retamed  till  needed  for  purposes  of  Vm^j^xXow^  ^^  ^^^'^l 
tar  sad  tawm,  or  to  drive  machinery  \  dyVca  to  Vacft  ^^ 
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and  lakes  from  inundating  low  districts;  artificial  embankments  con- 
structed along  the  shores  of  rivers  to  protect  the  adjacent  oountrj 
in  times  of  freshets ;  boilers  in  which  elastic  vapors  are  pent  up  in 
a  high  state  of  tension  to  propel  boats  and  cars,  and  to  giye  motion 
to  machinery,  are  examples. 

§269. — As  a  single  instance,  let  it  be  required  to  find  the  thick 
ness  of   a  pipe  of'  anj  material  nec^9sar7  to  resist  a  given  prea> 
sure. 

Let  A£  C  ^}e  a  section  of  pipe  perpen- 
dicular to  the  axis,  the  inner  surface  of- 
which  is  subjected  to  a  pressure  of  p  pounds 
on  each  superficial  unit.  Denote  by  H  the 
radius  of  the  interior  circle,  and  hy  I  the 
length  of  the  pipe  parallel  to  the  axis; 
then  will  the  surface  pressed  be  measured 
by  2  AT  jR .  / ;  and  the  whole  pressure  by 
2'ifR.l.p. 

By  virtue  of  the  pressure,  the  pipe  will  stretch;  its  radius  will 
become  JR  +  dB,  the  path  described  by  the  pressure  will  Se  dB^ 
and   its  quantity  of  work 

2ftB.l.pdB. 

The  interior  circumference  before  the  pressure  was  2irB,  aflerwarjs 
2fl'(i?  4- «?-R),  and  the  path  described  by  resistance,  2irJjR.  And 
if  B  denote  the  resistance  which  the  material  of  the  pipe  is  capable 
of  opposing,  to  a  stretching  force,  without  losing  its  elasticity  over 
each  unit  of  section,  t  the  thickness  of  the  pipe,  then,  by  tbe  prin- 
ciple of  the  transmission  of  work,  must 


2it.B.l.dB.t  =z2^B.l.p.dBi 


whence. 


/  = 


Bp 


Tbe  value  of  p  is  estimated  in  the  case  of  water  piesBiife  hy 
tJie  rvlea  just  given.    That  ia  ikift  «ia%  ^  .%\ftKtsk  ^*mi       Af^/qsi 
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by  rules  to  be  giyen  presently.  The  value  of  JB  is  readily  obtained 
from  Taole  I,  giving  the  results  of  experiments  on  the  strength  of 
materials. 


EQUIUBBIUH  AND  STABILTIT  OF  FLOATING  BODIES. 

§270. — When  a  body  is  immersed  in  a  fluid  it  is  not  only 
acted  upon  by  its  own  weight,  but  also  by  the  pressure  arising  from 
the  weight  of  the  fluid,  and  the  circumstances  of  its  rest  or  motion 
will  be  made  known  by  Equations  {A)  and  {B). 

Let  JSD  be  the  body ;  take  the  plane  :r  y  in  the  plane  of  the  up- 
per surfi^M)  of  the  fluid, 
supposed  at  rest,  and 
the  axis  of  ^  therefore 
vertical.  Denote  by 
h  the  entire  surface 
of  the  body,  and  by 
db,  one  of  its  elements, 
whose  co-ordinates  of 
position  are  xyz.  The 
pressure  upon  this  ele- 
jnent  will  be 

• 

D.g  .z,dby 

in  which  D  is  the  density  of  the  fluid,  and  g  the  force  of  gravity. 

This  pressure  is,  §  248,  normal  to  the  surface,  and  denoting  by 
01,  fi  and  /,  the  angles  which  this  normal  makes  with  the  axes  xyz^ 
respectively,  the  components  of  the  pressure  in  the  direction  of  these 
axes  will  be 

D-g.z.db.QOsa'y     i>.^.«.c?6.cosj8;     J),ff.z,db ,  cosy. 

Similar  expre.-fsious  being  found  for  the  components  of  the  pressure  on 
other  elements,  wo  have,  by  taking  their  sum, 

Dff.lz.db.eosa;     D(j^.lz\db  .cos  ^;     Dg  ,1z  ,db  .cosy. 

But  J  6.  cos  a,  db.co9j8^   and   c^&.cosy,   arci  lYie  ^To^'fce,\k.ix%  ^"l  ^^ 
i/^  on  thii  ccMird/nate  pianos  »  y,  «  «  and  x  ^^  Te«^«>c?C\N^'^  %   ^"^^ 
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Xz  .db  ,  cos  a,lz.db  .  cos  ^^Iz.db  .  cos  7,   are    Tolumes  *of   righ 
prisms   whose    bases  arc    projections   of   the  entire  surface    pressed 
upon    the  same  co-ordinate  planes,  and  of  which  the  altitude  of  each 
is  the  depth  of  the  common  centre  of  gravity  of  the  elements  of  Its 
base  submerged  to  the  depths  of  their  corresponding  surface  elements. 

Whence  we  conclucie,  that  the  component  of  the  pressure  on  anf 
sUrJbce,  eatimated  in  any  direction^  is  equal  to  the  pressure  on  90  muck 
of  that  surface  as  is  equal  to  its  projection  on  a  plane  at  right  angU$ 
to   the  given  direction. 

The  cylinder  or  prism  which  projects  an  element  on  one  side  of 
the  body  will  also  project  an  element  situated  on  the  opposite  side; 
these  projections  will,  therefore,  be  equal  in  extent,  but  will  have 
contrary  signs,  for  the  normal  to  the  one  will  make  an  acute,  and 
to  the  other  an  obtuse  angle  with  the  axis  of  the  plane  of  projection. 
When  these  projections  are  made  upon  any  vertical  plane,  the  value 
of  z  will  be  the  same  in  both,  and  hence,  for  each  positive  product, 
z ,db.  cos  a  and  z .db. cos ^,  there  will  be  an  equal  negative  product ; 
therefore, 

Dy  .22;.c?&.cosa  =  2Pcosa  =  0;  i>^  .2  2?  .fl?6  .cos/3=2Pcos/S=0,  ' 

That  is,  jthe  sum  of  the  horizontal  pressures  in  the  directions  of 
X  and  y,  and  therefore  in  all  horizontal  directions^  will  be  zero ;  and 
the  first  and  second  of  Equations  (120),  give 

or,  which  is  the  same  thing,  there  can  be  no  horizontal  motion  of 
translation  from  the  fluid  pressure. 

When  the  projections  of  opposite  elements  are  made  upon  a 
horizontal  plane,  they  will  still  be  equal  with  contrary  signs,  the 
normal  to  the  elements  on  the  lower  side  making  obtuse,  while  the 
normals  to  the  elements  above  make  acute  angles  with  the  axis  «; 
but  the  corresponding  values  of  z  will  differ,  and  by  a  length  equal 
to  that  of  the  vertical  filament  of  the  body  of  which  these  elements 
form   the  opposite  bases,  and  hence 

i)^.2».rf6.co8y=i)y.2(«'— ;f^)rf6co8y  =  —  i>^2crf4co8y-(440) 
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in  ivhich  z*  denoted  the  ordinate  for  the  upper,  and  z^  that  for  the 
lower  eleipent  in  the  same  vertical  line,  and  c  the  distance  between 
the  elements;  and  the  third  of  Equations  (120)  becomes 

2  iP cos /  —  m •  -T^ )  =  Mg  —  Bg'lC'db* cos y  —  2 m •  -r-j  =  0. 

But  Ic  .db,  cos  7  is  the  volume  of  the  immersed  body  which  is 
obviously  equal  to  that  of  the  displaced  fluid;  also  Bg .Icdb  .oosy 
is  the  weight  of  the  displaced  fluid;  and  Mg  that  of  the  body. 
Denoting  the  volume  of  the  body  by  P,  its  density  by  D\  the 
above  may  be  written 

F'2>'^-  Fi)5r-2m~  =  0.     •    •    •     (441) 

Now,  when 

TD'g  -  VDg  =  0, 


on 


then  will 


2>  =  2>', 


and   there  can  be  no  vertical  motion  of  translation   fi:m  the   fluid 
pressure  and  the  body^s  weight. 
Whei\.i)'  >  i>,  then  will 

and   the  body  will   sink  with  an  accelerated  motion. 

When  D'  <  2),  then  will  ' 

2m.^^-.{I)'^D)V\g, 

AUd   the  body  will  rise  with  an  accelerated  motion  till 


B88        ELEMENTS    OF    ANALYTICAL    MBCHANlCa. 

in  which  V  denotes  tho  volume  ABC,  of  the 
fluid  displaced.     At  this  instant  w«  h&Te 

Y'D's  =  VDg;  ■     •     .     (443) 

and  if  the  body  be  brought  to  rest,  it  vill 
remain  so.  That  is,  the  body  will  float  at  the 
sur&co  when  the  weight  of  the  fluid  it  dis- 
places is  equal  to  its  own  weight. 

Hie  action  of  a  heavy  fluid  to  support  a  body  wholly  or  partly 
immersed  in  it,  is  called  the  buoyant  tffarU  The  intensity  of  liie 
buoyant  effort  is  equal    to  tht  toeipht  of  Ihe  Jluid  dUpiacid. 

Substituting  the  values  of  the  horizontal  and  vertical  components 
of  the  pressures  in  Equations  (118),  and  reducing  by  the  relations. 


J>ff.Zc.db.cosy.x'  =  J)ff.r.x;) 
Dg  .Ze.db.aoiy.y'  =  D  g .  V  .y  ;) 


(444) 


in  which  X  and  y  are  the  co-ordinates  of  the  centre  of  gravity  of  the 
displaced  fluid  referred  to  the  centre  of  gravity  of  the  body,  we  find 


x'.d^tf  —  y'.d'x' 


y'-rf'/  - 


dfl 


'■fPy' 


=  0; 

=  Dg-  V'l; 
=  -Dg-V-y. 


(445) 


Equations  (444)  show  that  the  line  of  direction  of  the  buoyant 
efTurt  passes  through  the  centre  of  gravity  of  the  displaced  fluid. 
This  point  is  called  the  cenlre  of  buoyancy.  And  from  Equations 
(445),  we  see  that  as  long  as  x  and  y  are  not  zero,  there  wiil.be 
an  angular  acceleration  about  tiie  centre  of  gravity.  At  the  instant 
«  =  0  and  y  =  0,  tliat  is  to  say,  when  the  centres  of  gravity  of 
,  the  body  and  displaced  fluid  are  on  the  same  vertical  line,  this 
accelemtion  will  cease,  and  if  the  body  were  brought  to  rest,  it 
would  ha^o  no  tendency  to  rotate. 
To   recapitulate,  we  find, 

\  ■ 


UBOHAKICS    OF    FLUIDS. 


1st.  l%at  &»  prutum  vpmt  th»  »urfac»  of  a  body  immtrud  in 
a  heavy  fiuid  have  a  tingle  resultant,  called  the  buoyant  effort  of  the 
Jitad,  and  Aai  this  reiultant  it  directed  vertically  vpwardt, 

3d.  Tluit  the  buoyant  tffvrt  u  eqwH  in  intentily  to  the  weight  of 
Am  fluid  di^laetd. 

3d.  That  the  line  tf  direction  of  the  buoyant  effort  pattei  through 
the  centre  of  gravity  of  the  displaced  Jluid. 

4th.  That  the  horizontal  prettvrea  destroy  one  another. 

§271. — Having  discuased  the  equilihrium,  consider  next  the  sta 
bilit;  of  a  fioating  body.  The  deusity  of  the  hod;  may  be  honu^ 
graieons  or  heterogeneous. 
Let  .<1  £  Ci)  be  a  section 
of  the  body  by  the  upper 
surface  of  the  fluid  when 
the  body  is  at  rest,  Q 
its  centre  of  gravity,  and 
S  that  of  the  fluid  dis- 
placed. Denote  by  Fthe 
Tolume  of  the  displaced 
fluid,  and  by  M  the  mass 
of  the  entire  body,    llie 

body  being  in  equilibrio,  the  line  &^will  be  vertical,  and  denoting 
the   density  of  the  fluid  by  D,  wo  shall  have 


M=  D.y.' 


....     (446) 

Suppose  the  section  ABCD  either  raised  above  or  depressed 
below  the  surface  of  the  fluid,  and  at  the  same  time  slightly  careened ; 
also  suppose,  when  the  body  Is  abandoned,  that  the  elements  have 
a  slight  velocity  denoted  by  v,  u',  &c.  Now  the  question  of  aUw 
bility  will  consist  in  ascertaining  whether  the  liody  will  return  to  its 
Ibnner  po»tion,  or  will    depart  more  and  more  from    it. 

The  free  surface  of  the  fluid  is  called  the  plane  of  jloatation, 
MoA  during  the  mo^on  of  the  body  tbis  piano  will  cut  from  it  a 
variable  section. 

IdH  A' S'  (?  D'  ^  one  of  these  sections  at  any  (W«a  \uites&  <A 
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time ;  AB"  CD",  another  variable  section  of  the  body  by  a  hori. 
zontal  plane  through*  the  centre  of  gravity  of  tlie  primitive  sectiofi 
A£  CD,  and  A  C  the  intersection  of  the  two.  Denote  by  6  the 
inclination  of  these  two  sections,  and  by  ^  the  vertical  distance  of 
A  J5"  CD'\  from  the  plane  of  floatation,  which  now  coincides  with 
A'  B'  C*  D\  this  distance  being  regarded  as  negative  or  positive,  a<y 
cording  as  AB*'  CD'*  is  below  or  above  the  plane  of  floatation. 
The  variable  quantities  ^  and  ^  wUl  be  supposed  very  small  at  the 
instant  the  body  is  abandoned*  Will  they  continue  so  during  the 
whole  time  of  motion  ? 

From  the  principles  of  livmg  force  and  quantity  of  work,  we  haye, 
Equation  (121), 

fu'^.dM:=i%J{Xdx  +  Ydy  4-  Zdz)  +  C. 

The  forces  acting  are  the  weights  of  the  elements  dM  and  the  verti- 
cal  pressures,  the  horizontal  pressures  destroying  one  another ;  whence, 
X  =  0,    r  =  0,  and 

fu^dM=z2fzdz+C=2i:Zz+C.     .     .     (447) 

The  force  which  aits   upon  an   element  above  the  plane  of  floata- 
tion is   its  own  weight,  and   the  force  which   acts   upon  any   element 
below    that  plane  is   the  difference   between  its  own  weight  and  that 
of  the  fluid  it  displaces ;  the  first  of  these  latter  will  be  /7 .  <^  -^,  and  tlie. . 
second,  g  ,D  ,dV,  in  which  c?  K  is  the  volume  of  dM\   whence, 

>  ^Zz=ifg.z.dM--fgD.z,dV.  •     •     (448) 

But,  drawing  from  the  centre  of  gravity  G,  of  the  body,  the  perpen- 
dicular G  E,  to  the  plane  of  floatation  A*  B*  C  D\  and  denoting  Q  E 
by  «^,  we  have 

J g .z ,d M  =.  g Mz^. 

The  mtegr&l  J  gD.z.d  F,  will  be  divided  into  two  parts,  viz:  one 
relating  to  the  volume  of  the  body  below  AB  CD,  or  the  volume 
immersed  in  a  state  of  rest,  and  the  other  that    comprised  betwa-^ 
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A  B  CD  and  the  plane  of  floatation  A'  B'  C  D\  when  the  body  is  in 
motion.  ^  Denote  hy  g  D  Vz\  the  value  of  the  first,  in  which  «' 
denotes  the  variable  distance  HF^  of  the  centre  of  gravity  H^  of 
the  volume  F,  from  the  plane  of  floatation  A'  B'  C*  D\     And  repro- 

t^iting  for  the  instant  by  A  tne  value  of  the  integral  J zdV^  com- 
prehended between  the  planes  ABCD  and  A' B'  C D'^  gDh  will 
be  the  second  part;  and  Equation  (447)  becomes 

fu^dM=z2g.Mz,  -2gDV2'  -  2gDh  +  C.  •  •  (449) 

The  line  O H^  being  perpendicular  to  the  plane  ABCD,  the  angle 
which  it  makes  with  the  line  O  E  \s  equal  to  ^,,  and  denoting  thp  dis- 
tance O  H  hj  a,  we  have 

z^  =  «'  db  a  cos  6  ; 

the  upper  sign  b^ing  taken  when  the  point  G  is  below  the  point 
ff^  and  the  lower  when  it  is  above.  This  value  reduces  Equation 
(449)   to 

Ju^dM  :=i  zhZgDVacosS-^ZgDh+C.   •   •   •  (450) 

Let  us  now  find  the  integral  h.  For  this  purpose,  conceive  the 
area  A  B  CD  to  be  divided  into  indefinitely  small  elements  denoted 
by  dXj  and  let  these  be  projected  upon  the  plane  of  floatation, 
A'.  B'  C  D\  The  projecting  surfaces  will  divide  the  volume  com- 
prised between  these  two  sections  into  an  indefinite  number  of 
vertical  elementary  prisms,  and  these  being  cut  by  a  series  of  hori- 
zontal planes  indefinitely  near  each  other,  will  give  a  series  of  ele- 
mentary volumes,  each  of  which  will  be  denoted  by  d  F,  and  we 
shall  have 

e/  F  =  dz.d\,  cosd; 

whence,  for  a  single  elementary  vertical   prism, 

J  gdV  z=  J zdz,d\,  cos 6  =  ^{z)^ .cos6  .dX; 
In  which  {z)  denotes  the  mean  altitude  of  the  prism,  and  consequently 

A  =  J  cosd.  /*(«)». rfX, 
most  be  eartended  to  embrace  the  eutke  «nbi»^  ABCI>« 
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The  value  of  (z)  is  composed  cf  two  parts,  viz.:  one  comprised 
between  the  parallel  sections  A*  B'  C  D*  and  AB"CD",  and  which 
has  been  denoted  by  ^ ;  the  other  comprised  between  the  base  d\ 
and  the  second  of  these  planes,  and  which  is  equal  to  / .  sin  ^,  de- 
noting by  /  the  distance  of  dX  from  the  intersection  AC;  whence, 

(2)   =  ^  +  I.  SIR  6, 

in  which  I  will  be  positive  or  negative  according  as  d\  happens  to 
be  below  or  above  the  plane  A  B"  CD''.  Substituting  this  in  the 
value  of  A,  and  recollecting  that  ^  and  6  are  constant  in  the  inte- 
gration, we  find 

h  z=z^^^.cos6.fd\+^sindco36fld\  +  lBin^6.coa6fpdK 

m 

Denote  by   b  the  area  of  A  BCD,  or  the  value  of  J  d\.    The 
line  A  C  passing  through  the  centre  of  gravity  of  A  B  C D,  we  have 
I ld\  =  0.     And  denoting  by   k^  the   principal  radius  of  gyration 
of  the  surface  6,  in  reference  to   the  axis  A  (7, 

'fpd\  =  bk^^, 

in  which  the  value  of  k,  is  dependent  upon  the  figure  and  extent 
of  the  surface  ABCD,  and  upon  the  position  of  the  line  AC. 
Whence, 

^  =  i  6 .  cos  4  (?2  +  A:/  sin2  6).      ....     (451) 

Taking 

sin  6  =z  6  —  ---  +  &c ;     cosd  =  1  —  -— -  +  &c. 

Neglecting  all  the  terms  of  the  third  and  higher  orders,  substitat- 
ing  in  the  value  of  A,  and  then  in  Equation  (450)  we  find,  after  trans* 
posing  and   including  the   term   ±2^2)  Fa,  in  the  constant  C7, 

fu\dM'+  ^i>[H'  +  (*  V  ±  Va)  ^2]=  C.  .  .  .(452) 

Now  the  value  of  the  constant   C  depends  upon  the  initial  values 
ofu,  6  and  ^;    but  these  by  Viypo\\ie^%  «t^  -^^kc^  «nall;  henoe  C, 
'St  mIbo  be  very-  snmlL    As  \m%  w  l\ife  w!««i&  \«hii  *  "Qii^  %iM 


ITECHANIGS    OP    FLUIDS.  303 

meml^er  is  positive,  /  u^dM  must  remain  very  small,  since  it  is  essen- 
tially positive  itself,  and  being  increased  by  a  positive  quantity, 
the  sum  is  very  small.  Hence  ^  and  ^  must  remain  very  small. 
But  when  the  second  term   is    negative,   which    can    only  be  when 

bk^^  ±  Fa,  is  negative  and  greater   than   ^~,   the  value   ofJu^dJi 

may  increase  indefinitely;  for,  being  diminished  by  a  quantity  that 
increases  as  fast  as  itself,  the  difference  may  be  constant  and  very 
small.  Hence,  ^  and  6  may  increase  more  and  more  afler  the 
body  is  abandoned  to  itself,   and  finally  it  may  overturn. 

The  stability  of  the  equilibrium  depends,  therefore,  upon  the  sign 
of  bk^'^  du.  Va;  the  equilibrium  is  always  stable  when  this  quantity  is 
positive;   it   is  unstable   when  it  is  negative  and  greater  than  6  £_ 

PdXy  must  always  be  positive,  since   all  its 

elements  are  positive;  the  value  of  db  Va  becomes  negative  when 
the  centre  of  gravity  of  the  body  is  above  that  of  the  displaced 
fluid,  in   which  case   the  stability  requires  that 


6V>  ^«i     or,  V>^- 


When   the  centre  of  gravity  of  the   body  is  below  that  of  the  dis- 
placed fluid,  the  sign   of    Va  is  positive. 

Whence  we  conclude  that  the  equilibrium  of  a  body  floating  at 
the  surface  of  a  heavy  fluid,  will  be  stable  as  long  as  the  centre 
of  gravity  of  the  body  is  below  that  of  the  displaced  fluid;  that 
it  will  also  be  stable  about  all  lines  A  C,  with  reference  to  whidi 
the  principal  radius  of  gyration  of  the  section  of  the  body  by  the 
plane  of  floatation  squared,  is  greater  than  the  volume  of  the  dis- 
placed fluid  multiplied  by  the  distance  between  the  centres  of 
gravity  of  the  displaced  fluid  and  that  of  the  body,  when  the  latter 
is  in  equilibrio,  divided  by  the  area  of  the  section  of  the  body 
by  the  plane  of  floatation.  When  this  condition  is  not  fulfilled,  the 
equilibrium  may  be  unstable.  A  ship  whose  centre  of  gravity  is 
Above  that  of  the  water  she  displaces,  may  overturn  about  her  longer^ 
Imt  not  about  her  shorter  axis. 

.Sjn2.^A  line  JfJT  Oiroogh  die  oentxe  of  grvi'W.^  Q  ot  «W5  VAl 
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and  which  is  vertical  when  the  body  is  in  equiUbrio,  is  called  a  line 

of  rest.    A  vertical  line  JT  M 

through  the  centre  of  gravity 

H'  of   the  displaced  fluid,   is 

called   a   line  of  svpport.     The 

point  M^  in  which  the  line  of 

support  cuts  the  line  of  rest, 

is  called   the  metacenire.    The 

body    will     be     in    equilibrio 

when  the  line  of  rest  and  of  ^      ; 

m 

support   coincide.      The    equi- 
librium  will  be  stable  if   the   metacentre   fall   above  the  centre  of 
gravity  ;   it  may  be  unstable  if  below. 

§273. — When  the  equilibrium  is  stable,  and  the  body  is  disturbed 
and  then  abandoned  to  the  action  of  its  own  weight  and  that  of 
the  fluid  pressure,  it  will,  in  its  efforts  to  regain  its  place  of  rest, 
oscillate  about  this  position,  and  fmally  come  to  rest. 

The  circumstances  of  those   oscillations  about  the  centre  of  gravity 
of  the  body  will   readily  result  from  Equations  (445). 


8PECIFI0    GBAvmr. 


§274. — ^The  specific  gravity  of  a  body,  is  the  weight  of  so  much 
of  the  body,  as  would  be  contained  under  a  unit   of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing  the  weight 
of  the  body  by  the  weight  of  an  equal  volume  of  some  other  sub- 
stance, assumed  as  a  standard ;  for  the  ratio  of  the  weights  of  equal 
volumes  of  two  bodies  being  always  the  same,  if  the  unit  of  volume 
of  each  be  taken,  and  one  of  the  bodies  become  the  standard,  its 
weight  will  become  the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  among  the 
particles  of  a  body.  Thus,  of  two  bodies,  that  will  have  the  greater 
density  which  contains,  under  an  equal  volume,  the  greater  number 

of  particlea.      The   force   of   gravity   acts,   within   moderate    limits,   V 

■f 

equally  upon  all  elements  of  mat\»T,    T^^  ^«^\gE&  ^l  ^  «fiwto&R 
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iSy  therefore,  directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the  ratio 
of  their  densities.  Denote  the  weight  of  the  first  by  W,  its  densi^ 
by  Dy  its  volume  by   K,  and  the  force  of  gravity  by  ^r,  then  will 

and  denoting  the  like  elements  of  the  other  body  by  TF^,  D^  and 
F^,  we  have 

Dividing  the  first  by  the  second, 

W  _   gPV   _    DV 

and  making  the  volumes   equal, 

W        1) 

wrk- ^"^^ 

Now  suppose  the  body  whose  weight  is  TF^  to  be  assumed  as  the 
standard  both  for  specific  gravity  and  density,  then  will  D^  be  uni^« 
and 

S  =  -^  =  D (454) 

in  which  iSi  denotes  the  specific  gravity  of  the  body  whose  density 
is  D ;  and  from  which  we  see,  that  when  specific  gravities  and 
densities  are  referred  to  the  same  substance  as  a  standard,  the 
numbers  which  express  the  one  will  also  express  the   other. 

§275. — Bodies  present  themselves  under  every  variety  of  condi- 
tion—gaseous, liquid,  and  solid ;  and  in  every  kind  of  shape  and  of 
all  sizes.  The  determination  of  their  specific  gravity,  in  every  in- 
stance,  depends  upon  our  ability  to  find  the  weight  of  an  equal 
volume  of  the  standard.  When  a  solid  is  immersed  in  a  fluid,  it 
loses  a  portion  of  its  weight  equal  to  that  of  the  displaced  fluid. 
The  volume  of  the  body  and  that  of  the  displaced  £uid  are  equal 
Hence  the  weight  of  the  body  in  vacuo,  divided  by  its  loss  o< 
weight  when  immersed,  will  give  the  ratio  of  \i!li^  Ni^\\gDX»  o^l  ^isn^^- 
^^hanaf  of  .the  body  and  fluid;  and  if  the  \aU«T  \»^  Xa^il^cl  «s^  ^"^ 

SO 
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standard,  knd  the  loss  of  \7eight  be  made  to  occupy  tlie  denomi* 
nator,  this  ratio  Becomes  the  ifieasure  of  the  specific  gravity  of  the 
body  immersed.  For  this  reason,  and  in  view  of  the  consideration 
that  it  may  be  obtained  pure  at  all  times  and  places,  water  is  . 
assumed  as  the  general  standard  of  specifio  gravities  and  densities 
for  all  bodies.  Sometimes  the  gases  and  vapors  are  referred  to 
atmospheric  air,  but  the  specifio  gravity  of  the  latter  being  known 
as  referred  to  water,  it  is  very  easy,  as  we  shall  presently  see,  to 
pass  from  the  numbers  which  relate  to  one  standard  to  those  that 
refer   to   the  other. 

§  276. — But  water,  like  all  other  substances,  changes  its  density  with 
its  temperature,  and,  in  consequence,  is  not  an  invariable  standard. 
It  is  hence  necessary  either  to  employ  it  at  a  constant  temperature, 
or  to  have  the  means  of  reducing  the  apparent  specific  gravities,  as 
determined  by  means  of  it  at  different  temperatures,  to  what  they 
would  have  been  if  the  water  had*  been  at  the  standard  temperature. 
The  former  is  generally  impracticable;    the  latter  is  easy. 

Let  D  denote  the  density  of  any  solid,  and  S  its  specifio  gravity, 
as  determined  at  a  standard  temperature  corresponding  to  which  the 
density  of  the  water  is  D^,    Then,  Equation  (453), 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body,  as  indi* 
cated  by  the  water  when  at  a  temperature  different  from  the  stan- 
dard, and  corresponding  to  which  it  has  a  density  D^,,  then  will 

A, 

Dividing  the  first  of  these  equations  by  the  second,  we  have 

S'  ~  J)/ 


whence, 


8=  S'-^i (46») 


A 


md  if  the  density  J), ,  be  taken  as  unity, 
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That  is  to  tay,  aU  tpeeijie  gravity  of  a  body  at  delermiiud  at  tJit 
tbmdard  Umperature  of  the  tealer,  it  equal  lo  iU  tpeeifie  gravib/  deitr- 
mined  at  any  other  temperature,  nutltiplUd  by  ike  denaity  of  Iht 
water  torre^tonding  lo  thie  Umperature,  ike  density  at  the  ttandard 
temperature   being  regarded  at  tinit'j. 

To  make  thw  rule  prdcticttble,  it  becomes  necessaly  to  find  thfl 
relative  deuaities  of  water  at  difTerent  temperatures.  For  thta  pur- 
pose,  take  any  metaJ,  say  silver,  that  easily  resists  the  chemical 
action  of  water,  and  whose  rat«  of  expansion  for  each  degree  of 
Fahr.  theriuonieter  is  accurately  known  from  experiment;  give  it 
the  form  of  a  slender  cylinder,  that  it  inay  readily  conform  to  the 
temperature  of  the  water  when  immersed.  Let  the  length  of  th« 
cylinder  at  tiie  temperature  of  32°  Fahr.  be  denoted  by  I,  and  the 
radius  of  its  baoe    by  m^;    its  volume  at   this  temperature  will  be, 

*  m*  i*  X  ^  =  «  «*  P- 

Let  n/  be  die  amount  of   expansion  in  lengtb  for  eadi  degree  of 

the   thermometer  above  32°.      Then,  fur  a  temperature  dezioted  bj 

I,  will   tJie  whole  expansion  in  length  be 

nl  ■>i.(t~  32"), 

and  die   entire  length  of  the  eylin-  \ 

der  will  become 

i+»  i  (i- 3a»)=/[l+«  ((- 32")]; 

which,  substituted  for  /  in  the  first 
expression,   wilt   give   the    volume 
for  the  temperature  t,  equal  to 
«'»a*P[l  +  a(i-32»)]*. 
TIm  cylinder    b  now   weighed    in 
vacuo  and   in  the  water,  at  differ- 
ent temperatures,  varying  from  32° 
mpwtxA,  through  any  desirable  range, 
My  to  one  hundred  degrees.     The 
tMrnpenture  at  eadi  process   being 
ited  abovc^  givea  the  volume 
iVlmd  BM;  ebs  weight  of   i3ut  dwpVaccA  ftaVi  ^»  tora«* 


»^-^ 
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from  the  loss  of  weight  of  the  cjlinde]^.  Dividing  thb  weight  bj 
the  volume,  gives  the  weight  of  the  unit  of  volume  of  the  water  at 
the  temperature  /.  It  was  found  by  Stampfer,  that  the  weight  of 
the  unit  of  volume  is  greatest  when  the  temperature  is  38^.75  Fab> 
renheit's  scale.  Taking  the  density  of  the  water  at  this  temperature 
as  unity,  and  dividing  the  weight  of  the  unit  of  volume  at  each  of 
the  other  temperatures  by  the  weight  of  the  unit  of  volume  at  thia^ 
38^.75,  Table  II  will  result. 

The  column  under  the  head  V,  will  enable  us  to  determine  how 
much  the  volume  of  any  mass  of  water,  at  a  temperature  ty  exceeds 
that  of  the  same  mass  at  its  maximum  density.  For  this  purpoee, 
we  have  but  to  multiply  the  volume  at  the  maximum  density  by 
the   tabular  number  corresponding  to  the  given  temperature. 


§277. — Before  proceeding  to  the  practical  methods  of  finding  the 
specific  gravity  of  bodies,  and  to  the  variations  in  the  processes 
rendered  necessary  by  the  peculiarities  of  the  different  substances, 
it  will  be  necessary  to  give  some  idea  of  the  best  instruments  em- 
ployed for  this  purpose.  These  are  the  Hydrostatic  Balance  and 
Nicholson^s  Hydrometer, 

The  first  is  similar  in  principle  and  form  to  the  oommon  balaneei 
It  is  provided  with  numerous 
weightsj  extending  through  a 
wide  range,  from  a  small, 
fraction  of  a  grain  to  several 
ounces.  Attached  to  the  un- 
der surface  of  one  of  the 
basins  is  a  small  hook,  from 
which  may  be  suspended 
any  body  by  means  of  % 
thin  platinum  wire,  horse- 
hair, or  any  other  delicate 
thread  that  will  neither  absorb 
nor  yield  to  the  chemical  ac- 
tion of  the  fluid  in  which  \%  may  be  desirable  to  immerse  It 

NichoUon^i  HydrmMier  eonaistt  of  a  hollow  metalio  hdl  A^  tlir 
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the  centre  of  which  passes  a  metallic  wire,  proloDged  in  both  di- 
rections beyond  the  surface,  and  supporting 
at  either  end  a  basin  B  and  B\  The 
concavities  of  these  basins  are  turned  in 
the  same  direction,  and  the  basin  B*  is 
made  so  heavy  that  when  the  instrument 
is  placed  in.  water  the  stem  CC"  shall  be 
vertical,  and  a  weight  of  500  grains  being 
placed  in  the  basin  B,  the  whole  instrument 
vill  sink  till  the  upper  surface  of  distilled 
water,  at  the  standard  temperature,  comes  to 
a  point  C  marked  on  the  upper  stem  near 

its  middle.    This  instrument  is   provided    with    weights    similar   to 
those  of  the  Hydrostatic  Balance. 

§278. — (1).  -5^  the  body  be  solid^  insoluble  in  watery  and  will  sink 
in  that  Jiuidy  attach  it,  by  means  of  a  hair,  to  the  hook  of  the 
basin  of  the  hydrostatic  balance ;  counterpoise  it  by  placing  weights 
in  the  opposite  scale ;  now  immerse  the  body  in  water,  and  restore 
the  equilibrium  by  placing  weights  in  the  basin  above  the  body, 
and  note  the  temperature  of  the  water.  Divide  the  weights  in  the 
basin  to  which  the  body  is  not  attached  by  those  in  the  basin  to 
which  it  is,  and  multiply  the  quotient  by  the  density  corresponding 
to  the  temperature  of  the  water,  as  given  by  the  table ;  the  result 
will  be  the  specific  gravity^ 

Thus  denote  the  specific  gravity  by  5,  the  density  of  the  water 
,by  D^^y  the  weight  in  the  first  case  by  W,  and  that  in  the  scale 
a)>ove  the  solid  by  tr,  then  will 

S=D„x  -• 
'        w 

(2).  If  the  body  be  insoluble^  but  will  not  sink  in  water,  as  would 
be  the  case  with  most  varieties  of  wood,  ^^-ax,  and  the  like,  attach 
to  It  some  body,  an  a  metal,  whose  weight  in  the  air  and  loss  of 
weight  in  the  water  kre  previously  found.  Then  proceed,  as  in  the 
CMS  before,  to  find  the  weights  which  will  counterpoise  th.<^  «ac^\fiw<- 
bi  «ir  and  restore  the  equilibrium  of  ^e  \M&»xi<^  ni\ia\i  V\.  Na^ 
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immenied  in  the  water.  From  the  weight  of  the  compoiind  in  air, 
subtract  that  of  the  denser  body  in  air;  from  the  loss  of  weight 
of  the  compound  in  water,  subtract  that  of  the  denser  body; 
divide  the  first  difference  by  the  second,  and  multiply  by  the  density 
of  the  water  answering  to  its  temperature,  and  the  result  will  be 
the  specific  gravity  sought. 

JSxample» 

A  piece  of  wax  and  copper  in  air  =  438     =:  W+  IP, 

lA)$t  on  immersion  in  water  -    -  =    95,8  :=:  w  +  w\ 

Copper  in  air =388     =  TP, 

Loss  of  copper  in  water     -    •    -  =    44,2  =  w\ 

Then 

IT  +  IT'  -  TT'  =  438  -  388  =  50,    =  W, 
w  +  w'  —  w'  =  95,8  —  44,2  =  51,6  =  tr. 

Temperature  of  water  43^,25, 

'  D„  =  0,999952, 

S  =  D,,  X  —  =  0,999952  x    r^^  =  0,968, 
'         w  51,6 

(3).  Jf  the  body  readily  dUsolve  in  watery  as  many  of  the  salts^ 
sugar,  &c.,  find  its  apparent  specific  gravity  in  some  liquid  in  which 
it  is  insoluble,  and  multiply  this  apparent  specific  gravity  by  the 
density  or  specific  gravity  of  the  liquid  referred  to  water  al  its 
maximum  density  as  a  standard ;  the  product  will  be  the  true  speoifie 
gravity.  * 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the  solid  is 
insoluble,  saturate  the  water  with  the  substance,  and  find  the  appa- 
rent specific  gravity  with  the  water  thus  saturated.  Multiply  thb 
apparent  specific  gravity  by  the  density  of  the  saturated  fluid,  and 
the  product  will  be  the  specific  gravity  referred  to  the  standard. 
This  is  a  common  method  of  finding  the  spedfic  gravity  of  guopow- 
der,  the  water  being  saturated  with  nitre. 

(4).  If  the  body  he  a  liquid,  «%\«e^  wya\^  «blid  that  wSd  radst  Hi 
ebemical  action,  m  •  maa&fe  -j^ft^^  ^  l6»?*  ^"P^W^N^.^^^ 
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plaiinom  wire;  weigh  it  in  air,  then  in  water,  and  finally  in  the 
liquid;  the  differences  between  the  first  weight  and  each  of  the. 
latter,  will  give  the  weights  of  equal  volumes  of  water  and  the 
liquid.  Divide  the  weight  of  the  liquid  hj  that  of  the  water,  and 
the  quotient  will  be  the  specific  gravity  of  the  liquid,  provided  the 
temperature  of  water  be  at  the  standard.  If  the  water  have  not 
the  standard  temperature,  multiply  this  apparent  specific  gravity  by 
the  tabular  density  of  the  water  corresponding  to  the  actual  tem- 
perature. 

Example, 
Loss  of  glass  in  water,  at  4P,  150     =  w\ 


a  n 


sulphuric  acid,  277,5  =  v, 


277  5 
S  =  ^TTTT-  X  0,090988  =  1,85. 

(5).  If  the  body  he  a  gas  or  vapor^  provide  a  large  glass  flask- 
shaped  vessel,  weigh  it  when  filled  with  the  gas ;  withdraw  the  gas, 
which  may  be  done  by  means  to  be  explained  presently,  fill  with 
water,  and  weigh  again;  finally,  withdraw  the  water  and  exclude  the 
air,  and  weigh  again.  This  last  weight  subtracted,  from  the  first, 
will  five  the  weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume  of  water ; 
divide  the  weight  of  the  gas  by  that  of  the  water,  and  multiply 
by  the  tabular  density  of  the  water  answering  to  the  aqtual  tem- 
perature of  the  latter;  the  result  will  be  the  specific  gravity  of 
the   gas. 

The  atmosphere  in  which  all  these  operations  must  be  performed, 
varies  at  ^i^^i^^^^  times,  even  during  the  same  day,  in  respect  to 
temperature,  the  weight  of  its  column  which  presses  upon  the  earth, 
and  the  quantity  of  moisture  or  aqueous  vapor  it  contains.  That  is 
to  say,  its  density  depends  upon  the  state  of  the  thermometer,  barom- 
eter, and  hygrometer.  On  all  these  accounts  corrections  must  be 
made,  before  the  specific  gravity  of  atmospheric  air,  or  that  of  any 
gas  exposed  to  its  pressure,  can  be  accurately  determined^  1[?\<^  ^^tc^ 
dplea  according  to  which  these  corrections  ate  tc\^^^  V^\^^  ^vtfs^v^^^ 
mbto  we  come  to  treat  of  the  properties  of  e\ast:\c  ^\uA^. 
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To  find  the  specific  gravltj  of  a  solid  by  means  of  Nicholaoii** 
Hydrometer^place  the  instrument  in  water,  and  add  weights  to  tlie 
upper  basin  until  it  sinks  to  the  mark  on  the  upper  stem;  remoTO 
the  weights  and  place  the  solid  in  the  upper  basin,  and  add  weigfati 
till  the  hydrometer  sinks  to  the  same  point;  the  difference  between 
the  first  weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  latter  in  air.  Take  the  body  from  the  upper  basin^ 
leaving  the  weights  behind,  and  place  it  in  the  lower  basin;  add 
weights  to  the  upper  basin  till  the  instrument  sinks  to  the  same  point 
as  before,  the  last  added  weights  will  be  the  weight  of  the  water 
displaced  by  the  body ;  divide  the  weight  in  air  by  the  weight  of 
the  displaced  water,  and  multiply  the  quotient  by  the  tabular  densTtj 
of  the  water  answering  to  its  actual  temperature ;  the  result  will  be 
the  specific  gravity  of  the  solid. 

w 

To  find  the  specific  gravity  of  a  fluid  by  this  instrument,  immerse 
it  in  water  as  before,  and  by  weights  in  the  upper  basin  sink  it  to 
the  mark  on  the  upper  stem ;  add  the  weights  in  the  basin  to  the 
weight  of  the  instrument,  the  sum  will  be  the  weight  of  the  dis- 
placed water.  Place  the  instrument  in  the  fluid  whose  specific  gravity 
is  to  be  found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
the  mark  as  before ;  add  these  weights  to  the  weight  of  the  instru- 
ment, the  sum  will  be  the  weight  of  an  equal  volume  of  the  'fluid ; 
divide  this  weight  by  the  weight  of  the 
water,  and  multiply  by  the  tabular  density 
corresponding  to  the  temperature  of  the 
water,  the  result  will  be  the  specific  gravity. 

§  279. — Besides  the  hydrometer  of  Nichol- 
son,  which  requires  the  use  of  weights,  there 
is  another  form  of  this  instrument  which  is 
employed  solely  in  the  determination  of  the 
specific  gravities  of  liquids,  and  its  indications 
are  given  by  means  of  a  scale  of  equal  parts. 
It  is  called  the  Scale-Areometer,  It  consists, 
generally,  of  a  glass  vial-shaped  vessel  A,  ter- 
minating at  one  end  in  a  long  slender  neck  (7, 
to  receive  the  ecale,  and  at  the    other  in  a 
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■mall  globe  By  filled  >vith  some  heavy  substance,  as  lead  or  mercury 
to  keep  it  upright  when  immersed  in  a  fluid.  The  application  and 
use  of  the  scale  depend  upon  this,  that  a  body  floating  on  the  sur&ce 
of  different  liquids,  will  sink  deeper  and  deeper,  in  proportion  as  the 
density  of  the  fluid  approaches  that  of  the  body  ;  for  when  the  body 
is  at  rest  its  weight  and  that  of  the  displaced  fluid  must  be  equal. 
Denoting  the  volume  of  the  instrument  by«  F,  that  of  the  dis- 
placed fluid  by  F',  the  density  of  the  instrument  by  i>,  and  that 
of  the   fluid   by  D'y  we  must  always   have 

in   which  g  denotes  the  force  of  gravity,  the  first  member  the  weight 
of  the  instrument,  and  the  second  that  of  the  displaced   fluid.     Divi- 
ding both  members  by  i)'  F,   and  omitting   the  common  factor  g 
we   have 

^  _   F 

In  which,  if  the  densities  be  equal,  the  volumes  must  be  equal ; 
if  the  density  D'  of  the  fluid  be  greater  than  2>,  or  that  of  the 
solid,  the  volume  F  of  the  solid  must  be  greater  than  F',  or  that 
of  the  displaced  fluid;  and  in  proportion  as  D'  increases  in  respect 
to  2>,  will  F'  diminish  in  respect  to  F;  that  is,  the  solid  will 
rise  higher  and  higher '  out  of  the  fluid  in  proportion  as  the  den- 
sity of  the  latter  is  increased,  and  the  reverse.  The  neck  C  of 
the  vessel  should  be  of  the  same  diameter  throughout.  To  estab- 
lish the  scale,  the  instrument  is  placed  in  distilled  water  at  the 
Htandard  temperature^  and  when  at  rest  the  place  of  the  sur&oe 
of  the  water  on  the  neck  is  marked  and  numbered  1 ;  the  instru* 
ment  is  then  placed  in  some  heavy  solution  of  salt,  whose  speciflo 
gravity  is  accurately  known  by  means  of  the  Hydrostatic  Balance, 
and  when  at  rest  the  place  on  the  neck  of  the  fluid  surface  is  again 
marked  and  characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another  point 
tDvards  the  opposite  extreme  of  the  scale,  which  may  be  oomi^letel 
hf  gndwilioD. 


[- 


'ik4t        ELEMENTS    OF    ANALTTICAL    MECHANICS. 

To  use  this  instrument,  it  will  be  sufficient  to  immerse  it  in   a 
fluid  and  take  the  number    on  the  scale  which  coincides  with    the 

surface. 

To  ^certain  the  circumstances  which  determine  the  sensibility 
'both  of  the  Scale-Areometer  and  Nicholson's  Hydrometer,  let  8  de- 
note the^  specific  gravity  of  the  fluid,  c  th^  volume  of  the  vial,  /  the 
length  of  the  immersed  portion  of  the  narrow  neck,  r  its  semi-diame- 
ter, and  w  the  total  weight  of  the  instrument  Then  will  *  r*,  denote 
the  area  of  a  section  of  the  neck,  and  *  r^  /,  the  volume  of  fluid  dis- 
placed by  the  immersed  part  of  the  neck.  The  weight,  therefore,  of 
the  whole  fluid  displaced  by  the  vial  and  neck  will  be 

sc  +  9*r^l; 

but  this  must  be  equal  to  the  weight  of  the  instrument,  whence, 

from  which  we  deduce, 

w 


s  = 


c  +  *f^l' 


W  —  8C 


Now,  immersing  the  instrument  in  a  second  fluid  whose  specific  gravi- 
ty is  s\  the  neck  will  sink  through  a  distance  l',  and  from  the  last 
equation  M'e  have 


subtracting  this  equation  fl:om  that  above  and  reducing,  we  And 


*r^\   8  8'   / 


The  difference  I  —  I'  is  the  distance  between  two  points  on  the  scale 
which  indicates  the  difierence  «'  —  «  of  specific  gravities,  and  this 
we  see  becomes  longer,  and  the  instrument  more  sensible,  therefore, 
in  proportion  as  ur  is  made  greater  and  r  less.  Whence  we  con- 
clude that  the  Areometer  is  the  more  valuable  in  proportkm  aa  the 
via]  portion  is  made  larger  and  the  neck  smaller. 
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if  the  speci(io  gravity  of  the  fluid  remain  the  same,  which  is  the 
case  with  Nicholson's  Hydrometer,  and  it  becomes  a  question  to 
know  the  effect  of  a  small  weight  added  to  the  instrument,  denote 
this  weight  by  w\  then  will  Equation  (457)  become 

W  +   V)'  —  9C 


V  = 


'gr^s 


subtracting  from  this  Equation  (457),  we  find 


/'-/=  «"' 


'g'T't 


From  which  w«  see  that  the  narrower  the  upper  stem  of  Nicholson's 
iastrument,  the  greater  its  sensibility. 

The  knowledge  of  the  specific  gravities  or  densities  of   different 
substances,  Table  III,   is  of  great  importance,  not  only  for  sciantific 
purposes,  but   also  for  its  application  to  many  of  the  useful   arts. 
This    knowledge  enables  us  to  solve   such  problems  as  the  follow 
ing,  viz.  :-^ 

1st.  The  weight  of  any  substance  may  be  calculated,  if  its  volume 
and  specific  gravity  be   known. 

2d.  The  volume  of  any  body  may  be  deduced  from  its  specific 
gravity  and  weight.    Thus  we  have  always 

W  =1  gD  F; 

in  which  g  is  the  force  of  gravity,  D  the  density,   V  the  volume, 
and  W  the  weight,  of  which  the  unit  of  measure  is  the  weight  of 
a  unit  of  volume  of  water  at  its  maximum  density. 
Making  2>  and  V  equal  to  unity,  this  equation  becomes 

W,  =  g', 

but  if  the  density  be  one,  the  substance  must  be  water  at  38^,75 
Fahr.  The  weight  of  a  cubic  foot  of  water  at  60^  is  62,5  lbs.,  and, 
therefore,  at  38^,75,  it  is 

62,5    .         '*••  ^ 
vhtnoe^  if  the  volume  be  expl|pssed  in  cubit  feet, 


t   Also, 
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in  which  W  is  expressed  in  pounds ;  and  if  the  unit  of  volume  be 
a  cubic  inch, 

TT  = -j^  i>  F  =  0,036201  i>  F,      .    .    .     (459) 

^=1^ (460) 

62,556 .  J) 

y.  =  1i^ (461) 

0,036201 .  D 

Example  1. — Required  the  weight  of  a  block  of  dry  fir,  containing 
60  cubic  inches.  The  specific  gravity  or  density  of  dry  fir  is  0,555, 
and   F  =  50 ;   substituting  these  values  in  Equation  (459), 

W  =  0,036201  X  0,555  X  50  =  1,00457. 

Example  2. — How  many  cubic  inches  are  there  in  a  12-pound 
cannon-balll  Here  TF  is  12  pounds,  the  mean  specific  gravity  of 
cast  iron  is  7,251,  which,  in  Equation  (461),  give 

12  ^ 

y    — tZ. 45  A 

'  ■"  0,036201  X  7,251    ""      ' 


ATMOBFHERIO   PBESSUBE. 

§280. — The  atmosplvere  encases,  as  it  were,  the  whole  earth.  It 
has  weight,  else'  the  repulsive  action  among  its  own  particles  would 
cause  it  to  expand  and  extend  itself  through  space.  The  weight  of 
the  upper  stratum  of  the  atmosphere  is  in  equilibrio  with  the  re- 
pulsive action  of  the  strata  below  it,  and  this  condition  determines 
the  exterior  limit. 

Since  the  atmosphere  has  weight,  it  must 
exert  a  pressure  upon  all  bodies  within  it. 
To  illustrate,  fill  with  mercury  a  glass  tube, 
about  32  or  33  inches  long,  and  closed  at 
one  end  by  an  iron  stop-cock.  Close  the 
open  end  by  pressing  the  finger  against  it, 
and  invert  the  tube  in  a  basin  of  mercury; 
remove  the  finger,  the  mercury  wUI  not  ^ 
tfitcapef  but  remain  apparently  «ai)i«iA«^  «S^ 
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the  level  of  the  ocean,  nearly  30   inches  aboTe   the   surface  cf  the 
mercury  in  the  basin. 

The  atmospheric  air  presses  on  the  mercury  with  a  force  sufficient 
to  maintain  the  quicksilver  in  the  tube  at  a  height  of  nearly  30 
inches ;  whence,  the  intensity  of  its  pressure  must  be  equal  to  the  weight 
of  a  column  of  mercury  whose*  hcLse  is  equal  to  that  of  the  surface 
pressed  and  whose  altitude  is  about  30  inches.  The  force  thus  exerted, 
is  called  the  atmospheric  pressure. 

The  absolute  amount  of  atmospheric  pressure  was  first  discoverea 
by  Torricelli,  and  the  tubes  employed  in  such  experiments  are  called, 
on  this  account,  Torricellian  tubes^  and  the  vacant  space  above  the 
mercury  in   the  tube,  is  called   the  Torricellian  vacuum. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea,  support- 
ing as  it  does  a  column  of  mercury  30  inches  high,  if  we  suppose 
the  bore  of  the  tube  to  have  a  cross-section  of  one  square  inch 
the  atmospheric  pressure  up  the  tube  will  be  exerted  upon  this 
extent  of  surface,  and  will  support  30  cubic  inches  of  mercury. 
£ach  cubic  inch  of  mercury  weighs  0,49  of  a  pound — say  half  a 
pound — from  which  it  is  apparent  that  the  surfaces  of  all  bodies,  at 
the  level  of  the  sea,  are  subjected  to  an  atmospheric  pressure  of  fifteen 
pounds  to  each  square  inch. 

BABOMETEB. 

§281. — ^The  atmosphere  being  a  heavy  and  elastic  fluid,  is  com- 
pressed by  its  own  weight.  Its  density  cannot  be  the  same  through- 
out, but  diminishes  as  we  approach  its  upper  limit  where  it  is  least, 
being  greatest  at  the  surface  of  the  earth.  If  a  vessel  filled  with 
air  be  closed  at  the  base  of  a  high  mountain  and  aflerwards  opened 
on  its  summit,  the  air  will  rush  out ;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  the  mountain,  the 
air  will  rush  in. 

The  evaporation  which  takes  place  from  large  bodies  of  water, 
the  activity  of  vegetable  and  animal  life,  as  well  as  vegetable  decom- 
podUona,  throw  considerable  quantities  of  aqueous  vapor,  carbonic 
aidi^  and  odier  foreign  ingredients  temporarily  itiU>  \!By^  ^^rccAsci^w^. 
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portiona  of  the  atmosphere.  These,  together  with  its  ever-raryii^ 
temperature,  keep  the  density  and  elastic  force  of  the  air  in  a 
state  of  almost  incessant  change.  These  changes  are  indicated  by 
the  Barometer,  an  instrument  employed  to  measure  tlie  intensity  of 
atmospheric  pressure,  and  frequently  called  a  weather-gla»i,  becaun 
of  certain  agreements  found  to  exist  between  its  indications  and  tlie 
state  of  the  weather.  . 

The  barometer  consists  of  a  glass  tube  about  thirty-four  or  thirty- 
five  inches  long,  open  at  one  end,  partly  filled  with  distilled  mer- 
cury, and  inverted  in  a  small  cistern  also  containing  mercury.  A 
scale  of  equal  parts  is  cut  upon  a  slip  of  metal,  and  placed  against 
the  tube  to  measure  the  height  of  the  mercurial  column,  the  zero 
being  on  a  level  with  the  surface  of  the  mercury  in  the  cistern. 
The  elastic  force  of  the  air  acUng  freely  upon  the  mercury  in  th« 
cistern,  its  pressure  is  transmitted  to  the  interior  of  the  tube,  and 
sustains  a  column  of  mercury  whose  weight  it  is  just  suffident  to 
counterbalance.  If  the  density  and  consequent  elastic 
force  of  the  air  be  increased,  the  column  of  mercury 
will  rise  till  it  attain  a  corresponding  increase  of 
weight;  if,  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fall  till  its  diminished 
weight  is  sufficient  to  restore  the    equilibrium. 

In  the  Common  Baromeler,  the  tube  and  its  cis- 
tern are  partly  inclosed  in  a  metallic  case,  upon 
which  the  scale  is  cut,  the  cistern,  in  this  case,  hav- 
ing a  ITcxible  bottom  of  leather,  against  which  a 
plate  a  at  the  end  of  a  screw  b  is  made  to  press, 
in  order  to  eIe^-ate  or  depress  the  mercury  in  the 
cistern  to  the  Ecro  of  the  scale. 

De  ^Lue's  Siphon  Barometer  consists  of  a  glass 
tube  bent  upward  so  as  to  form  two  unequal  par- 
allel legs :  the  longer  is  hermetically  sealed,  and 
constitutes  the  Torricellian  tube ;  the  shorter  is  open, 
and  on  the  surface  of  the  quicksilver  the  pressure 
of  the  atmosphero  is  exerted.  The  difier«nce  be- 
tweea  the  larda  tu  the  loogu  isd  Aon^  lega  ia  ^        «v<- 
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height.    The  most  convenient  and  practicable  way  of  measuring  this 
di^rence,  is  to   adjust    a    movable    scale    between 
the  two  legs,   so   that  its   zero    may   be    made    to 
coincide    with    the    level .  of    the    mercury    in    the 
shorter  leg. 

Different  contrivances  have  been  adopted  to  ren- 
der the  minute  variations  in  the  atmospheric  pres- 
sure, and  consequently  in  the  height  of  the  barome- 
ter, more  readily  perceptible  by  enlarging  the  di- 
visions on  the  scale,  all  of  which  devices  tend  to 
hinder  the  exact  measurement  of  the  length -of  the 
column.  Of  these  we  may  name  Morland's  Diago- 
nal, and  Hook's  Wheel-Barometer,  but  especially 
Huygen's  Double-Barometer. 

The    essential    properties  of   a  good    barometer 
are     width  of  tube;    purity  of  the  mercury;,  accu-  , 
rate  graduation  of  the  scale;  and  a  good  vernier. 

§282. — The  barometer  may  be  used  not  only  to  measure  the 
pressure  of  the  external  air,  but  also  to  determine  the  density  and 
elasticity  of  pent-up  gases  and  vapors.  When  thus  employed,  it  is 
called  the  barometer-gauge.  In  every  case  it  will 
only  be  necessary  to  establish  a  free  connection 
between  the  cistern  of  the  barometer  and  the  vessel 
containing  the  fluid  whose  elasticity  is  to  be  indi- 
cated ;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reducedf  to  a  standard  tempera- 
ture, and  multiplied  by  the  known  weight  of  a 
cubic  inch  of  mercury  at  that  temperature,  will 
give  the  pressure  in  pounds  on  each  square  inch. 
In  the  case  of  the  steam  in  the  boiler  of  an  en- 
gine, the  upper  end  of  the  tube  is  sometimes  lefl 
open.  The  cistern  ^  is  a  steam-tight  vessel,  partly 
filled  with  mercury,  a  is  a  tube  communicating 
with  the  boiler,  and  through  which  the  steam  flows 
wmdi  presses  upon  the  nArcury ;  the  barometer  tube 

««D#«f  at  Xij^  nmehoi#iiearly  to  the  \x>UoTa  ot  >i!b.^  n^kr^  A.. 


1 

z 

A. 


fl 
% 

4 


SO 


If 
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having  attached  to  it  a  scale  whose  zero  oomcides  with  the  level 
of  the  quicksilver.  On  the  right  is  marked  a  scale  of  inches,  aud 
on  the  led   a   scale  of  atmospheres. 

If  a  very  high  pressure  were  exerted,  one  of  several  atmospheres 
for    example,   an    apparatus    thus    constructed   would ' 
require  a   tube   of  great  length,   in   which   case   Ma- 
rtoUe^s  manometer  is  considered  preferable.     The  tube 
being  filled  with   air   and   the   upper   end   closed,   the 
surface   of  the   mercury  in   both   branches  will   stand 
at   the   same   level   as  long   as  no  ^team  is  admitted. 
The   steam   being  admitted  through  rf,  presses  on  the 
surface  of  the  mercury  a  and  forces  it  up  the  branch 
bcj   and   the   scale   from   6   to  c  marks   the   force   of 
compression   in    atmospheres.     The   greater   width   of 
tube   is   given   at   cr,   in   order  that  the  level   of  the 
mercury  at  this  point  may  not  be  materially  affected 
by  its   ascent  up   the   branch   be,  the  point  a  being  the  zero  of  the 
scale. 


§283. — Another  very  important  use  of  the  barometer,  is  to  find 
the  difference  of  level  between  two  places  on  the  earth's  surface,  as 
the  foot  and   top   of  a  hill   or   mountain. 

Since  the  altitude  of  the  barometer  depends  on  the  pressure  of 
the  atmosphere,  and  "as  this  force  depends  upon  the  height  of  the 
pressing  column,  a  shorter  column  will  exert  a  less  pressure  than  a 
longer  one.  The  quicksilver  in  the  barometer  falls  when  the  instru- 
ment  is  carried  from  the  foot  to  the  top  of  a  mountain,  and  rises 
again  when  restored  to  its  first  position :  if  taken  down  the  shaft 
of  a  mine,  the  barometric  column  rises  to  a  still  greater  height.  At 
the  foot  of  the  mountain  the  whole  column  of  the  atmosphere,  from 
its  utmost  limits,  presses  with  its  entire  weight  on  the  mercury; 
at  the  top  of  the  mountain  this  weight  is  diminished  by  that  of 
the  intervening  stratum  between  the  two  stations,  and  a  shorter 
column  of  merqu'ry  will  be  sustained  by  it. 

« 

It -is  well  ^nown  that  the  surface  of  the  earth  is  not  uniform, 
and  does  nol;  in  consequence.  susU^n  an  equal  atmoapherio  pTMSure 
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at  its  different  points;  whence  the  mean  altitude  of  the  barometrio 
column  will  yary  at  different  places.  This  furnishes  one  of  the 
best  and  most  expeditious  means  of  getting  a  profile  of  an  extended 
section  of  the  earth's  surface,  and  makes  the  barometer  an  instru- 
ment of  great  value  in  the  hands  of  the  traveller  in  search  of 
geographical  information. 

§284. — ^To  find  the  relation  which  subsists  between  the  altitudes 
of  two  barometrio  columns,  and  the  difference  of  level  of  the  points 
where  they  exbt,  resume  Equation  (427).  The  only  extraneous  force 
acting  being  that  of  gravity,  we  have,  taking  the  axis  z  vertical, 
and  counting  z  positive  upwards, 

X=  0;    F=  0;    Z=  — ^. 
and  hence, 

p  =  (7e"9" (462) 

Making  «  =  0,  and  denoting  the  corresponding  pressure  by  jp^,  we  find 

and  dividing  the  last   equation  by  this  one, 

P        -^ 

—  =e    p. 

Pi 
whence,  denoting  the  reciprocal  of  the  common  modulus  by  if, 

«  =  — -log^ (463) 

9     ^  p   .^mif^. 

Denote  by  h,  and  A,  the  barometric  heights  at  tnelower  and  upper 
stations,  respectively,  then  will 

?L^  hi. 
p  "   h' 

and  reducing  the  barometrio  column  h  to  what  it  woidd  have  been 
had  the  temperature  of  the  mercury  at  the  upper  not  differed  from 
that  at  the  lower  station,  by  Equation  (394),  we  have 

Pi  _  i 

P   ""  A  [1  +  (T  -  2*)  .0,0001001]'    ^ 

ia  wfaidi  T  deootea  the  temperatore  of  the  mercury  at  uMowct  «\4 
JT  tel  al  die  imer  Mtkon.  ^  "  . 
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MoreoYW,  Equation  (381), 

^  r=  / (1  - 0,002551  COS 2+) ; 
in  wiuch, 

g'  =  32,1808  =  force  of  gravity  at  the  latitude  of  45^ 


Substituting  the  value  of  —  •,   of  ^,  and  that  of  P,  as  given   by 


P 
Equation  (393),  in  Equation  (46^),  we  find 

MDJ,,^  l+('"320O,OO2O4  [A,     ___2____-l 

/^  ^U  ^i+(r-r)o,oooiooi  J* 


Z=z 


D,      1-O,002551cos24/^^U     i+(r-r)o,oooiooi 


In  this  it  will  be  remembered  that  /  denotes  the  temperature  of 
the  air;  but  this  may  not  be,  indeed  scarcely  ever  is,  the  same  at 
both  stations,  and  thence  arises  a  difficulty  in  applying  the  formula. 
But  if  we  represent,  for  a  moment,  the  entire  factor  of  the  second 
member,  into  which  the  factor  involving  /  is  multiplied,  by  JT,  then 
we  may  write 

«  =  [1  +  (/  —  32^)0,00204]  X. 

If  the  temperature  of  the  hvotr  station  be  denoted  by  /, ,  and  thia 
temperature  be  the  same  throughout  to  the  upper  station,  then  will 

«^  =  [1  +  {t^  -  32<>)  0,00204]  X. 

And  if  the  actual  temperature  of  the  upper  station  be  denoted  by  f , 
and  this  be  supposed  to  extend  to  the  lower  station,  then  would 

z'  =  [l  +  {t'  -  320)  0,00204]  X. 

Now  if  t^  be  greater  than  t\  which  is  usually  the  case,  then  will  the 
barometric  column,  or  A,  at  the  upper  station,  be  greater  than  would 
result  from  the  temperature  t\  since  the  air  being  more  expanded, 
a  portion  which  is  actually  below  would  pass  above  the  upper 
station  and  press  upon  the  mercury  in  the  cistern ;  and  because  ^fk 
enters  the  denominator,  of  the  value  X,  z^  would  be  too  amdk 
Again,  by  supposing  the  temperature  the  same  as  that  at  the  '- 

station  throughout,  then  would  the    air  be  more  oondenaed   a. 
lower  station,   a    portion  of   the    air  would  sink  below  ^  m^ 
station  thaU  before  yiraa  above  it,  and  would  oease  la  tflt  -vgffk 
mercurial  column  h^  which  would,  in  contei        pa,  m 
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mnd  this  would  make  z'  too  great    Taking  a  mean  between  z^  and 
z'  as  the  true  value,  we  fmd 

z  =  ^i-i-^  =  [1  +  4  (<,  +  Z'  -  64<>)  0,00204]  X 

Replacing  X  by  its  value, 

_MDJi,,  l+^(C+^~g4o)0,00204  Th^     1  "I 

'""     D,      '     1-0,002551  cos 2  >}.     ^  ^^LA  ^l+(r-!r)0,000100lj 

The  factor  *  ^^  i  we  have  seen,  is  constant,  and  it  only  re- 
mains to  determine  its  value.  For  this  purpose,  measure  with 
accuracy  the  difference  of  level  between  two  stations,  one  at  the 
base  and  the  other  on  the  summit  of  some  lofly  mountain,  by 
means  of  a  Theodolite,  or  levelling  instrument — this  will  give  the 
value  of  z ;  observe  the  barometric  column  at  both  stations — this 
will  give  h  and  h^ ;  take  also  the  temperature  of  the  mercury  at 
the  two  stations — this  will  give  T  and  jT  ;  and  by  a  detached 
thermometer  in  the  shade,  at  both  stations,  find  the  values  of 
Ij  and  t\  These,  and  the  latitude  of  the  place,  being  substituted  in 
the  formula,  every  thing  will  be  known  except  the  co-efficient  in 
question,  which  may,  therefore,  be  found  by  the  solution  of  a  simple 
equation.     In  diis  way,  it  is  found  that 

^^^^^    =  60345,51  English  feet; 

which  will  finally  give  for  z, 

^^«.^V,  l+i(^+t'-64*>)0,00204    .     Th,  1  1 

.=60845,51.     ^  ^1^0,002551  L24.    ^^"g|jr^l+(r-- 7^)0,0001001  J 

To  find  the  difference  of  level  between  any  two  stations,  the  lati- 
lode  of  the  locality  must  be  known ;  it  will  then  only  be  necessary 
to  note  the  barometric  columns,  the  temperature  of  the  mercury, 
^hIH  that  of  the  air  at  the  two  stations,  and  to  substitute  these 
dwerred  elements  in  this  formula. 

Mncih  labor  ia,  however,  saved  by  the  use  of  a  table  for  the 
itetion  of  these  results,  and  we  now  proceed  to  ex^ltisL  W«  '^ 
ftmsd  ||d  nsr>^ 


% 
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Make 

60345,51  [1  +  {t,  +  f  -64<>)  0,00102]  =  A, 


\ 


=^ 


1  -  0,002551  cos  2  + 

1 

1  +  (r  -  2^)  0,0001 


=  a 


Then  wiU 


z  =.  AB  •  log  ' 


A 
z  =  AB'  [log  C  +  log  h,  —  log  A] ; 

and  taking  the  logarithms  of  both  members, 

\ogz  =  log^  +  logJ?  +  log  pog  C  +  log  A,  —  log  A]  .  .  (464) 

Making  <,  +  r'  to  vary  from  40**  to  162^  which  will  be  sufficient 
for  all  practical  purposes,  the  logarithms  of  the  correspoi;iding  values 
of  A  are  entered  in  a  column,  under  the  head  A^  opposite  the 
values  if^  +  ^)  as  an  argument. 

Causing  the  latitude  -]*  to  vary  from  0**  to  90^,  the  logarithms 
of  the  corresponding  values  of  B  are  entered  in  a  column  headed 
jS,  opposite   the  values  of  4/. 

The  value  of  T  —  V  being  made,  in  like  manner,  to  vary 
from  —  30®  to  +  30®,  the  logarithms  of  the  corresponding  values 
of  C  are  entered  under  the  head  of  C,  and  opposite  the  values  of 
T  —  2".  Jn  this  way  a  table  is  easily  constructed.  Table  IV  was 
computed  by  Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Francis 
Baily,  which  is  very  nearly  the  same  as  that  just  described,  there 
being  but  a  trifling  difference   in   the  co-efficients. 

Taking  Equation  (464)  in  connection  with  Table  IV,  we  have  thb 
rule  for.  finding  the  altitude  of  one  station  above  another,  viz. : — 

Take  the  logarithm  of  the  barometric  reading  at  the  lower  etaiiam^ 
to  which  add  tlu  number  in  the  column  headed  C,  opposite  th§  ob- 
served value  of  T  —  T^  and  subtract  from  this  sum .  the  lo§arilhm 
of  the  barometric  reading  at  the  upper  station;  take  the  logearitikm 
of  this  difference^  to  which  add  the  numbers  in  the  coiumm 
A  and  By  eorrespondinp  to  the  obsemd  vhtee  ef  if  +  f  fPlf 
iik^  ium  will  he  the  bjrorifhm  o/  ikt  hetfk^'  ^  JBn 
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—At  the  mountain  of  Guanaxuato,  m  Meiico.  M 
I  Ixtldt  observed  at  the 

Vpf*  Sutinn,  L^iBef  Stalian- 

Detached   thennonteter,   ('  =  70= ,4 ;      (^  —  77* ,6. 
Attached  "  T'  =  70.4 ;       T  =  77,6. 

Barometrio  column,  A  =  23,60  ;     A,  =  30,0&. 


What  WM   the  difference  of  level  I 

t,  +  t'  =  148?  J   T  -  r  =  r-.s ; 

Ltititude  21' 

To  log    30.05  =  1,4778445 

^^L            Add  C  for  7°,2  =  9,9996814 

^^B                                           1,4775259 

^H          Sub.  log  28%  =  1,3740147 

^H           Log  of     .    •     •    0,1035112  = 

-  1,0149873 

^H           Add  A  for  148° .    -     -    •     = 

4,8193975 

^V          Add  ^  for  21°    ■    ■    ■    ■ 

0,0008089 

^H                 

3,8353537; 

I  tlie  mouDtain  is  0843,1  feet  high. 
It  will  be  remembered  that  the  final  Equation  (464)  waa  deduced 
I  on  the  supposition  that   the    air    Is    in    equilibrio — that   is  to  say, 
I  when  there  is  do  wind.     The  barometer  can,  therefore,  only  be  used 

■  for  levelling  purposes  in  calm  weather.  Moreover,  to  insure  aoca- 
^ntcy.  the  observations  at  tho  twa  stations  whose  difference  of  level 
I  is  to  lio  found,  should  be  mode  simulULneously,  else  the  temperaturA 
I  of  the  air  may  ehango  during  the  interval  between  them  ;    but  wilb 

I   single  instrument  this  is  impracticable,  and  we  proceed  thus,  via.: 

■  Tslie  the  barometric  column,  tho  reading  of  the  attached  and  detached 
mometers,  and    time  of  day   at    one  of   the    stations,  say  tho 

then    proceed    to    the    upper    station,    and    take    the    same 
Rtenta  there ;  and  at  an  equal  interval  of  time  uilcrward,  observe 
vlemtets    at    the    lower   Htation  again  *,    reduce   the   mercurial 
Gulumm  at   the   lower  station  to  the  sainu  temperature  by  Equation 
,  takn  a   mean  of  these  columns  and  a  mean   ul'  the  tempera- 
I   of    thd   air   at  this   station,  arid    ii-"    r\,. -.'    v...' 


i 


rapera-    ^M 


,  ^ 


826  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

net  of  obserrations  made   simultaneouBlj  urith  those  at   the  bigher 
station. 

Example, — ^The  fi>llowiDg  observations  iirere    made    to    determine 
tbe  height  of  a  hill  near  West  Point,  N.  Y. 

Upper  atoti'M.  iMttr  Statitm. 

(1)  Ci> 

Detached  thermometer,  t'  =  57® ;      t,  =  56**      and  61®. 
Attached  "  T  =  57,5 ;     T  =  56,5    and  63. 

Barometric  column,         h  =  28,94 ;  h,  =  29,62  and  29,69^ 

First,  to    reduce  29,63  inches  at    63®,   to  what    it  would    have 
been  at  56®,5.    For  this  purpose.  Equation   (3Q4)  gives 


h{l  +  T-  r  X  0,0001)  =  29,63  (1  -  6,5  x  0,0001)  =  29,611 

Then 

2962  4-29611  '"- 

*,  =      '      t  =  29,6155. 

I,  +  /'  =  58®,5  +  57®.  -  =  115®,5, 
T—  T  =  56®,5  -  57®,5-  =  -  1®. 

To  log  29,6155  =  1,4715191 
Add  C  for  -  1®  =  0,0000434 

1,4715625 
Sub.  log  of  28,94  =  1,4614985 

Log  of  -  -  -  -  0,0100640  =  -  2,0027706 
Add  A  for  115®,5  -  -  -  =  4,8048112 
Add  B  for  41®,4   -    -    -    -     =       0,0001465 

642,28 2,8077283; 

whence  the  height  of  the  hill  is  642,28  English  feet. 
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§  285 — Let  it  now  be  the  question  to  investigate  the  flow  of  a  heavy^ 
hoinon:cr>e<)Mi>  and  jnconipreM^ib^e  fluid  through  an  opening  in.  h^jt  f^art  of  a 
Yvifsci  tiii)  /<  contain'^  it*    Au«t  for  this  i^irpotei  resome  E^ 
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^mctlv  applicable  to  the  case.    The  only  incesBant  Torce  beiog  the  weight 
of  the  flaid,  take  the  uia  z  vertical  and  powtive  npwardB ;  then  will 

X=0;  r=0;  andZ  =  —  ?. 

Hie  lateral  or  horizontal  velocities  will  be  insignificant  in  comparison  witb 
the  Tertical,  and  ma;  be  disr^erded  or  neglected,  and  we  have,  Eq.  (405), 

which  will  rodace  the  general  Eq.  (407)  to 

and  integrating. 


-fd.-di^-idiw)*; 


0  =  ~'Dgs- 


D-f^-\D.v^+  C    ' 


(4fl«) 


Next,  find  tbe  function  9,  and  its  differential  co-efBcient  of  tiie  first 
Older  with  respect  to  t. 
Equations  (40fi)  give 

d^  T=  w  .dt, 
<f=fwdt (466) 

Let  ^  £  C  i>  be  a  veiticBl  section  of  the  ve«el,  and  take  the  following 
Dota^n,  vis. : 

•   =  the  variable  area  of  die  stratnm 

whose  velocit;  ia  w. 
«,  =  the  constant  area  of  any  deter^ 

minate  horiiontal  section  of  the 

vesiel,a8  CD. 
S  =  the  area  of  the  section  of  the 

vessel  by  the  upper  Borlace  of  the 

liqoid;  this  may  be  constant  or 

variable,  according  aa  the  upper 

wufte*  m  etationst;  or  maTabl& 
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ur^  =  velocity  of  the  Btratam  passing  the  section  s^  bX  C  i>,  at  tbe  time  /,    ' 
The  coDtinoitj  of  the  fluid  requires  that 


to  '  8  =1  w^  *  8f  ^ 


because  the  same  quantity  must  flow  through  eveiy  horizontal  fiecUon  in 
the  same  time :  whence 


'8  , 


which,  in  Eq.  (466),  gives 


9  = 


=  w, .  *;  •  /        — : 


the  integration  being  taken  with  respect  to  the  variable  z^  of  which  «  is  a 
function.     This  function  will  be  given  by  the  figure  of  the  vessel,  h  being 
the  height  of  the  upper  surface  of  the  fluid  above  the  opening. 
It  may  be  well  to  remark  here,  that 


f. 


•     dz 


«+A 


8 


will  be  constant  for  the  same  vessel  and  same  value  for  h ;,  and  if  the 
figure  of  the  vessel  be  that  of  revolution  about  a  vertical  axis,  it  will  only 
be  necessary  to  have  the  equation  of  this  vertical  section  to  find  the  value 
of  the  integral.     The  quantity  h  is  called  the  head  of  fluid. 

Differentiating  9  with  respect  to  /,  and  recollecting  that  the  velocity 
downward  is  negative,  we  find 


d  dp  


d  uf 


'd^A+ 


d  z 

h    8 


and  this,  with  the  value  of  ir,  in  Eq.  (465),  gives 


«.«    .*> 


P  = 


-/>,.>/>.... ^'/^'-i>^'-5-fC.. (407, 
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« 
To  find  the  value  of  C,  let  p  =:  P^,  whei\  2  =  «^,  which  corre* 

sponds  to  the  section  CD  of  the  liquid;  then  will 

which,  subtracted  from  the  equation  above,  gives 

«.  -^    ,  X    .    *v        dva,  r*dz       ^vi^Vn}       ,  T    ,,^«. 

y-P,  =  -2)i,(*-.,)+i)..,.-^^--2)^[^-lJ.(468) 

Also,  if  P'  denote  the  pressure  at  the  upper  surface  corresponding 
to  which  z  =:  z\  we  have 

Now  «'  —  z^  =  A  =  height  of  the  fluid  surface  above  the  section 
CD\  whence,  by  substitution  and  transposition. 

The  quantity  of  fluid  flowing  through  every  section  in  the  same 
time  being  equal,  we  also  have 

^  Sdh^B^.w^.dt: (471) 

By  means  of  this  equation,  /  may  be  eliminated  from  Equation 

(470) ;  then  knowing  the  quantity  of  the  liquid,  the  size  and  figure 

r^'dz       f^dz 
of  the  vessel,  we  will  know  A,  S  and  the  integral    /     —^  =z  J    — , 

in  which  «  is  a  function  of  z, 

§287.— The  value  of   --^  being  found  from  Equation  (470),  and 

substituted  in  Equation  (468),  this  latter  equation  will  give  the  value 
of  the  pressure  p  at  any  point  of  the  fluid  mass  as  soon  as  w^  be- 
comes  known.    . 

Two  cases  may  arise.  Either  the  vessel  may  be  kept  constantly 
full  while  the  liquid  is  flowing  out  at  the  bottom,  or  it  may  be 
suffered  to  empty  itself. 

'  §288.— To  discuss  the  case  in  which  the  vessel  is  always  full^  or 
tfM  flnid  retains  the  same  level  by  being  suppWodi  sX  V!bL<^  Xn^  «:^  ^»«^ 
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as  it  flows  out  at  the  bottom,  the  quantity  h  must  be  constant,  and 
Equation  (471)  will  not  be  used. 
And  making,  in  Equation  (470), 

A 


•  a 
C7  =  -^  -  1  ; 

and  solving  with  respect  to  dt^  we  have 

A*dw^ 


dt^ 


(472) 


Now,  three  cases  may  occur. 

1st.  5  may  be  less  than  9, ,  and  C  will  be  positive. 

2d.    S  may  be  equal  to  «^ ,  in  which  case  C  will  be  zero. 

8d.   S  may  be  greater  than  «^ ,  when  C  will  be  negative,  and  this 

is  usually  the  case  in  practice. 
In  the  first  case,  when  C  is  positive,  we  have,  by  integrating  Equa- 
tion (472),  and  supposing  <  =  0,  when  w^  =  0, 


t  = 


A 


^/BC 


tan 


V\/|; 


(473) 


whence, 


^'z  =V^-tan:^^./. (474) 


from  which  we  see  that  the  velocity  of  egress  increases  rapidly  with 
the  time;  it  becomes  infinite  when 


A  2 


or 


<  = 


When  C7  =  0,  then  will  the  integration  of  Equation  (472)  give 


(476) 


,  =  i 


•'^i*        • 


•  •  •  • 


•  4 


(47«^ 
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or  replacing  A  and  £  by  their  values,  and  finding  the  value  of  w, , 


(»^^^) 


».  = :a^r '; (*77) 


whence,  the  velocity  varies  directly  as  the  time,  as  it  should,  since 
the  whole  fluid  mass  would  fall  like  a  solid  body  under  the  action 
of  its  own  weight 

When  O  is  negative,  the  integration  gives 


whence, 


2yrBC  ^'"w,^fC 


-*  1 

t  —  1 

Vi,  =  == 

t    "^       +1 


(478) 


in  which  t  is  the  base  of  the  Naperian  system  of  logarithms  =  2,718282. 
If  the  section   S  exceeds  b^  considerably,  the  exponent  of  e  will 
soon  become  very  great,  and  unity  may  be  neglected  in  comparison 
with  the  corresponding  power  of  e ;  whence, 

fB  AK^+^^^) 

that  is  to  say,  the  velocity  will  soon  become  constant. 

If  the  pressure  at  the  upper  surface  be  equal  to  that  at  the  place 
of  egress,  which  would  be  sensibly  the  case  in  the  atmosphere, 
P'  -  P,  =  0,  and 


'-   IHEL 


*~     '  -  (480) 


and  \t  the  opening  below  become  a  mere  orifice,  the  fraction 


»» 


-^  =:  0: 
•,s.V571i V.«S^ 
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that  is  to  saj,  the  velocity  with  which  a  heavy  liquid  will  issue 
from  a  small  orifice  in  the  bottom  of  a  vessel,  when  subjected  to 
the  pressure  of  the  superincumbent  mass,  is  equal  to  that  acquired 
by  a  heavy  body  in  fitlling  through  a  height  equal  to  the  depth  of 
the  orifice  below  the  upper  surface  of  the  liquid.  Th^  velodtiet 
given  by  Equations  (479),  (480),  (481),  are  independent  of  the 
figure  of  the  vessel. 

If  the  velocity  w^  be  multiplied  by  the  area  8^  of  the  orifice,  the 
product  will  be  the  volume  of  fluid  discharged  in  a  unit  of  time. 
This  is  called  the  expenset  The  expense  multiplied  by  the  time  of 
flow  will  give  the  whole   volume  discharged. 

§289. — The  velocity  w^  being  constant  in  the  case  referred  to  in 
Equation  (479),  we  shall  have 

dw. 
and  Equation  (468)  becomes 

or,  substituting  the  value  of  w^ ,  given  by  Equation  (470), 


p  =  P,  -  Dg  (z  -  z,)  +  {J)gh  +  P'  -  £,).- ;    .     . 

4:-  1 


(482) 

_  1 

S"' 


whence,  it  appears,  that  when  the  flow  has  become  uniform,  the  pres- 
sure  upon  any  stratum  is  wholly  independent  of  the  figure  of  the 
vessel,  and  depends  only  upon  the  area  s  of  the  stratum,  its  distance 

from  the  upper  surface  of  the  fluid,  and  upon  the  ratio  •—. 

g  290. — If  the  vessel  be  not  replenished,  but  be  allowed  to  empty 
itself,  h  will    be  variable,  as  will  also  S  except  in  the  particular 
atses  of  the  prism  and  cylinder. 
MakiDf^ 
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in  whlidi  H  denotes  the  height  due  to  the  velocity  of  discharge :  we 
have 


dfo,  ss 


'        y/2fEr' 


(484) 


d.  Equation  (471), 


dt=  - 


S-dk 


(486) 


and  by  integnition, 


1  pS'dh  ,,^^^ 


r,  V27    "^    V^ 


To  effect  the  integration,  S  and  JI  must  be  found  in  terms  of  A. 
The  relation  between  S  and  h  will  be  given  by  the  figure  of  the 
vessel.  Then  to  find  the  relation  between  JI  and  A,  eliminate  w^^ 
d  Wj ,  and  d  t  from  Equation  (470),  by  the  values  above,  and  we  have 


or,  dividing  by 


..( 


P'  —  P, 

^9 


■■■yr  T 


dh  +  dR 


•O-S) 


R  <;A=0-(487) 


and  making 


,sr 


R  =  - 


•O-i') 


C  = 


Ma]tf.plyiDg  by« 


CrfA  +  dff+  RHdh  =  a 

/jlilA 


•      •      • 


(488) 


^4.tf.#       +dS'$        \-a,%         xRAK^^N 
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or 


and  integrating 


whcncey 


dh'  Q»e         +  d  fffe        )  =  0; 


//Rdh  fRdk 

dh'  Q  -e        +  He         =  C7;  .    . 


(489) 


(490) 


The  constant  must  result  from  the  condition,  that  when  J?  =  0, 
K  must  be  A^,  the  initial  height  of  the  fluid  in  the  vessel. 

Thus  H  becomes  liuown  in  terms  of  h^  and  its  value  substituted 
in  Equation  (486)  will  make  known  the  time  required  for  the  fluid 
to  reach  any  altitude  A.  The  constant  in  Equation  (486)  must  be 
determined,  so  that  when  /  =  0,  h  z=.  h^. 

§  291. — The  Equation  (400)  gives  a  direct  relation  between  S^  A,  and 
H\  tlie  figure  and  dimensions  of  the  vessel  give  another  between  iS  and 
//.  From  these,  two  of  the  three  variables  may  be  eliminated  from  the 
Ecji.iition  (480)  and  the  integration  perfornicd.  Take,  for  cxa)n[)le,  the 
csiso  of*  a  right  cylinder  or  prism,  liore  ^*  vvill  be  •joiistant,  and  equal 
to  >. 

'*     <l  z       h 


y'*      (I  z        h 


Moreover,   let    ns   suppose    P'  —  P^z=:  0,  which    would    be    sensibly 
true  were  the  fluid   to   flow  into   the   atmosphere    that   surroimds    the 

vessel.    Also,  for  the  sake  of  abbreviation,  make  —  =  iE^,  then  will 


^=:   - 


it2  _    I  X   _  p 


C  =  *»; 


a&d 


JlUk  =  (1  -  h^)/^  =  (1  -ifc«)log4 
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and  Eq.  (490)  becomes 
Multiplying  the  last  term  >)y 


2  -  F  '  A' 


we  may  write 

-<l-*»)log  * 


iJ=« 


v'-^-f'^^ 


(l-»*)  lOf  h 


>] 


-(i-jk«)iogr  h 


=  e 


when  //  =  0,  then  will  /*  =  A/  and 


jfi  (l-*»)  lor  k, 

which  substituted  above,  gives,  after  reduction, 


^""2 -it*  La 


A,     0-»')iogj- 


but, 


(i-*«)iogi-      /AA^-**; 


=(^) 


and  therefore, 


A\»*-' 


which   substituted  in  Equation  (486),  gives 


-2      /.  rfA 


/ 


(492) 


(498) 


in  which  the  only  variable  is  h. 

§292. — The  particular  case  in  which  il:^  =  2,  gives  to  this  value 
for  i  the  form  of  indetermination.  When  this  occurs,  we  must  have 
reoourse  to  the  form  assumed  by  Equation  (488),  which,  under  tUa 
•opposition,  becomes 
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—a 


multipljing  hy  h    , 


^    dh    ,    -  JET       ^ 
2  • V-  d  —  =  0. 

and  because  JET  =  0  when  h  zzz  h^^ 

2  log  A,  =  C7; 
whence, 

ir=2A.log-^ 

and  this,  in  Equation  (486),  gives 


=  <^ 


/ 


=^-v=/ 


dh 


\/2A-log-J« 


Making  -r^  =  — r»  this  becomes,  between  the  limits  a?  =  0.  «  =  1 


§293. — If  the  orifice  be  very  small  in  comparison  with  a  cross 
section  of  the  prismatic  or  cylindrical  vessel,  then  will  iJ  r=  A,  and 
Equation  (486)  gives 

2^ 


Making  <  =  0  when  A  ==  A^ ,  we  have 

2S 


-/A. 


t=i 


(yT,  -  /A), 


(494) 


and  for  the  time  required  for  the  vessel  to  empty  itself  A  s=  0,  and 


(405) 
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■ 

Now,  with  the  same  relation  of  the  orifice  to  the  cross  section 
of  the  cylindrical  vessel,  we  have,  Equation  (481), 

and  for  the    volume   of    fluid  discharged  in  the    time  t,  when  the 
vessel  is  kept  full,  ^ 

and   if  this  be   equal   to  the  contents   of  the  vessel. 


whence, 


That  is,  Equation  (495),  the  time  required  for  a  prismatic  or  cylin- 
drical vessel  to  discharge  itself  through  a  small  orifice  at  the 
bottom  is  double  that  required  to  discharge  an  equal  volume,  if 
the  vessel  were  kept  full. 

§294. — The    orifice    being    still    small,    we    obtain,    from    Equa> 
tion  (485), 

whence  it  appears  that,  for  a  cylindrical  or  prismatic  vessel,  the 
motion  of  the  upper  surface  of  the  fluid  is  uniformly  retarded.  It 
will  be  easy  to  cause  iS»  so  to  vary,  in  other  words,  to  give  the 
vessel  such  figure  as  to  cause  the  motion  of  the  upper  surface  to 
follow  any  law.  If,  for  example,  it  were  required  to  give  such  figure 
as  to  cause  the  motion  of  the  upper  surface  to  be  uniform,  then 
would  the  first  member  of  the  above  equation  be  constant ;  and^ 
denoting  the  rate  of  motion  by  a,  we   should   have 


whence, 

««        B?.2gh 
S^  —  -i i —  . 

a*        ' 
bot  sopposing  the  horizontal  sections  circular, 
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and,  therefore, 


-V^v^' 


whence  the  radii  of  the  sections  must  vary  as  the  fourth  loot  of 
their  distances  from  the  bottom.  These  considerations  apply  to  tho 
construction  of  Clepsydras  or  Water  Clocks, 

MOTION  OF  ELASTIC  FLUIDe  IN  VESSELS. 


§295. — As  in  the  case  of  incompressible,  so  also  in  that  of 
elastic  fluids,  it  is  assumed  that  in  their  movement  through  vessels, 
they  arrange  themselves  into  parallel  strata  at  right  angles  to  the 
direction  of  the  motion.  The  quantity  of  matter  in  each  stratum 
is  supposed  to  remain  the  same,  while  its  density,  which  is  always 
uniform  throughout,  may  vary  from  one  position  of  the  stratum  to 
another;   hence,  the  volume  of  each  stratum  may  vary. 

All  lateral  velocity  among  the  particles  will  be  supposed  zero ; 
and  as  the  weight  of  the  elements  of  elastic  fluids  is  insignificant 
in  coipparison  to  their  elasticity,  the  former  will  be  disregarded. 
The  motion  will,  therefore,  be  due  only  to  the  elastic  force  arising 
from  some  force  of  compression ;  and  as  the  fluid  will  be  supposed 
to  communicate  freely  with  the  air,  or  with  a  vessel  partly  filled 
with  some  other  elastic  fluid,  this  force  within  may  be  greater  or  less 
than  it  is  on  the  exterior  of  the  vessel. 

§296. — Assuming   the    axis    of  the  vessel    horizontal,    take    that 
line  as  the  axis  of  x. 
Then,  by  the  supposi- 
tion above,  will 


X 
T 
Z 

V 


=  0^ 
=  0; 
=  0; 
=  0; 
=  0; 


HBOHANICS    OF    FLUIDS.  339 

nd  Equattons  (400)  give 

1       dp  /^^\        ^* 


J)      dx 


=-(w)-ij- <"•> 


Moreover,  if  we  suppose  the  motion  to  have  been  establbhed 
and  become  permanent,  the  velocity  of  a  stratum  as  it  passes  any 
particular  cross  section  of  the  vessel  will  always  be  constant,  and 
the  quantity  of  fluid  which  flows  through  every  cross  section  will 
be  the  same.  Hence  the  partial  differential  of  u  In  regard  to  the 
tinie,  that  is,  supposing  ^,  jr,  i?,  to  be  constant,  must  be  zero^  and 
lae  above  equation  reduces  to 

dp  =  —  D,H,du, 
From  Mariotte's  law,  Equation  (389), 

p=zF.J), 
and  by  division. 


and  by  integration, 


dp J^ 

p  F 


logp=C-^.u\   ......    (497) 


To  determine  the  constant,  let  p^  be  the  pressure  at  the  openmg 
CD,  that  is,  the  pressure  of  the  atmosphere,  and  denote  by  u^  the 
velocity  of  the  fluid  at  this  point,  then  will 


ftod  by  subtraction. 


^P4  =  ^"'2?'^'*' 


log|-  =  ^.(«>-u^)- (498) 


Denote  by  8  the  area  of  any  section  of  the  vessel  A'  B*,  at  which 
the  pressure  is  p  and  velocity  v,  by  D  the  density  of  the  fluid  at 
this  section,  and  by  D^  dut  at  die  section  CD  equal  to  b^.  Then, 
siiioe  the  quantities  of  fluid  flowing  through  these  sections  in  a  unit 
of  time  must  be  equal,  we  have 
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but,  §244, 


whence 


or 


!»•»•«•  =P,»,^., 


_  _.  P,  0, «, 


wbich,  in  Equation  (498),  gives 

If  j[>'  denote  the  pressure  exerted  by  the  piston  A  £j  and  S  de- 
note its  area,  we  have 


-'irU^-im-- 


(5U0) 


whence. 


»/  = 


2P.log  ^ 


(501) 


This   is    the  velocity  with  which   the   fluid   will    issue    into    the 
atmosphere  or  other  fluid  whose  pressure  on  the  unit  of  surfaoe^  is  p, . 

§297. — ^The  volume  discharged  in  a  imit  of  time  is 


«/  «/  =  '/ 


2  P  .  log  ^ 

Kp'-s/ 

while  under  the  pressure  p^;    and  under  a  pressure  equal  to   thai 
on   the   unit  of  surface  of  the  piston, 
or  top  of  a  gasometer,  and  which  would 
be  indicated  by  a  gauge,  since  the  vol- 
umes are  inversely  as  the  pressures. 


n,9, 


•     • 


(603) 
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S  296.— Dividing  Equation  (499)  by  Equation  (500),  we  have 

log  £       1  _  (PjJiY 

_^  =  _V£J_!Z_  ;  .    ....    (503) 

which  will  give  the  pressure  p  at  any  section  of  the  vesseL 

g  290. — If  the  opening  CD  is  very  small  in  reference  to  ^  J9,  the 
irelocity  tt^  will  become,  Equation  (501), 

u.=J2P^log^; (Sai) 

^  Pi 

And    the  volume  of  fluid  discharged  in  a  unit  of  time  and  of  a  den- 
sity equal  to  that  pressing,  upon  the  gauge, 

Il.s,.J2F.log^; (505) 

^  P  ^  Pj 

and  Equation  (503)  becomes 

log  — 

I      P'  \P*J  ' 

Pi 

§300. — A  stream  flowing  through  an  orifice  is  called  a  vein.  In 
estimating  the  quantity  of  fluid  discharged,  it  is  supposed  that  there 
are  neither  within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  fk)w;  that  the  fluid  has  no  viscosity,  and  does 
not  adhere  to  the  sides  of  the  vessel  and  orifice ;  that  the  particles 
of  the  fluid  reach  the  upper  surface  with  a  common  velocity,  and  also 
leave  the  orifice  with  equal  and  parallel  velocities.  None  of  these 
oonditions  are  fulfilled  in  practice,  and  the  theoretical  discharge  must, 
therefore,  differ  from  the  actual.  Experience  teaches  that  the  former 
aiways  exceeds  the  latter.  If  we  take  water,  for  example,  which  is 
(br.  the  most  important  of  the  liquids  in  a  practical  point  of  view, 
we  shall  find  It  to  a  certain  degree  viseous,  and  always  exhibiting  a 
tendmey  to  adhere  to  ununetuous  surfoces  with  which  it  may  be 
bciHqPit  ksL  eoBtaet     Wbm  wmter  &owa  thirougjbL  m  ^v^vckii,^  ^^ 
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adhesion  of  its  particles  to  the  surface  will  check  their  motion,  and 
the  viscosity  of  the  fluid  will  transmit  this  efiect  towards  tlie  interior 
of  the  vein;  the  Telocity  will,  therefore,  be  greatest  a 2  the  axis  of 
the  latter,  and  least  on  and  near  its  surface;  the  inner  particles  thus 
flowing  away  from  those  without,  the  vein  will  increase  in  length  and 
diminish  in  thickness,  till,  at  a  certain  distance  from  the  orifice,  the 
velocity  becomes  the  same  throughout  the  same  cross-section,  whidi 
usually  takes  place  at  a  short  distance  from  the  aperture,  lliis 
effect  will  be  increased  by  the  crowding  of  the  particles,  arising  from 
the  convergence  of  the  paths  along  which  they  approach  the  aper- 
ture, every  particle,  which  enters  near  the  edge,  tending  to  pass 
obliquely  across  to  the  opposite  side.  This  diminution  of  the  fluid 
vein  is  called  the  veinal  contraction.  The  quantity  of  fluid  discharged 
must  depend  upon  the  degree  of  'veinal  contraction,  and  the  velocity 
of  the  particles  at  the  section  of  greatest  diminution ;  and  any  cause 
that  will  diminish  the  viscosity  and  cohesion,  and  draw  the  particles 
in  the  direction  of  the  axis  of  the  vein  as  Hhey  enter  tite  aperture, 
will  increase  the  discharge. 

Experience  shows  that  the  greatest  contraction  takes  place  at  a 
distance  from  the  vessel  varying  from  a  half  to  once  the  greatest 
dimension  of  the  aperture,  and  that  the  amount  of  contraction  de> 
pends  somewhat  upon  the  shape  of  the  vessel  about  the  orifice 
and  the  head  of  fluid.  It  is  further  found  by  experiment,  that  if  a 
tube  of  the  same  shape  and  size  as  the  vein,  from  the  side  of  the 
vessel  to  the  place  of  greatest  contraction,  be  inserted  into  the 
aperture,  the  actual  discharge  of  fluid  may  be  accurately  computed 
by  Equation  (478),  provided  the  smaller  base  of  the  tube  be  sub- 
stituted for  the  area  of  the  aperture ;  and  that,  generally,  without 
the  use  of  the  tube,  the  actual  may  be  deduced  from  the  theoretical 
discharge,  as  given  by  that  equation,  by  simply  multiplying  the 
theoretical  discharge  into  a  co-efficient  whose  numerical  value  depends 

^  upon  the  size  of  the  aperture  and  head  of  the  fluid.  Moreover, 
all  other  circumstances  being  the  same,  it  is  ascertained  that  this 
GO-efficient  remains  constant,  whether  the  aperture  be  dreular,  square, 
or  ohiongy  which  embrace  all  cases  oi  praetioe^  provided   diat   ta 

campAting  rectangular  witb  dnni^  ^ff&ew^  n^  ^Mai|«V!t  A4»  nil 
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dimens-ou  of  the  former  with  the  diameter  of  the  latter.     The  value 

of  this   coefficient  depends,  therefore,  vhen   other  circumst&ncea   are 

the  same,    upon   the    smallest  dimension   of    the   rectangular   orifice, 

■nd   upon  the  diameter  of  the  drde,  in  the  case  of  circular  orifices. 

But  diould  other  circumstances,  such  as  the  head  of  fluid,  and  the 

place  of  the  orifice,  in  respect  to  the  sides 

and  bottom  of  the   vessel,  vary,  then  will 

the   co-efficient  also  vary.      When   the   flow 

takes   place   through  thin  plates,  or  through 

orifices  whose  lips  are  bevelled  externally, 

the  co-efficient  corresponding  to  given  heads 

and    orifices,   may   be    found    la    Table    V, 

provided   the    orifices    be   remote  from   the 

lateral  faces  of  the  vessel.     This  table  is 

deduced  from    the    experiments  of  Captain 

Lesbros,  of  the  French  engincerR,  and  agrees 

with  the  previous  experiments  of  Bossut,  Michelotti,  and  others. 

As  the  orifice  approaches  one  of  the 
lateral  faces  of  liie  reservoir,  the  contrac< 
tion  on  that  side  becomes  less  and  less, 
and  will  ultimat«ly  become  nothing,  and  the 
co-efficient  will  be  greater  than  those  of  the 
table.  If  the  orifice  be  near  two  of  these 
faces,  the  contraction  becomes  nothing  on 
two  sides,  and  the  co-efficient  wilt  be  still 
greater. 

Under  these  circumstances,  we  have  the 
following  rules: — Denote  by  C  the  tabular, 
and  by  6"  the  true  co-cfKcient  corresponding 
to  a  given  aperture  and  head;  then,  if  the 
contraction  be   nothing  on  one  side,  will 

C  =  1,03  C; 
If  nothing  on   two  sides,-  . 

C  =  1,06  C; 
If  nothing  <m   (bn^  sides, 

*^  _  t  io  /^, 


344         ELEMENTS    OF    ANALYTICAL    MECHANICS. 

iind  it  must  be  borae  in  mind,  that  these  results  and  those  of  the 
table  are  applicable  onlj  when  the  fluid  issues  through  holes  in 
thin  plates,  or  through  apertures  so  bevelled  externally  that  the 
particles  may  not  be  drawn  aside  by  molecular  action  along  their 
tuburar  contour. 

§301. — When  the  discharge  is  through  thick  plates  without  bevel, 
or  tlirough  cylindrical  tubes  whose  lengths  are  from  two  to  three 
times  the  smaller  dimension  of  the  orifice,  the  expense  is  increased, 
the  mean  coefficient,  in  such  cases,  augmenting,  according  to  experi- 
ment, to  abQut  0,815  for  orifices  of  which  the  smaller  dimension 
varies  from  0,33  to  0,66  of  a  foot,  under  heads  which  give  a  coeffi- 
cient 0,619  in  the  case  of  thin  plates.  The  cause  of  this  increase  is 
obvious.  It  is  within  the  observation  of  every  one,  that  water  will 
wet  most  surfaces  not  highly  polished  or  covered  with  an  unctuous 
coating — in  other  words,  that  there  exists  between  the  particles  of 
the  fluid  and  those  of  solids  an  aflinity  which  will  cause  the  former 
to  spread  themselves  over  the  latter  and  adhere  with  considerable 
pertinacity.  This  affinity  becoming  effective  between  the  inner  sur- 
face of  the  tube  and  those  particles  of  the  fluid  which  enter  the 
orifice  near  its  edge,  the  latter  will  not  only  be  drawn  aside  from 
their  converging  directions,  but  will  take  with  them,  by  the  foroe  of 
viscosity,  the  other  particles,  with  which  they  are  in  sensible  contact. 
The  fluid  filaments  leading  through  the  tube  will,  therefore,  be  more 
nearly  parallel  than  in  the  case  of  orifices  through  thin  plates,  the  con- 
traction of  the  vein  will  be  less,  and  the  disdiarge  consequently 
l^ater. 


PART   III. 


MECHANICS  OF  MOLECULES. 


§  302. — ^The  more  general  circumstances  attending  the  action  of 
forces  upon  bodies  of  sensible  magnitudes  have  been  discussed.  They 
constitute  the  subjects  of  Mechanics  of  Solids  and  of  Fluids.  Those 
ivhich  result  from  the  action  of  forces  upon  the  elements  of  both  solids 
and  fluids  remain  to  be  considered.  They  form  the  subject  of  Me- 
chanics of  Molecules;  which  comprehends  the  whole  theory  oi  Electrics^ 
Thermotics^  Acoustics^  and  Optics, 

It  has  been  seen,  that  all  bodies  are  built  up  of  elementary  mole- 
cules  in  sensible,  though  not  in  actual,  contact;  that  the  relative  places 
of  equilibrium  of  these  molecules  are  determined  by  the  molecular  forces,, 
and  that  the  intensities  of  these  forces  are  some  function  of  the  dis- 
tance between  the  acting  molecules.  A  displacement  of  a  single  mole- 
cule from  its  position  of  relative  rest,  will  break  up  the  equilibrium  of 
the  surrounding  forces,  and  give  rise  to  a  general  and  progressive  dis- 
turbance throughout  the  body.  It  is  proposed  to  investigate  the  nature 
of  this  disturbance,  the  circumstances  of  its  progress,  and  the  conduct 
of  the  molecules  as  they  become  involved  in  it. 

PERIODICITT   OF   MOLECULAR   CONDITION. 

§  308. — Molecular,  motions  cannot,  like  the  initial  disturbances  which 
produce  them,  be  arbitrary;  but  must  fulfil  certain  conditions  im^^osKKl 
bjr  the  physical   coBnectirns  which  unite  lV\<i  mo\ttc>v\%&  \\i\A  ^  v^^kxsw. 


— «_  ■ J- 
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These  motions  are,  so  to  speak,  constrained  by  tbis  connection.  Let 
tbe  conditions  of  constraint  be  expressed,  as  in  §  213,  Mecb.  of 
Solids,  by 

Z  =  0 ;    Z'  =  0  ;    Z"  =  0 ;  &c (506) 

Z,  L\  Z",  <S:c.,  being  functions  of  tbe  co-ordinates  of  the  molecules. 

Denote  by 

X,  Y,Z\  X,  Y\Z'\  &c 

the  accelerations  impressed  upon  the  molecule  whose  masses  arc  m,  m\ 
dec,  in  the  directions  of  the  axes.  Equation  (313)  will  obtain  for  each 
molecule.  There  will  be  as  many  equations  as  molecules,  and  by  addi* 
tion,  we  find,  by  inverting  the  terms. 

There  will  be  three  co-ordinates  for  each  molecule.  Denote  tbo 
number  of  molecules  by  t;  the  number  of  Equations  (506)  of  condition 
by  m ;  then  will  3 1  —  m  =  n,  be  the  number  of  co-ordinates  which, 
being  given,  will  reduce  the  number  of  unknown  co-ordinates  to  the 
number  of  equations.  These  unknown  co-ordinates  may,  hence,  be  found 
in  functions  of  the  known,  and  the  places  of  the  molecules  at  any  in- 
stant determined. 

Denote  the  m  co-ordinates  by  xyz^  oc'  y^  z\  Ac,  and  the  n  co-ordi- 
nates by  a/3y,  a'/3'y',  &c. :   then  we  may  write, 

a:  =  9.  (a  /3  y  a',  &c,)  =  ;?. ; 

y  =  9^ (a /J y  <)•,  &c.)  =2?^; 

z  =  9,  (a  i3  y  a',  <fec.)  =  /), ; 

a;'=  <p..(ai3ya',  &c.)  =;?.»; 

d^c.  =  dec  =  dec. : 

I 
also, 

x='0*(«/3ra',<fec-)='^.; 

r=t/»,(a/3ya',dec.)  =  P,; 
Z  =  V.(ai3r«'i&c.)  =  P.; 

X*  =  V-'(a  /3  r  a'l  dec.)  =  P^;       • 
&t.  =  dec.  =  dec ; 

in  which  ^^  f^  f^  A^c,  ^^  t|)^  4n  ^^*i  ^«^^)^  ^xkj  Ancticm  of  tbe  o»» 


MECHANICS    OF    MOLECULES. 


347 


ordinates  a  /9  y,  a'  dbc^  which  result  from  the  conditions  of  Equations 
(506)  and  the  process  of  elinoiination. 
At  any  time  /,  suppose 

a  P  and  y  to  become  a  +  f ,   P  +  V9   7  +  ^5 
a'  /3'  and  7'  to  become  a'+  f,  p'+fj',  /+  C; 


and  suppose  the  increments  ^  ^  ^,  |'  97'  ^,  <kc.,  to  continue  so  small 
daring  the  entire  motion  as  to  justify  the  omission  of  all  termi'  into 
which  their  second  powers  and  products  enter;   then  will 


da 


dp 


dy 
dp. 


^      ^'^  da     ^^  dp     ^^  dy 


f  +  «kc^  &c. 


«     -l_;^^«         $:^^P'        «J-^^«         r^Arn        Arn 


. ,    .  (608) 


'da 


dp 


dy 


''=^-+^-^'+S^-'''+^-^+ *«'-*<'• 


r= 
z 

X' 


<if  a 


d/3 


^-+'^-^+'^'^+~^-^+^'^-^^- 


=p.+ 


►  .    .  (609) 


From  Equations  (508)  yre  have 

iPs'as  ike,  drO,  &C. 


^.    .  (510) 


\ 
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fipK)  from  the  same 


d:r  =  ^.<Jf+^.<Jiy  +  ^.<J?+  &c. 


da 


<Jy 


_^pf\ 


<Jf+ 


dp. 


da     "'    •    dp 


6?!  + 


dy 

dp, 
dy 

da  aj3  ay 


<Jf  +  Ac^ 


,  d  f  +  &c 


.  .     •     (611) 


The  Equation  (507)  contains  three  times  as  many  terms  as  there 
are  molecules,  each  term  consisting  of  a  variation  with  its  coefficient. 
Eliminate  from  this  equation  X,  Y^  Z,  X\  &C.,  d^  x^d^y^d}z^d^x'^  &C., 
and  6x,6y,6z,  6x\  kc^  by  means  of  Equations  (509),  (510),  and  (511); 
collect  the  coefficients  of  d  f,  d  ?y,  d  f,  d  f ',  &c. ;  the  number  of  terms 
will  reduce  to  n,  this  being  the  number  of  the  co-ordinates  a,  j3,  y,  a', 
&c.  These  variations  are  independent  of  one  another,  since  the  co- 
ordinates a,  /3,  y,  a',  <S^c.,  are  so.  The  coefficienta|[^ftthese  variations 
must,  therefore,  be  separately  equal  to  zero.  PerfonVg  the  operation, 
omitting  all  the  terms  containing  products  and  powers  of  f,  ^,  ^,  |', 
isc,  higher  than  the  first,  there  will  result  n  equations  of  the  form, 


Si>.^+2^.^^+Si?'.^+26^.f+2^.^+Sir.;+^=0;  (612) 

in  which  i>,  E^  F^  G,  H^  <!^c.,  are  functions  of  the  differential  co-efficient« 
in  Equations  (500),  (510),  and  (511);  and  A  consists  of  a  series  of  terms 
each  composed  of  two  factors,  one  of  which  is  either  P,,  P^,  P,,  ot 
some  other  P  with  subscript  co-ordinate  accented. 

If  a  /}  y,  a',  &c.,  give  the  places  of  rest  of  the  molecules,  then  will 
P.  =  -Py  =  P.  =  <fec.  =  0,  and  Equations  (512)  become 

2i>.^  +  S^.^  +  2P.~f  +  S  6^. f  +  S^.^  +  XiSr,^:^ 0.(618) 


These  equations  are  satisfied  by  making 

f=i2.iVr^.8in(<.Vp 
iy  =  i2.i\r^.flin(<.  Vp 
f  =  i2.i^r^.Biii(/.v'p 


(614) 
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:n  which  JR  and  r  are  arbitrary  constants,  and  p,  N^  N.  iV* ,  &c^  are 
constants  to  be  determined.  For,  after  two  differentiations,  regarding 
^tVfCf  ^^1  ^^^  '  variable,  we  have 

^  =  -i?.ir^.sin(<yp-r)p, 

^  =  -72.iyr,.sin(^V?-r)p, 

j^  =-i2.iVr  .8in(<Vp-r)p, 
duC,  <&c. 

which,  substituted  in  Equations  (513),  give,  after  dividing  out  the  com^ 
men  factor  B .  sin  {t  Vp  —  r), 

{:^D.N.  +  lB.^  +  i:FN)p^IlGN^ -IffN  -  JlKN  =  0.  (616) 

*         flL  <  V  ^ 

Now,  there  beingPr  of  these  equations ;  n  —  1  of  them  will  give  the 
Yalnes  of  i\r^,  iV ,  i\r ',  <kc.,  in  terms  of  iT^ ;  and  these  being  substituted 
in  the  n^  equation,  must,  from  the  form,  of  the  equations,  give  a  result- 
ing equation  having  i\r  as  a  common  factor  and  of  the  n^  degree  in  p. 
The  common  factor  i\r  will  divide  out  The  quantity  p  will  have  n 
values.  The  values  of  iV,  JV,  i\r  ,  &c.,  will  be  rational  fractions  of 
the(n— 1)^  degree  in  p,  having  a  common  denominator,  and  each  multiplied 
by  ^p  which  is,  as  yet,  arbitrary.  Make  iV.  equal  to  the  common  de- 
nominator, and  iV,  iV,  iV  ,  <fec.,  will  be  expressed  in  symmetrical  func- 
tions of  p,  of  the  (n—  1)*^  degree.  Each  of  the  quantities  iV,  iV,  JV, 
&&,  will  have  as  many  values  as  p;  and  each  of  the  increments 
if  Vt  C  ^'t  <Sec.,  will  also  have  n  values,  each  set  of  which  will  satisfy 
Equations  (613). 

But  Equations  (613)  are  linear;  not  only,  therefore,  will  each  of 
the  values  of  ^,  ^,  ^,  ^',  <fec.,  satisfy  them,  but  their  respective  sums  sub- 
stituted for  1^  97,  ^,  I',  dec,  will  also  satisfy  them. 

Denoting  the  roots  of  the  vf^  equation  in  p  by  p,  p,,  pi,  dbc,  and 
naiDg  the  subscript  figures  to  designate  the  corresponding  values  for 
the  other  letters  the  general  solution  of  Equations  (51^^  V^  \]^ 


850 
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^z=£,N  ,m(i.y/p-r)-\'£xy.  .Bin(<V?"i-ri)-t--ff,ir.  .8iD(^>/^-rO-t-Ac.  ' 

n^B,N  .8m(<Vjr-r)-|-i2,.ir  .iiin(*Vp*i-n)+-ff«.-fi'l  .i»m(<Vfr«-»'«)+&o- 
5=i?.iV;  .8in(«Vp*-r)-i-J?i.^-  .Bm(<V^-r|)-h5j.iV^  .6in(<.>/J^-r,)-t-&c 


(516) 


Ry  Hi,  &(^  and  r,  r„  &c.y  are  arbitrary  constants,  in  these  complete  in- 
tegrals. They  must  be  found  in  terms  of  the  initial  values  of  ^,  17,  ^ 
(fee,  and  their  differential  coefficients.  They  are  small,  because  the  ori- 
ginal disturbance  is  supposed  small. 

§  304. — If  all  the  quantities  B,  i?j,  i?„  <fec.,  except  the  first,  vanish. 
Equations  (516)  lose  all  their  terms  in  the  second  members  except  the 
first,  and  Equations  (508)  become 


X  = 


y  = 


z  = 


'■■+(^-«'f+^-*.+  jf-*!+-)*-™<'--^-')- 


X  = 


dy 


>  (Sl^) 


=^-'+(i&ViF^^+57-^^ 


§  305. — If  the  roots  p,  p„  p^,  <Ssc.,  be  real,  the  different  terms  in  the 
values  of  ^,  ^,  ^,  &C.,  as  given  in  Equations  (516),  will  disappear  period* 
ically,  and  the  precise  times  of  disappearance  of  each  will  be  found  hy 
making 

/y'^— r  =  a7r;    iv^,  —  r,  =  air;    <Vpi— r,  =  a7r;    Ao, 


or. 


aTT  +  r  aTT  +  ^'i       .       a7r  +  r,       . 

<  =  — T=;   <  =  — ~=1;   <  =  — ^;  &c., 

Vp  Vpi  VPi 

in  which  a  is  any  whole  number  whatever.    The  intervals  of  disappear* 
ance  will  be 

iL+r.   ZLtTi.    !Lt!i.  Ac 
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When  theso  intervals  are  conimensurable,  then  will  f,  rj,  ^,  &c^  rosnine 
the  values  they  had  at  some  previous  time,  tlic  molecules  will  return  to 
their  former  simultaneous  places,  the  movement  will  become  periodical, 
and  the  period  will  be  equal  to  the  least  common  multiple  of  the  above 
intervals.  This  phenomenon  of  periodical  returns  of  molecules  to  their 
initial  places,  is  called  the  periodicity  of  molecular  condition, 

§  306. — From  Equations  (516)  it  is  apparent  that  each  and  every 
individual  of  a  system  of  molecules  in  which  the  connection  is  such  as 
to  leave  n  of  their  co-ordinates  independent,  may,  when  slightly  dis- 
turbed from  rest  in  positions  of  stable  equilibrium,  assume  a  number  n 
of  oscillatory  movements,  and  that  all  or  any  number  of  these  may  take 
place  simultaneously.  And  conversely,  whatever  be  the  initial  derange- 
ment of  such  a  system,  the  resulting  motions  of  each  molecule  may  be 
resolved  into  n  or  less  than  n  simple  components  parallel  to  each  of 
any  three  rectangular  axes.  Here  we  have,  under  a  different  form,  the 
principle  of  the  coexistence  of  email  motions, 

§  307.— Again,  let  f„  ?y„  ^„  Ac,  be  the  values  of  f,  ?y,  f,  Ac,  when 
the  system  is  in  motion  by  the  action  of  one  set  of  forces ;  ^„  ^„  ^i, 
tfec,  when  under  the  action  of  another  set,  and  so  on — the  initial  con* 
dition  being  determined  for  each  set  of  movements — then.  Equation 
(516)  being  linear,  will  the  resultant  values  of  f ,  ^,  f,  (fee,  be  given  by 

iy  =  7y,  +  iy,  +  ?7,  +   Ac, 
?=<•,  +  ?.  +  <•,+  &c.; 

and  here  we  also  have  again  the  superposition  of  small  motions.  That 
is,  each  molecule  may  take  up  simultaneously  the  motions  due  to  each 
disturbing  cause  acting  separately  and  alone. 

§  308. — Equations  (513)  may  also  be  satisfied  by  making 

tVp  —  r 


f=/?.Ar 


t\p  —  r 


i  =  B.Ify'^-\ 
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which  give 

and  these  substituted  in  Equations  (513),  give  Equations  (515),  with 
the  exceptions  of  the  signs  of  the  terras  ^hich  are  independent  of  p. 
But  with  this  solution  there  would  be  no  limit  to  the  increase  of 
^)  ^,  Cf  ?y  <^Cf  which  is  contrary  to  the  conditions  that  the  disturbances 
are  to  continue  small.  In  fact,  this  last  solution  supposes  the  molecules 
to  be  moved  from  positions  of  unstable  equilibrium;  the  other,  which 
is  the  case  of  nature,  from  stable  equilibrium, 

WAVES. 

§  309. — It  thus  appears  that  every  molecule,  subjected  to  certain 
conditions  of  aggregation,  may,  when  disturbed  from  its  place  of  rela- 
tive rest,  describe,  under  the  action  of  surrounding  molecules,  a  closed 
orbit  The  disturbed  molecule  being  acted  upon  by  its  neighbors,  will 
react  upon  the  latter,  and  cause  them,  in  turn,  to  take  up  their  appro- 
priate paths;  and  the  same  being  true  of  the  next  molecules  in  order 
of  distance,  the  disturbance  will  be  progressive  and  in  all  directions. 
That  is,  an  initial  disturbance  of  a  molecule  at  one  time  and  place, 
becomes  a  cause  of  distm-bance  of  another  molecule  at  another  time 
and  place.  While,  therefore,  any  molecule  A^  is  travelling  over  its 
orbit,  the  disturbance  is  being  propagated  on  all  sides,  and  at  the  in- 
stant  the  former  completes  its  circuit,  the  latter  will  have  reached  a 
molecule  -/4„  in  the  distance,  which  will  then,  for  the  first  time,  begin 
to  move ;  and  the  molecules  Ai  apd  A^  will,  thereafter,  always  be  at 
the  same  relative  distance  from  their  respective  starting  points.  In  the 
same  way,  a  molecule  A^  still  further  in  the  distance,  will  begin  its 
Bnt  circuit  when  J,  begins  its  second  and  Ax  its  third|  and  80  on. 
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Between  the  molecules  Ai  and  A^  as  also  between  A^  and  At,  dbc^ 
molecules  will  be  fonnd  at  all  distances  from  their  starting  points  and 
moving  in  all  directions,  consistently  with  the  dimensions  and  shapes  of 
their  respective  orbits.  The  term  jpheue  is  used  to  express  the  condi- 
tion of  a  molecule  with  respect  to  its  displaeement  and  the  direction 
of  iU  motion. 

Molecoles  are  said  to  be  in  nnUlar  phoies,  when  moving  in  parallel 
orbital  elements  and  in  the  same  direction ;  and  in  opposite  phases, 
when  moving  in  parallel  orbital  elements  and  in  opposite  directions. 

The  particular  form  of  aggregation  assumed  by  the  molecules  be- 
tween the  nearest  two  concentric  surfaces  in  which  the  same  phases 
simultaneously  exist  throughout,  is  called  a  wave. 

A  sur&ce  which  contains  molecules  only  in  similar  phases,  is 
called  a  wave  front.  This  latter  term  is  generally,  though  not  al- 
ways, applied  to  the  surface  upon  which  the  molecules  are  just  ban- 
ning to  move.  The  velocity  of  a  wave  front  will  always  be  that  of 
disturbance  propagation.  A  wave  length  is  the  inti^rval,  measured  in 
the  direction  of  wave  propagation,  between  two  consecutive  surfaces 
opon  which  the  molecules  have  similar  phases. 

WAVE  FUHcnoir. 

§  310. — ^Denote  the  masses  of  the  molecules  by  m,  m\  dec. ;  the  co- 
ordinates of 

m     by  «,  y,  z, 

m'      "  x  +  ^x,  y  +  ^y,  «  +  Az, 

m"    "  «  +  A«',  y  +  Ay',  z  +  ^z\ 

dbc,  d^c^  dec^  &c^ 

and  the  distance  between  any  two  molecules,  as  m  and  in\  by  r ;  then 
win 

r  =  VA«»  +  Ay"  +  A2« (518) 

Let  /(r)  be  the  mteDsity  of  the  reciprocal  action  between  m  and  m' ; 
in  which  /  denotea  any  fanction  whatever.     This  reciprocal  adVyn  ^^ 
Jiilaimliiir  tfM  «lMtie  tone  ot  the  body. 

ia 


3M 
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Before  the  syatem  k  diBtarbed,  there  will  be  no  inertia  developed, 
the  inertia  terma  in  Equations  {A  )  will  disappear,  and  we  shall  have 
for  the  action  on  any  molecule  as  m. 


S/(r) .  ^  =  0, 
J/(r)  .  ^  =  0. 


(619) 


Now  suppose  the  system  slightly  disturbed,. and  denote  the  displacement 
at  the  time  t  in  the  direction  of  the  axes  or,  y, «,  respectively,  of 

«»    by  I  17,  f, 

m'     «  f  +  Af,  ij  +  Ajj,  f+Af, 

m"    «  f+Al',  17  + A,',  f+Ar, 
Ac,            dec,            dbc,  &c 

Then,  denoting  the  change  in  r  by  Ar,  Equation  (518)  becomes 


r'+Ar  =  'v/(Aa?  +  Af)«+(Ay  +  A?7)«+(A2  +  AO«  .   (520) 

and  by  the  principle  of  the  superposition  of  small  motions,  Equations 
(A)  give  for  the  action  on  nt. 


d^ff 

•"•57  = 


S/(r  +  Ar).^y^. 

^  ,  '     r  +  ^r 


(521) 


But 


'^-jf  =  ^f(r+^^)-y^ 


1  1      Ar     Ar* 

/(r  +  A  r)  =/(r)  +  ^^  A  r  +  *c. 


irftenccy  neglecting  the  powen  of  Ar  hij^er  Htma  Hm  inii 
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Squaring  Equation  (520),  neglecting  the  squares  of  A  r,  A  ^,  A 17, 
and  A  ^,  and  subtracibiikg  the  square  of  Equation  (518)  f^m  the  result, 
wc  find 

Substituting  this  above,  and  making 


(523) 


Equations  (521)  beoome 

m.^=S|(p(r).Ag  +  ^(r)(Aj:.Ag  +  Ay,Ai|  +  A«.A^,A«| 

•w.jj;=SJ9(r).Aiy  +  V»(r)(Ai;.Ag  +  Ay.Aiy+A«.A^).Ay} 
m.^  =  SJ9(r).A^  +  ^(r)(Aar.Ag  +  Ay,Aiy  +  Az.A^).A»| 


(524) 


Performing  the  multiplication  as  indicated  in  the  last  term  of  the  sec- 
ond members,  there  will  result  terms  of  the  form, 

j:^{r).Ari.Ax.Ay;  2^(r).  A^.  Aar.  A^;  2;V»(r) .  Ag.A*.  Ay; 
l^{r).Ari.Ay.Az;     2V»(r) .  A^.  Ag .  Ay ;.    2V»(r).  Ag.  Aa?.  A«; 

and  it  may  be  sliown  by  the  process  of  §  164,  to  prove  the  existence 
of  principal  axes,  that  the  co-ordinate  axes  may  be  so  taken  as  to  cause 
these  terms  to  vanish.  Assuming  the  axes  to  satisfy  these  oonditioB% 
Equations  (524)  become 


•••^  =  S|9('')  +  *WAy'|A9. 


>■....    (626) 


'>^'j§  =  ^h{r)  +  *{r)^^\AZ.     ^ 
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Equations  (525)  take  the  form, 


(52<) 


If 


n 


^lp'\AfJ, 


J^  =  2y''.AC 


J 


(827) 


An  initial  and  arbitrary  displacement  of  a  molecnle  at  ona  time 
and  place,  becomes,  tbrough  a  series  of  actions  and  reactions  of 
the  molecular  forces  alone,  the  cause  of  displacement  of  another 
molecule,  at  another  time  and  place.  In  this  latter  displacement, 
which  results  alone  from  the  molecular  forces,  the  molecular  motions 
must  take  place  in  the  direction  of  least  molecular  resistance.  This 
direction  is  at  right  angles  to  that  of  wave  propagation ;  for,  the  force 
which  resists  the  approach  of  any  two  strata  of  molecules  will  be  much 
greater  than  that  which  opposes  their  sliding  the  one  by  the  other. 
Indeed,  this  view  is  abundantly  confirmed  by  many  of  the  phenomena 
that  result  from  wave  transmission ;  and  it  will  be  taken  for  granted, 
without  further  remark,  that  the  molecular  orbits  are  in  planes  at  rigbt 
angles  to  the  direction  of  wave  propagation. 

§  311. — ^The  first  of  Equations  (527)  appertains,  therefore,  to  wave 
propagatioft  in  the  plane  y  z,  the  second  in  the  plane  x  z,  and  the  third 
in  the  plane  xy. 

The  integrations  of  Equations  (527)  are  given  by 

27r 


f  =a,.8in-^  (r,.t^r,\ 


2n 


i|=ay.8in^(r,.<  — r,),    > 


2lT 


f  =  «,.8ia  ^  (r..<  -  r.), 


(528) 
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in  which  F],,  F^,  and  V,  are  the  'velocities  with  which  the  disturbance 
18  propagated  in  directions  perpendicular  to  the  axes  a^  y,  and  ss,  re- 
spectively; Aa,  Ay,  and  X,  the  shortest  distances,  in  the  same  directions, 
between  the  places  of  rest  of  any  two  molecules  that  may  have  at  the 
same  instant  the  same  phase ;  r^,  r,,  and  r^  the  distances  of  any  mole- 
cule's place  *of  rest  from  that  of  primitive  disturbance,  estimated  in  the 
same  directions.    This  being  understood,  we  have  the  relations, 


r.  =  Vy«+««;    r,  =  v'«*  +  ««;    r.  =  Va:«  +  yi/ 


Make 


27r 


F.  =  fi,; 


2  7r_  -  •_ 


2^ 


"      A.    • 

t    •  — — 


=  «.; 


—  it  • 


^  .    .    (529) 


and  the  above  become 


^  =  a. .  nn  (n. .  I  —  it« .  r,), 

If/  =  o^ .  sin  (n^ 

{'  =:  o^ .  sin  (n« « /  —  1;,  •  r,).  ^ 


(53Q) 


§  312. — ^To  show  that  these  are  the  solutions  of  Equations  (527),  it 
will  be  sufficient  to  prove  that  they  will  satisfy  those  equations  with 
real  values  for  n,,  n,,  and  li..     Differentiate  twice  with  respect  to  t. 


and  we*have 


dt* 

d^ 
df 


(531) 


GBre  to  r«,  r,,  and  r«  the  increments  Ar«,  Ar^'and  Ar,,  respectively; 
die  oorre^ndiDg  inerements  of  g  7,  and  {^  are  A^  Aijy,  and  A{^  a&d 
(580)  become 
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f  +  A  f  =  «..  Mn  (n, .  <  —  lr..r.  +  *. .  Ar,), 
ly  +  A 17  =:  Oy .  sin  (fi^ .  <  ^  i(r,  •  r,  +  i(r, .  A  r,), 
f  +  A f  =  a.  .sin  (n, .  <  —  ir,  .r,  +  Ar. .  Ar.). 

t^erekfing  the  second  metDbersi  regardiog  n^^t^  k^.r^f  n, . f  —  i-, . r, 
and  n^.t^kg^r,  as  single  arcs;  subtracting  Equati<Mis  (530)  in  order 
replacing  1  ^  cos  Xr^Ar,,  1  ^  cos  hf^%j  and  1  — -  cos  Xr.Ar,  by  theii 
respective  values,  we  find 


Af=- 


A)7  = 


A?=- 


2 fi . sm"  ^  ^ ^^  +  sin (k^ Ar^,a^ cos (n, . <  —  jfc^ . r^), 


2 


2  f .  sin*  ^'''  ^  ' "  +  sin  (Ir,  A  r.)  .  a.  cos  (»,.<  —  !;.  r,). 


(532) 


Substituting  these  in  the  second  members  of  Equations  (527),  we  have 


r-£=-2f.Xf/.8ill» 


._.(^-^^> 


2 


+    tp' .  sin  (*,  A  r^) .  a^.  eo8  (»^ .  I  -  *^ .  rj, 


<^9 


.;^<*r^V 


^=-2f.Xi>".8itf-2— I.     +    Z;»".«n(*^Ar^..^.eo8(i»^.l-.*^.r^ 


r-£=  -25.Xir'.8in» 


._(*.aO 


2 


+    Xp^-sinC*  Ar^. •,.•»(»,. #-*^.r^ 


(5») 


In  the  state  of  equilibrium  of  the  molecules,  we  maj  suppose 
their  masses  equal,  two  and  two>  and  symmetricallj  disposed  on 
either  side  of  that  whose  mass  is  m.  Indeed,  this  is  the  most  general 
way  in  which  we  may  conceive  the  equilibrium  to  exist.  Then,  since 
for  every  positive  arc  k,,Ar,  there  will  be  an  equal  negative  one,  we 
must  have 


J^'  •  sin  {k, .  A r^)  .  a, .  cos  (n^ .  /  —  Xr^ .  r.) 
Ip"  .  sin  (Jty .  A  r,)  .  tty .  cos  (n, .  <  —  ity .  r^) 
i  p'^'  •  Mn  (it, .  A  r«) .  0^  •  cot  (n,  •  <  —  Ir, .  r^ 


(534) 


Mttd  tberefo^ 
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-ar-iy.Bin'A^, 


•        •        • 


(586) 


•-    whence^  Bqiutioiis  ,(631)  and  (636), 


(536) 


which  are,  Equations  (526)  and  (522),  real  values  for  n^,  n^,  and  i^. 

§  313. — Substituting  the  values  of  ??„  n„  n.,  and  lr«,  it,,  ib,,  Equa- 
tions (529),  there  will  result,  after  multiplying  the  first,  second,  and 
third  by  1  =  Ar.•-^  Ar.";  l=Ar/-T-Ar/;  l=Ar/-rAr/,  re- 
q>eetive1y, 


.  ,  ff  Ar, 


sm 


r.'  =  jsy  .Ar,'. 


A. 


TTAr.v* 


•     (^) 


8]n 


,  TT  A  r. 


V;  =  \Xp".^r*. 


r/rsjV'*.^'-.'- 


.  ,  ^  A  r, 
sm" — r — 


(»') 
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WAYS  Bscnoir. 
§  814. — ^Resuming  either  of  Equations  (528),  say  the  first,  vis. : 

f  =  a.8in-^(F..<  — r.), 

it  is  apparent  that  if  <  be  made  constant  and  r.  variable,  so  as  to  reacb 
in  saccession  all  the  molecules  in  its  direction  between  the  limit* 

F..'--^  and  F,.f, 

the  displacement  ^  will  also  vary,  and  from  zero  to  zero,  passing 
between  these  limits  through  the  maximum  values  a«  and  minimum 
value  —  a, ;  thus  deter-  »  ' 

mining  the  <  curved  line 
C  D,  of  the  annexed 
figure,  to  be  the  locus 
of  the  corresponding  dis- 
placed molecules,  of  which  the  places  of  rest  are  on  the  straight  line 
A  By  coincident  in  direction  with  the  line  r.  in  the  plane  y  z»  And 
it  is  also  apparent  that  if  the  above  value  of  t  receive  an  increment^ 
making  the  time  equal  to  t\  and,  with  this  new  value  for  the  time,  r. 
l>e  made  to  vary  between  the  limits 

F. .  /'  -  A„   and  r. .  t\ 

the  locus  of  the  corresponding  displaced  molecules  will  be  found  to 
have  shifted  its  place  to  C  D\  in  the  direction  towards  which  the  dis- 
turbance is  propagated. 

This  peculiar  arrangement  of  a  series  of  consecutive  molecules^  by 
which  the  latter  are  made  to  occupy  the  various  positions,  arranged  in 
the  order  of  continuity  about  their  places  of  rest,  is,  as  we  have  seen, 
§  305,  called  a  %Davt^  and  the  functions,  Equations  (528),  firom  which  a 
section  of  the  waves  may  be  constructed,  are  called  icavt  functums, 

WAYS   VELOCITT. 

§  815. — ^From  either  of  Equations  (587),  say  the  first,  it  appean 
ibst  the  velocity  of  wave  propagation  depends  upon  the  ratio  betflvt 
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the  arc  — '-z — '  and  its  sine.    If  the  distance  Ar.,  between  the  mole- 

coles,  in  the  direction  of  r„  have  anj  appreciable  value  as  compared 
with  the  wave  length  A.,  this  ratio  will  be  less  than  unity ;  and  in 
proportion  as  the  wave  length  increases,  in  the  same  mediuln,  will  the 
velocity  increase.  When  the  distance  Ar^  is  insignificant  in  compari- 
son with  the  wave  length  A«,  the  ratio  of  the  sine  to  the  arc  will  be 
unity,  and  that  factor  will  cease  to  appear. 

§  316. — If  the  medium  be  homogeneous,  then  will 

andf  therefore. 

That  is,  the  velocity  will  be  the  same  in  all  directions.  Denote  this 
velocity  by  F;  we  may  write 

sm'  — T — 

r«  =  J5r. -— (638) 

in  which  the  two  &ctors  that  compose  the  second  member  have  such 
average  values  as  to  give  a  product  equal  to  the  sum  of  the  products 
which  make  up  the  second  members  of  cither  of  Equations  (^37). 

Supposing,  in  addition  to  the  existence  of  homogeneity,  that  the  in- 
terval between  the  molecules  is  insignificant  in  regard  to  the  wave 
length,  the  last  fisu^tor  of  Equations  (537)  reduces  to  unity,  and  taking 
the  axis  x  in  the  direction  of  the  velocity  to  be  estimated,  A  r  becomes 
Az,  and,  first  of  Equations  (537), 

V*  =  ^lp\{Axy\ 

replacing  p'  by  its  value.  Equations  (526)  and  (523),  ' 

The  distances  between  the  molecules  being  very  small,  the  term  of 
which  Aa^  18  a  &ctor  may  be  n^lected  in  comparison  with  that  coa- 
taiiiiBg  Aaff  tod  the  above  may  be  wnUieii 
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1  Ax 

V*  =  --^.lf{r).—  .Ax. 

A  X 

NoW|/(r). —  is  the  component  of  the  elastic  ibrce  exerted  betweer 
two  moiecnles  whose  distance  is  r,  in  the  direction  of  the  axis  x ;   and 

Ax 

/(r). —  ,Ax  is  the    quantity  of  work   of  this    component   acting 

T 

through  a  distance  Ax.    Making 

2/(r).— =2»„ 
we  may,  bj  the  principle  of  parallel  forces,  write 


l/{r).^.Ax=^2e,x/, 


in  which  e^  is  the  sum  of  the  component  molecular  forces  which  act  on 
one  side  of  the  molecule  m,  in  the  direction  of  the  axis  Xy  or,  which 
is  the  same  thing,  the  elastic  force  limited  to  a  single  molecule;  and 
x^  the  path  over  which  this  force  would  perform  an  amount  of  work 
equal  to  that  measured  by  the  first  member.    Substituting  this  above^ 

m 

Denote  by  i  the  number  of  molecules  in  a  unit  of  length,  and  multiplj 
both  numerator  and  denominator  by  t*;  we  have 

but  t'.e^  is  the  elastic  force  extended  to  a  unit  of  surface,  and  is  the 
measure  of  the  elastic  force  of  the  medium;  call  this  e.  The  factor 
f  x^  is  the  number  of  molecules  in  the  distance  x^ ;  call  this  k.  The 
denominator  t^m  is  the  quantity  of  matter  in  a  unit  of  volume,  which 
is  the  density;  call  this  A,  and  the  above  becomes 


(M9) 


J>eDcte  by  e  the  ratio  whidi  ike  eoflitoM^u  ^^vodmeod  k  m  fhPiH  t 
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mne  of  the  medium  by  the  preware  of  a  sUmdard  atmoephere  A^  bean 
to  the  Tolume  without  any  external  prettore;  then  wiU 


c  e 


• 


.     (540) 


in  which  ff  is  the  force  of  gravity  and  D^^  the  density  of  mercury  at 
a  standard  temperature. 

In  the  case  of  gases,  e  is  sensibly  equal  to  unity ;  -for  if  such  bodies 
were  relieved  from  their  atmo8j>heric  pressures  they  would  expand  in- 
definitely, thus  making  their  increments  of  volumes  sensibly  equal  to 
the  volumes  they  would  ultimately  attain. 


BXLATION  OF  WAVE   VXLOCITT  TO  WAVS   LENGTH. 

§  317. — ^Denote  the  resultant  displacement,  of  which  ^,  tj,  and  ^  are 
the  components,  by  0*;  and  the  angles  which  (f  makes  with  the  axes 
«,  y,  and  sr,  by  a,  J3,  and  'y,  respectively ;  then  will 

^=0'.coBa;    fi  =:  (f  .cobP;    fsso'.cosy; 
which,  substituted  in  the  second  members  of  Equations  (531),  give 


df 


=  —  ^  .  «,•  .  CM  «, 


=  —  * .  n,* .  COB  /3,  I (**J) 


=  —  0* .  «," .  cos  y. 


Squaring,  adding,  taking  square  root,  and  denotiug  the  resultant  by  e., 
we  have 

Tlie  first  member  is  the  square*  of  the  resultant  acceleration  due  to  the 
molecnlar  action  developed  by  th^  displacement  ^.  ^ 

Denote  by  a^,  /3,,  and  y^  the  angles  wb\di  \^i^  Sw^w^  ^  "^boo^ 
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resultant  makes   with  the  axes  x,  y,  and  z^  respectively;  and    by  ^ 
the  inclination  of  this  direction  to  that  of  displacement     Then  will 


■ 

cos  ^  =  cos  a « cos  a^  +  cos  /3..  cos  /3^  +  cos  y .  jsos  y^  . 

The  components  of  the  acceleration,  in  the  directions  of  the 
and  2,  are,  respectively, 

e;.  cos  a, ;    e»  cos  j3, ;    e»  cos  y^ ; 


.  (543) 


and,  therefore,  Equations  (541), 

€«  cos  a^  = 
€„  cos  P^  : 
c,  cos  y,  = 
Whence, 


cos  a,  =  — 


0* . »«' .  cos  ee, 
0* .  n/ .  cos  j3, 
fl'.n/.cosy. 


(f .  n/ .  cos  a 


^  (f .  n-* .  cos  j3 

cos/3,  = ?^;^ , 


COS  y ,  = 


_^       3* .  n,' .  COS  y 


e» 


(544) 


These,  m  Equation  (543),  give,  Equations  (531), 

e^.cos^  =  —  (T.n^'  =  —  (r.(n,*.  cos*  a +  n/,  cos"  j3  +  «,",cos*y); 
and  replacing  n^,  n.,  n„  and  n.,  by  their  values,  Equations  (529), 

-r^  =  -z-j  •  C08*a  +  y^  .  COS*/?  +  —- .  cos*y. 


K' 


V 


V 


But,  because  the  number  of  waves,  in  a  unit  of  time,  arising  finom  the 
components  of  a  common  initial  disturbance  must  be  the  same,  the 
coefficients  of  the  circular  functions  above  must  be  equal,  and  hence, 


-^,  =  3^  (cos*a  +  cos* j3  +  cos*y)  =  ^ 


("«) 


Whence  the  wave  velocity  is  proportional  to  the  ware  la^^lku 
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§  818. — ^Beplacingy  in  Eqnatioiui  (541),  n,,  n^,  n^,  hj-  their  valaea 
in  Equations  (520),  multipljing  tbe  first  by  c .  tt  A/ .  m,  the  second 
bj  c .  7r  Ay'  •  fiiy  and  the  third  by  c .  tt  A«' .  m,  we  have 


c.Tr.Aa'.m.  T-i  =  — fl',c.47r.iiiFi'.co9a, 

o  r 


c ,  7r .  A^* ,  m .  ^  =  —  0* .  c .  4  TT* ,  fw  F/ .  cos  ft 


2.  ^f 

a  V 


—  0* .  c .  4  TT* .  m  F,' .  cos  y. 


.    (546) 


Now,  n .  A/,  TT .  Ay*,  and  tt  .  A,*  are  the  projections  of  the  waves  arising 
from  the  component  displacements  ^,  i/,  and  ^,  on  the  planes  yz,  xz, 
and  xy,  respectively;  and  if  every  molecule  in  each  of  these  waves  had 
the  same  acceleration,  the  first  members  would  measure  the  elastic  forces 
exerted  over  these  projections  by  making  e  equal  to  unity.  These  are, 
however,  not  equal ;  but  if  c  denote  a  proper  fractional  coefficient,  and 
c«,  e,,  and  e.  the  actual  elastic  forces  in  the  three  waves,  we  may  write, 


«.  = 


^  = 


^  = 


— > .  f .  F," .  cos  a, 

—  (T .  f .  F/ .  cos  )3, 

—  (T .  f .  F," .  cos  y.  ^ 


(547) 


. '.  m  which  ^  =  4  c .  tt*  .  m.    Squaring,  adding,  taking  square  root  of  sum, 
and  denoting  the  resultant  by  e^, 

e,  =  Vc.*  +  e/  +  c.«  =  (i'.f.VF/.co8«a+F/.cos»i3+F/.cos«y; 

from  which  it  is  apparent  that  if  the  displacement  be  made  in  the 
direction  of  either  axis,  the  clastic  force  will  be  wholly  in  the  direction 
of  that  axis — a  property  possessed  by  these  particular  axes  in  conse- 
quence of  the  fact  that  they  were  assamed  in  directions  to  satisfy  the 
conditions  of  symmetry  in  moleculf^  arrangement,  which  caused  Equa- 
taons  (524)  to  reduce  to  Equations  (525).     Th^  dircclvirAa  ^  ^^su^ 
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speciaK  axes  are  called  axea  cf  elasticiiy.     The  resultant  elastic  force 
will  not,  in  ]^eneral,  act  in  the  direction  of  the  displacement 

Denote  the  angles  which  e  makes  with  the  axes  of  elasticity  hj  a^« 
3^,  and  y^,  and  the  angle  which  it  makes  with  the  displaceme^t  by  ^, 
then  will 

cos  ^  =  COB  a .  cos  a^  +  cos  j3  •  cos  j3^  +  cos  y  •  COB  y^, 
€^ .  cos  a^  =  c,  =  —  ^  •  f .  FJ ,  cos  «, 

€^  .  cos  /3^  =r  €y  =  —  0* ,  f  .  F/  .  cos  ft 

«  .  COS  y .  =  c.  =  —  0* .  f ,  F/  •  COS  A. 


Whence 


COS  a^  = 


cos  J3^  ==  — 


cosy^  =  — 


0* .  ? .  F/ ,  cos  a 


e 


(f .  f .  F/ .  cos  j3 


fl'.C.F,".  cosy^ 


•    •    •    • 


(848) 


which  sabstituted  above,  give, 

e^.cosV.  =  —  o'.r.^/=  —  fl'.f  (F.*.cos'tt  +  F/ 


7.cos«j3  +  F/.co««y); 


in  which  F^  is  the  velocity  perpendicular  to  the  displacement.    Making 


r^=^r;     V.^a;     F,  =  6;     V,=zc; 


we  have 


F= -v/a*.co8*a4-ftVcos*i3  +  c".cos'y    .    .    .     (649) 


The  quantities  a,  6,  and  c  are  called  definite  axes  of  ehutidty^  in  con- 
tradistinction to  axes  of  elasticity  which  merely  give  direction.  Hie 
surface  of  which  the  above  is  the  equation,  is  called  the  surfiuse  of 
elasticity.  The  value  of  F  will  measure  the  velocity  of  any  point  on 
the  wave  surface  in  a  direction  normal  to  the  displacement,  and  being 
squared  and  multiplied  by  0*.^  will  give  the  elasticity  developed  in 
the  direction  of  the  displacement  itselC 
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The  defiDite  axes  of  elasticity  are  the  geometrical  axes  of  figure  of 
the  stirface  of  elasticity;  the  general  axes  of  elasticity 'are  directioDs 
parallel  to  these,  and  drawn  from  any  point  in  the  medium  taken  at 
pleasure. 


WAVE  SURFACE. 

§  319. — This  is  the  locus  of  those  molecules  which  have,  simulta- 
neously, the  same  pKase,  §  309 ;  and  whatever  this  phase  may  be, 
the  particular  surface  characterized  by  it  will  be  concentric  with  that 
which  marks,  at  any  epoch,  the  exterior  limits  of  the  disturbance,  or 
upon  which  the  molecules  are  beginning  to  participate  in  the  disturb- 
ance propagation. 

It  is  now  the  question  to  determine  the  equation  of  this  latterv 
surface ;  for  this  purpose,  assume  the  ori^n  of  co-ordinates  at  the 
point  of  primitive  distmrbanoe,  and  let 

;«  +  my  +  n«  =  r (660) 

be  the  equation  of  a  plane  tangent  to  the  wave  front  at  any  point, 
and  at  the  end  of  a  unit  of  time.  The  coefficients  Ij  m,  and  n,  will 
be  the  cosines  of  the  angles  which  the  normal  to  this  plane  makes 
with  the  axes  ryz,  respectively,  and  its  length  will  measure  the 
velocity  F,  of  wave  propagation  in  its  own  direction.  This  plane  must 
be  parallel  to  the  displacement  and  its  normal  perpendicular  thereto; 
hence  « 

^cosa  +  mco8j3  +  ncosy  =  0    .    .    .    .    (661) ; 

also 

cos*  a  +  cos*  j3  +  cos*  y  =  1     .    ,    ,    .     (662), 

Equations  (649),  ($60),  (661),  and  (662)  must  exist  simultaneously 
for  real  values  of  the  cosines  of  ee,  j3,  and  y.  To  find  an  equation 
which  shall  eipreas  this  eonditioD,  square  Eq.  (649),  and  diyid«  it  bj 
F"  •  cot*  Oy  it  beooroea 
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.  .    .-  co«*^    ,         coe»  y 

tfl  +  h^.—JL  +  tfl — _r 

co»'  a  cm*  a  1  ,,-«v 

Fi =iS^     ......    (65») 

divide  Eq.  (551)  by  cos  a^  we  have 

/  +  m. — ^  +  i»« — i  =  0 (554); 

cos  a  COS  a 

and  divide  Eq.  (552)  by  cos*  a,  the  result  is 

COS*  a         COS*  a         COS'  a 

Equations  (553)  and  (555)  give 

,   cos*  0       cos»  y co8«  a  cos*  «  ^ 

"*"  cos'a  ]*"  cos*  a  —  V*  ' 

whence 

r3-a«+(ri_  j,).^?!i  +  (pr,_^).??fj:-.0         ....     (656% 

'  COS*  a  COS*  a  \        " 

From  Equation  (554)  we  have 

cosy  __  COS  a 

cos  a  "~  H  ' 

which  in  Equation  (556)  gives 

[(r«-6*)n«+(F*-e*)m*].55flf4.2(r*--c»)./.m.?^==-(r«-a«)»»-(F*--c*)/", 

cos*  a  cos  a 

or 

COS*  ^  (r«-c«)./.w COB0  __       ( F»  —  a«)n«  +  ( F*  —  <?■)  /*  ^ 

5^^  +  ^  (K*-6»)  n*  +  (r«  -  <^)m*  *  cos  a  ""  "■  ( r*  -  6*)  n*  +  ( r«  -  «*)m*' 

COS  i3 
and  solving  with  respect  to  ,  there  will  result, 

i^- (>*-6«)»«+(n-o*)m* 
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and  this  in  Equation  (554)  gives 

COi>y_     (F»-^«).nJ±m^~[(F»-a«)(F«-ft«)n»4-(r«-a«)(r«~c«)m«-f(r»-o«)(r«~&«)7»i 

(6MV 

For  any  assumed  displacement,  the  value  of  F,  £q.  (549),  becomes 
known,  and  the  values  of  the  first  members  of  Eqs.  (557)  and  (558) 
must  be  real;  whence  /,  m,  and  n,  must,  in  addition  to  £q.  (549), 
also  satisfy  the  condition 

( n  —  a») ( F«  -  6«)  ?*»  +  (  r«  -  «•)  ( K*  -  c>) m«  +  ( F»  -  A»)  (  r«  -  €•) /» =  0. 

Dividing  by 

(K«-a»)  (F'-.6»)(F«-c*), 

and  inverting  the  order  of  the  terms. 

From  this  equation,  together  with  Equation  (550),  and  the  rektion 

r  +  m«  +  n«  =  1, (SeO) 

we  have  all  the  conditions  necessary  to  find  the  equation  of  the  wave 
surface ;  this  is  done  by  eliminating  F,  m^  /,  and  n. 

For  this  purpose,  differentiate  each  of  these  equations  with  respect 
to  the  quantities  to  be  eliminated.    We  have,  from  Equation  (550), 

(1) xdl  +  ydm  +  zdnz=dV; 

from  Equation  (560), 

(2) ldl  +  mdm  +  ndn=iO\ 

and  from  Equation  (559), 

f^K        Idl     _^  mdm   _^    ndn    _  ^^  ^j       p        ^       iw>       ^        *»      \ 
W    Ti-fl>"r  ^«-4iT"  rt-<^-  *^*  '^  V(F«-a«)t"*"(Ft-Jt)t"*"(K«-<^)i;' 

Multiply  the  first  by  A,  the  seeond  by  —  A',  the  third  by  —  1,  and 
add  members  to  members,  and  collect  the  coefiScientr  of  like  differ- 
cntiab;  there  will  resolt, 

24 
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=  0. 


+  ^Xy  -  X'm  -  y^LJjdm 
+  ^Xt-X'n-  yt1_J\^n 

i.(x-v\ g— ^■     "•     +     "*     \\dv 


Taking  X  and  X'  of  snch  valnes  as  to  make  the  coefScients  o(  dV  and 
dn  each  zero,  the  equation  will  redoce  to  the  first  two  tenns;  and  as 
dm  and  dl  are  wholly  arbitrary,  Equation  (660),  as  long  ja  dn  it 
undetennined,  we  may,  firom  the  principle  of  indeterminate  coeflBcienti^ 
write, 

(4) Xx-X'l    -yi_^.  =  0. 


(5) 


(«) 


m 


Ay-A,'m-.==5 n=^» 


V*  -  b' 


Xz^X'n  - 


n 


v^^e^ 


=  0, 


Multiply  (4)  by  /,  (5)  by  fTi,  (6)  by  n,  add  and  redace  by  Equatioos 
(550),  (560),  and  (559);   we  have 


(8) 


A,F-A,'=0; 


Multiply  (4)  by  ar,  (5)  by  y,  and  (6)  by  «;  add  and  reduce  by  Eqiui* 
tion  (550)  and  the  relation  «"  +  y*  +  «*  =  r* ;  we  have 

substituting  for  X*  its  value,  (8),  and  transposing, 


Ix 


(9)     .     .     X{^^V^)^^^—Ar^l^,^y^^, 
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tnsspottDg  in  (4),  (5),  mnd  (6),  aquaring  and  adding,  we  have 


AV  =  A'«  + 


^  m*  n* 


substituting  for  jl"  its  value,  (8),  and  reducing  by  (7),  we  have 


and,  therefore, 

(10)    .    .    •    .    A  = 


A«(r«-F«)  =  ^; 


F(r«  -  F«) 


r«-  F** 


Substituting  these  in  (4),  we  find 


F(»^ 


-  F*)  "■     VH  -  F»  ^  F«  -  a'f' 


whence 


VI 


similarly. 


Vm 


r«  -  6«  ""  F«  -  6 
«  Fn 


It 


multiply  the  first  by  x,  the  second  by  y,  the  third  by  i^  add  and  re- 
duce by  (9)  and  (10);  we  have 


4.        y         4.  —  1 


(661J 


From  this,  which  is  one  form  of  the  equation  of  the  wave  surface,  sub- 
tract 

x'  +  y'  +  i'_, 
?  ""  *' 

and  we  have 

a«««  6V  c^**  ,      V 


Jch  is  a  seoondform  of  the  equation  of  the  wave  sur&ce. 
CSoaring  the  fhustions,  it  becomes,  after  sniistitntiDg  for  r*  its  value 
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(«•  +  y"  +  «•)  (a««»  +  6V  +  ^^^ 


=  0. 


.    («») 


DOUBLX  WAYS  TSLOCITT. 


§  320. — ^The  radios  vector  r  measures  the  vdocitj  of  the  point  d 
the  wave  to  which  it  belongs;  and  denoting  by  1^,  m^,  and  n^  the 
*  cosines  of  the  angles  which  r  makes  with  x^  jr,  and  z,  respectively, 
we  have 

and  writing  V^  for  r,  we  have,  by  substituting  in  Equation  (563),  and 
dividing  by  F/ .  a"  .V .  c\ 

a  trinomial  equation,  of  which  the  second  powers  of  the  equal  roots  are 
and  in  which, 


A'  =  I . 


+  »y. 


•         •         • 


(566) 


A"=:l,. 


—  n. 


•     •    • 


(667) 


If  a  >  6  >  c,  the  values  of  A'  and  w^"  will  be  real,  and  there  wiU,  in 
general,  be  two  real  values  for  -=1;  and  witk  this  c(aditioii»  Bquaftioii 
(565)  will  give  two  pairs  of  real  and  equal  roots  wHn  ocmtaij 
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Tke  positive  roots  g^ve  two  velocities  in  any  one  direction,  ftnd  the 
o^gatiTe  in  m  direction  contraiy  to  tkis. 

Throogh  the  origin,  conceive  two  lines  to  be  drawn,  making  with 
the  axis  a,  angles  whose  cosines  are  a^  and  a,^;  with  the  axis  6,  an- 
gles whose  cosines  are  fi,  and  ^^^ ;  with  the  axis  c^  angles  whose  co- 
sines are  y,  and  y^^;  and  snch  that 


A   1 

/I     1 

=""V 

f  1     i' 

ft  =  /»«  =  o; 

V 

/?~v 
'  \     1 

;  (W8) 


and  denote  the  angle  which  r  makes  with  the  first  of  these  lines  bjr 
u^  and  that  which  it  makes  with  the  second  by  ti^,;  then  will 


A' 

= 

',«,+ 

»/-y/ 

HZ 

COSH,, 

A" 

-— 

«/y/ 

= 

cost*,,, 

» 

'l-A"* 

Vl" 

— 

^"«  = 

sin  ti^^. 

lliese,  in  Equation  (5^),  give  for  the  two  values  of  -|p-„ 

^•  =  i(?  +  ^)  +  i{?'-^)-(^8^-<»«««.v  +  »nu,.sinuJ,  ,(66«) 

.jj^==i(i+-,J  +  i(p-^j.(co8tt,.cM  .(570) 


d  by  subtraction, 

1 


-■jri  =  (p--f)'"*^«v8J»«v.  •   •   •   •  (5»i) 


Now, 


y    »»d  y 


■re  tlie  retardations  of  wave  velocity.  As  loi^  as  a  and  e  differ,  the 
•aeond  membor  ean  only  reduce  to  lero,  when  «,  or  u^^  is  aero  ;  'vlkfi.^^^ 
ft  uppean  thati  as  a  geneal  val^  eveiy  Erection  eaL<^iB>ti  X^o  \k  ^>a9K^ 
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gaiahed  by  transmitting  two  waves,  one  in  advance  of  the  other.  Hie 
two  directions  which  form  the  exceptions  are  in  the  pUne  of  the  azei 
of  greatest  and  least  elasticity,  and  make  with  these  axes  the  angles 
of  which  the  cosines  are  a^  and  7^,  a^^  and  y^^.  Equations  (568).  In 
these  directions  ij^e  waves  will  travel  with  eqaal  velocities. 

Any  direction  along  which  the  component  waves  travel  with  equal 
velocities  is  called  an  axis  of  equal  wave  velocity^  All  bodies  in 
which  the  elasticities  in  three  rectangular  directions  differ,  poesea, 
Eqoation  (57 1),  two  of  these  axes,  and  are  called  biaxial  bodies.  The 
retardation  of  one  component  wave  over  that  of  the  other,  will  vaiy 
with  the  inclination  of  the  direction  of  its  motion  to  the  axis  of  eqnsl 
wave  velocity;  and  Equation  (571)  shows  that  the  loci  of  equal  retardir 
tioDS  will  be  arranged  in  the  form  of  spherical  lemm9caU9  about  the 
poles  of  the  axes. 

§  321. — The  form  of  the  wave  surface  and   its    properties    become 
better  known  from  its  principal  sections  and  singular  points. 
Its  sections  by  the  planes  y^,  xz^  and  xy  giref  req[>ectivelyt 


«  =  0;    (y«  +  s»-.fl")(6'y»+c»««-6V)  =  0, 


y=:0;     (««  +  «•- ft*)  («*«"+a*«'-c'a*)  =  0, 


f  =  Q;     (af»  +  y«-.c«)(a*a»+5V-«*ft')=  0, 


•  m) 


If  a  be  greater,  and  c  less  than  h,  then  will  the  first  give  a  drck 
and  an  ellipse,  the  latter  lying  wholly  within  the  former;  the  third 
will  give  the  same  kind  of  curves,  but  the  ellipscTwill  wholly  envelop 
the  circle;  the  second  will  give  the  same  kind  of  curves,  intersecting 
one  another  in  four  points.  This  last  is  the  most  important  It  is  the 
bection  parallel  to  the  axes  of  greatest  and  Ua$t  elastkilUi. 

§  d22.--If  6  =s  €^  then,  Equations  (568), 


^1    t.-^^ 
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die  axes  will  coincide  with  one  another  and  with  the  axis  a^  that  ifl| 
with  «;  tt^  will  equal  u^^^  and.  Equation  (571), 

11  /I  1    \  .     •  /     ^     X 

Ako,  Equation  (568), 

(«*  +  y*  +  ««-c«)[a««*  +  c'(y'  +  ««)-.aV]  =  0  •    .     (574) 

and  the  wave  surface  will  be  resolved  into  the  8ur£Btce  of  a  q[>here,  and 
that  of  an  ellipsoid  of  revolution.  Making  u^  =  0,  it  will  be  seen 
from  Equation  (57 1)  that  these  waves  travel  with  equal  velocities  in 
the  direction  of  the  axis  a.  For  any  other  value  for  u,  since  u^  =  u^^, 
cos  tt^  cos  u^j  +  sin  u^  sin  u^^  =s  1,  Equations  (569)  and  (570)  become 

1  1  1  1  /I  1   \         •    t  /r^r^ 

and  it  hence,  i^pears,  that  the  velocity  of  one  of  the  component  waves 
will  be  constant  throughout  its  entire  extent,  while  that  of  the  other 
will  be  variable  from  one  point  to  another.  The  first  is  called  the  or- 
di$uuy^  the  second  the  extrorordiwiry  wave. 

If  c  be  greater  than  a,  then  will  the  ellipsoid  be  prolate;  if  less 
than  a,  it  will  be  oblate.  There  is  but  one  direction  which  will  make 
F, '  =  F ',  and  that  is  coincident  with  the  axis  a.  Bodies  in  which 
thia  is  true  have  but  one  axis  of  equal  wave  velocity,  and  are  called 
Uniaxial  bodiet. 

From  Equation  (571)  it  appears  that  the  loci  of  equal   retardations 
are  concentric  surfaces,  of  which  the  common  axis  is  on  the  axis  of 
equal  wave  velocity,  and  common  vertex  at  the  origin. 


uiiBiLio  pourrs. 


§  823. — Let  Z  =  0  represent  Equation  (568),  and  take 

.       I    dL  ^       \     dL  ^      \     dL         ,^^^ 

coa^ss — -r-;    cos^s=  —  -I—;    cosc7=  — .-j— ;       (576) 

w     dt^  w    dy  ^  w    dx^       ^      ' 

in  wfaidi  A^  B^  and  C  are  the  angles  which  a  tKQ{<QnL\i  ^u%  \a  ^^  laoa 
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faee  makes  with  the  eo-ordinate  planes  «y,  xt^  and  y^,  respecthelf, 

and. 

JL^_ 1 

10  ^ 


vw<H^y 


.    .    •    .     (677) 


Perfonning  the  operation  here  indicated  on  Equation  (563),  we  have 


=  2»  (a*«*  +  tf  y*  +  c««»)  +  ac"*  («*  +  y'  +  «•  —  «•  —  *% 


—  =  2y  (a«»«  +  6«y«  + «*«•)  +  2  6^y(«"  +  y«  +  «•  —  a«  —  c^; 


=  2ar(a««»  +  y  y*  +  c«««)  +  2  ««af  (a»  +  y^  +  «•  —  6«  —  c>). 


Making  y  =  0,  brings  the  tangential  point  in  the  plane  a  e^  and  the 
above  become 


dL 
dz 

dL 

dy 

dL 
dx 


=  22  (a*a»  +  c*2«)  +  2  c««  («■  +«•  -  a*  -  6'), 


=  0, 


=  2  af  (a"  «•  +  c« «")  +  2  a»  ar  («•  +  2«  -  6*  -  c»). 


>    • 


(«7») 


the  second  of  which  shows  the  tangent  plane  to  be  normal  to  the 
plane  a  c. 

Bat  y  =:  0  giveSy'Equations  (572), 

ap«  4-  g»  —  ft»  =  0 ;    a"  «•  +  c*2'  —  «V  =  0^ 


whence  we  have 


2 


=±.t/i;^i 


a"  —  c" 


a'-c« 


♦  •     (6?9) 


fcr  tike  eo-ordinatea  oC  thie  fdata  in  which  the  circle  and  d%ae  islev 
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sect,  and  which  are  real   aa  long  as  a  >  (  >  r.      SubElitnling  these  i 
Equations  (S76),  (S77),  and  (578),  we  Lavo 


sA  =  - 


sB  =  ^ 


co«  C  =  - 


bcDce  the  points  of  inteisection  of  the  ellipse  and  circle  in  the  pli 
of  the  axis  ac,  are  the  vertices  of  conoidal  cusps,  ench  having  a  t 
gent  cone.  If  a  line  be  drawn  tangent  both  to  the  ellipse  and 
circle  in  the  plane  a  c,  the  tangentiid  points  will  belong  to  the  i 
cumference  of  a,  circle  along  which  a.  plane  through  this  line  may 
drawn  tangent  to  tlio  wave  Burfacc.  This  circumference  is  in  lliot 
■nargiu  of  the  conoidal  or  umbilic  cusp,  determined  ,by  the  aoHace 
the  tangent  cone  reaching  its  limit  by  becoming  a  plane  in  tlie  j 
Dal  increase  of  the  inclination  of  its  elements,  as  the  tangential 
cumfcTcncc  recedes  froro  the  casp  point  A  narrow  annular  pli 
wave,  starling  from  this  circle,  will  contract  to  a  point  in  one  direc-' 
tJon ;  and,  conversely,  an  element  of  a  plane  wave  starting  in  the  op- 
poail«  direction  will  expand  into  a  ring. 

It  thus  appears  that  the  general  wave  aurfiico,  and  of  which  (563) 
■a  the  equation,  consists  of  two  nappet,  the  one  wholly  within  tlw 
other,  except  at  four  points,  where  they 
unite,  and  at  each  of  which  they  form 
a  double  umbilic,  somewhat  after  the 
nuitiucr  of  tlie  opposite  nappes  of  a  very 
obtuve  cone.  The  fignre  represents  a 
model  of  the  wave  surface,  so  cut,  by 
three  rectangular  planes,  as  to  show  two 
of  the  umbilic  points,  as  well  as  tha 
gCBcnJ  course  of  the  nappes,  by  the  re- 
moval of  a  [lair  of  the  resulting  dicdral 
quadrantal  fragmeots. 

MOLEOtlLAR  VKLOCITT. 

8  334.~Multiply  tho   first  of  Equations   (531)   by  2'/?,  the 
hy  ^Jr),  the  third  by  id(,  and  intcgrnta ;    there  will  result,  rocalW 


I 


878 
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dfj^ 
d^ 

df 


=  -n:.r, 


=  -n2.n» 


Vi.ff 


=  -n:.^. 


(680) 


whence  it  appears  that  the  velocity  of  a  molecule  in  the  direction  of 
either  axis  is  proportional  to  its  displacement  in  that  direction,  from 
its  place  of  rest  The  place  of  rest  is  only  relative.  When  a  mole- 
cule is  in  a  position  such  that  its  neighbors  are  symmetrically  disposed 
around  it,  it  is  in  its  place  of  rest,  and  its  displacement  therefrom  will 
be  directly  propoitional  to  the  excess  of  condensation  on  one  side  over 
that  on  the  other.  This  excess  and  the  molecule's  motion  will  reduce 
to  zero  simultaneously,  and  a  single  displacement,  not  repeated,  can 
only  give  rise  to  what  is  called  a  puhe. 

These   equations  also   show   ^lat  the   living  force  of  the  molecule  ie 
proportional  to  the  square  of  the  displacement. 


IIOLSOXTLAR   ORBITS. 

§  325. — ^The  molecular  orbits  are  on  the  wave  front  Suppose  the 
wave  due  to  the  displacement  g  to  be  superposed  upon  that  due  to  17, 
and  take  a  molecule  of  which  the  place  of  rest  is  on  the  axis  z. 
The  first  and  second  of  Equations  (528),  will  be  sufficient  to  find  the 
orbit  of  this  molecule  under  the  simultaneous  action  of  both  waves. 
From  these  two  equations  we  find,  after  writing  z  for  r«  and  r,. 


0). 


(2).     .     . 


(3) 


Ay  *f 


.    .    .    .    ^.(F..<-z)=cos""*|/l--^, 


K 


(4).  .  .  .  x^.(r,.<-f)  =  pos-yi-i. 
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Subtracting  (2)  from  (1), 


2n(—^ V-)=  •^  ^-"^  i' 

in  which  V^.t^z^  is  the  distance^  of  the  wave  front  dne  to  |  from 
the  molecule^s  place  of  rest,  and  F,  •  <  —  z^  that  of  the  wave  front  dne 
to  1]  frt>m  the  same  point    Make 


T.  = 


time  required  for  the  wave  front  due  to  f  to  travel  over  F« .  <  —  « ; 

A.; 


i( 

u 

u 

u 

u 

u 

tt 

M 

n 

u 

u 

tt 

U 

u 

tt 

then  will 


which  substituted  above  gives,  after  taking  cosine  of  both  members, 


cos 


Clearing  the  radical  and  reducing, 

i^  +  -5^.-2cos2Tr-^.l.^-sin«27r-i=:0.    .    (582) 

m 

which  is  the  equation  of  an  ellipse  referred  to  its  centre. 

§  326. — ^To  find  the  position  of  the  transverse  axis,  take  the  usual 
formulas  for  the  transformation  of  coK>rdinates  from  one  set,  which  are 
rectangular,  to  another,  also  rectangular.    They  are, 

f  =  I'  cos  9  —  17'  sin  9, 
^  =  I'  sin  9  +  ^'  cos  9 ; 

in  which  9  is  the  angle  which  the  axis  ^  makes  with  that  of  f. 

Sobititating  these  valaes  of  (  and  f|  Vii  ^i(^>k%  V^*^^^  ^^\^Ri&afi% 
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» 


tbe  coefficients,  and  placing  that  of  the  rectangle  ^'  ff',  eqdal  to  xerc^ 
we  have 

2  sin  9  .  COB  9  (a*  —  aj)  —  2  (sin^  9  —  cos*  9).a^.a,.co827r-^  =  0; 

and  because 

^  sin*  9  —  cos*  9  =  cos  2  9, 

2  sin  9 .  cos  9  =  sin  2  9, 
the  above  becomes, 

tan  2 1|)  =  2 .    'l'''^'    .  cos  2  tt  .  —    .    .    .    .     (588) 
a/  — a/  T,  ^       ^ 

§  32Y. — Now,  if'  the  successive  pairs  of  component  waves  which  dis- 
tarb  the  molecule,  reach  it  with  a  variable   difference   of  phase,  then 

will  cos  2  7r  -^  be  variable,  and  the  transverse  axis  of  the  elliptical  or- 

bit  be  continually  shifting  its  place.  A  wave  in  which  the  molecular 
motions  fulfil  this  condition  is  called  a  (;Qmmon  wave;  being  far  the 
most  frequent  in  nature.  When  the  successive  pairs  of  component 
waves  are  such  as  to  make  the  second  member  of  Equation  (583)  con- 
stant, the  ti^nsverse  axes  of  the  molecular  orbits  will  retain  the  same 
direction,  and^the  wave  is  said  to  be  elliptically  polarized. 

t 
§  328. — If  —  equal  J,  or  any  odd  multiple  of  \y  and  0^  =  0^,  then 

will.  Equation  (682), 

f +  iy«-a.«  =  0, (584) 

-*► 

and  the  orbit  becomes  a  circle.     When  this  happens,  the  wave  is  said 

to  be  circularly  polarized, 

§  329. — If  —  be  equal  to  any  even  multiple  of  J,  then  will 

i  t 

oos27r.—  =  1;     8in'2Tr-—  =  0; 


'  T,  T, 


and,  Eqnation  (582), 
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and  the  orbit  is  a  straight  line  through  the  molecnle^s  place  of  rest 
The  motion  of  the  molecule  will  take  place  in  a  plane  normal  to  the 
wave  front,  and  the  wave  is  said  to  be  plane  polarized ;  and  a  plane 
normal  to  the  wave  front  and  in  the  molecklar  paths,  is  called  the 
plane  of  polarization, 

§  330. — Referring    the    curve   to   the   new   axes,  and   omitting  the 
accents  from  ^  and  ri\  Equation  (582)  may  be  written, 

— , +  -^, -sin"2  7r.-^  =  0, (686) 

m  which  a,  and  a,  will  take  new  values. 


REFLEXION    AND    REFRACTION    OF   WAVES. 

§  331. — The  elastic  force  which  the  molecules  in  the  surface  of  one 
body  exert  upon  those  in  the  sur&ce  of  another,  in  sensible  contact, 
must,  when  the  molecules  are  at  relative  rest,  be  equal  to  that  exerted 
by  the  molecules  in  the  interior  of  either  body;  else  these  surfiu^e 
molecules  would  be  urged  in  opposite  directions  by  unequal  forces,  and 
relative  repose  would  be  impossible.  But,  for  equal  displacements,  the 
elastic  forces  developed  in  different  bodies  are  in  general  unequal,  and 
tliis  is  one  of  the  most  common  of  the  causes  that  produce  a  resolu- 
tion of  primitive  into  secondary  or  component  waves. 

The  velocity  of  a  wave  molecule  varies.  Equations  (580),  directly  as 
the  molecule's  distance  from  its  place  of  rest.  If,  therefore,  a  wave,  in 
its  progress  through  any  medium,  meet  with  a  constitutional  change  of 
elasticity  or  density,  the  elastic  force  developed  at  the  place  of  change 
will  cither  be  greater  or  less  than  that  which  determined  the  places  of 
rest  in  the  interior  of  either  body.  In  the  first  case,  the  condensation 
ill  front  cannot,  by  the  forward  movement,  reduce  to  an  equality  with 
that  behind ;  the  surface  molecules  will  first  be  checked,  and  then  partly 
driven  back  upon  those  behind,  and  a  return  and  an  onward  pulse  will 
proceed  in  opposite  directions  from  the  surface  which  marks  the  change 
of  structure,  as  from  a  primitive  disturbance.  In  the  second  case,  the 
molecules,  meeting  with  less  opposition,  will   go  beyond   their  ueuXt^i 
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limits  with  reference  to  those  behind,  the  latter  will  close  up  in  ;Bnc 
cession,  and  thos  a  return  and  transmitted  •  pulse  will  arise  as  before, 
but  with  this  difference,  viz.:  in  the  latter  case,  the  molecular  motions 
in  the  return  pulse  will  continue  in  the  same  direction  as  before, 
whereas,  in  the  former  case,  those  motions  will  be  reversed.  The  return 
pulse  is  said  to  be  reflected ;  that  transmitted,  refracted.    The  primitive 

r 

pulse,  and  of  which  these  are  the  components,  is  called  the  inddeni 
pulse,  A  change  of  density  or  of  elasticity  will.  Equation  (587),  pro- 
duce a  change  in  the  velocity  of  wave  propagation.  A  sur&ce  which 
is  the  locus  of  a  change  of  density  or  of  elasticity,  is  called  a  deviating 
surface, '  Two  planes  which  are  tangent,  the  one  to  the  deviating  sur- 
fiice,  tlie  other  to  the  wave  front,  at  a  point  common  to  both,  will 
intersect  in  a  line  parallel  to  that  of  the  nodes  of  the  molecular  orbits, 
which  are  in  the  deviating  surface  and  near  the  common  tangential 
point  This  line  of  intersection  is  called  the  line  of  nodes,  A  plane 
through  the  tangential  point  and  perpendicular  to  the  line  of  nodes,  is 
called  the  plane  of  incidence,  Tlie  medium  through  which  the  wave 
moves  before  it  meets  the  deviating  surface,  is  called  the  medium  of 
incidence;  that  into  which  it  enters  on  passing  this  sur&ce,  the  medium 
of  intromiltance. 


§  332. — Let  ^  be  a  point 
common  both  to  the  wave  and 
deviating  surface.  A  C  a  lin- 
ear element  of  the  former,  and 
AB  K  like  element  of  the  lat- 
ter, both  lying  in  the  plane 
of  incidence.  Denote  by  V 
and  X  the  velocity  and  length 

of  the  wave  in  the  medium  of  incidence ;  by  V^  and  X^  the  same  in  that 
of  intromittance ;  and  by  t  the  time.  Now,  supposing  the  wave  to  proceed 
in  the  direction  CBj  and  taking  AB  =ids^  we  have  CB  =  F.  </  (. 

But  while  the  point  (7,  in  the  incident  wave  front,  is  moving  from 
C  U>  B,  the  reflected  pulse,  proceeding  from  ^  as  a  centre  of  disturb- 
ance, will  move  over  a  distance  equal  to  V  dt  in  the  medium  of  inci- 
dence; the  refracted  pulse  over  a  distance  equal  to  V^.dt  in  that  of 
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intromittancc.    WiUi  A  as  k  centre,  and  radias  V,  d  (,  describe  the  arc 

ac,  and  with  the  radius  V^d  /,  the  arc  aV;  and  from  B  draw  the  tangenU 

B  D  and  B  D* ;  the  first  will  be  the  front  of  the  new  wave  element  in  the 

medium  of  incidence,  the  second  in  that  of  intromittancc. 

§  833.— Denote  the  angle  CAB=zABDhy(p;  the  angle  A  B  2)'  by 

9';  then  will 

rf  « .  sin  9  =  Fc/  < ;     rf  » .  sin  9'  =  F^  rf  i .     ,     ,    .     (687) 

and  by  division,  denoting  the  ratio  of  the  velocities  by  ni^ 

?l"-^,=^=«.     .• (688) 

whence  sin  9  =  m  sin  9' ,     T    (580) 

The  angle  9  measures  the  inclination  of  the  incident,  and  c^'  that  of  the 
refracted  wave  to  the  deviating  surface.  These  are  equal,  respectively,  to 
the  angles  which  the  normals  to  the  incident  and  refracted  waves  make 
with  the  normal  to  the  deviating  surface,  at  the  point  of  incidence.  The 
first  is  sailed  the  an^le  of  incidence,  tlie  second  the  anffle  fif  refraction. 
The  inclination  of  the  reflected  wave  to  the  deviating  surface,  is  called  the 
angle  of  reflexion.  The  normals  to  the  incident  and  reflected  waves  fall  on 
opposite  sides  of  the  normal  to  the  deviating  surface ;  and  because  the  ve- 
locity of  the  reflected  wave  is  equal  to  that  of  the  incident,  with  contrary 
sign,  Equation  (580)  becomes  applicable  to  the  reflected  wave,  by  making 
m  =  —  1. 

LIVING    FORCE    AND    QUANTITY    OF   MOTION    IN    A    PLANS    POLARIZED    WAVX« 

« 

§  334. — Take  either  of  Equations  (528),  say  the  first,  and  which  relates 
to  a  wave  plane  polarized,  the  plane  of  polarization  being  perpendicular  to 
the  co-ordinate  plane  yz,  differentiate  with  respect  to  g  and  /,  dropping 
the  subscripts — we  get 

-J=«.7.cos_(n-r)_. 

Denote  the  density  of  the  medium  by  ^,  and  the  area  of  any  portion 
of  the  wave-front  by  a,  then  will  the  mass  between  two  consecutive  posi- 
tions of  this  area  be  a.A.dr,  and  the  living  force  within  a  quarter  of  a 
wave-length  bo 
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V 
Dividing  by  the  volume  a .  F,  and  recalling  that  *  and  -—  are  constant, 

we  shall  find  that  the  quantity  of  living  force  in  a  unit  of  volume  of  the 
medium  will  vary  directly  as  the  product  of  the  density  and  square  of  the 
greatest  displacement ;  and  the  relation  of  these  products,  in  the  case  of 
'any  two  waves,  will  determine  the  relation  of  the  eflfects  of  these  waves 
upon  the  organs  of  sense  upon  which  they  act. 

Again,  the  quantity  of  motion  in  this  quarter  of  wave-length  will  be 

y*r  fit      y»r«-r-o  2»  2» 

A.a.tfr.-p=/  A  .«.a.F.  cos— -(F<- r)-—e/r=  A  .o-«.^^   •    (691) 

r+iy  at   J  ri-r— iX  *  * 


RESOLUTION    OF    LIVING    FORCE   AND   OF   MOTION,  BY  DEVIATING    SURFACES. 

§  335. — Take  the  co-ordinate  plane  xzm  the  plane  of  incidence,  and 
the  axi^2;  in  the  direction  of  the  normal  to  the  incident  wave,  the  axis  y 
will  be  parallel  to  the  line  of  the  nodes  of  the  molecular  orbit  in  tlie  devi- 
ating surface,  at  the  place  of  incidence.  Then,  preserving  the  notation  of 
§  332,  will  the  element  of  the  deviating  surface  at  the  place  of  incidence 
be  da  .dy^  and  its  projections  upon  the  incident,  reflected  and  refracted 
wave-fronts,  respectively, \>q  ds,dy , cos«p,  ds.dy  cos 9,  and  ds.dy , cos 9'. 
These  will  take  the  place  of  a  in  Equations  (590)  and  (591),  in  computing 
the  living  force  and  quantity  of  motion  in  the  incident,  reflected  and  re- 
fracted waves.  The  living  force  in  the  incident  must  be  equal  to  the  sum 
of  the  living  forces  of  its  reflected  and  refracted  components.  First  take 
the  wave  in  which  the  molecular  motions  are  parallel  to  the  axis  a*,  and 
employ  the  subscripts  i,  r  and  t  to  denote  the  incident,  reflected  and  re- 
fracted or  transmitted  waves,  respectively.  The  living  force  in  a  quarter 
of  each  of  these  waves  will,  omitting  the  common  factors.  Equations  (529), 
(545)  and  (590),  give 

A .  cos  9 .  K.  a",,  +  A^ .  cos  9' .  F, .  a*. J  —  A  .  cos  9 . F.  a*.,  =  0 ; 
or.  Equations  (588)  and  (589), 

,     ,  A.  cos 9'  sin 9'     ,         .        ^  ,       V 

A    cos  9    sm  9  ^       ^ 

in  which  A  and  A^  are  the  densities  of  the  medium  of  incidence  and  of 
intromittance. 

The  molecular  motions  are  all  parallel  to  the  plane  of  incidence,  and  at 
tbe  aune^time  normal  to  fhe  diTe(^tioi>*  reapectiTe  wAf«  uottoiis; 
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they,  therefore,  make  with  one  another  angles  equal  to  those  made  by  the 
directions  of  these  latter  motions,  and  we  obtain  two  more  equations  from 
the  relations  of  Equations  (50)  for  the  resolution  and  composition  of  ob- 
lique forces.  The  angles  made  by  the  direction  of  the  motion  in  the  inci- 
dent with  the  directions  of  the  motions  in  the  reflected  and  refracted 
waves,  are  180**  —  2^  and  360®  —  (^  —  9'),  respectively ;  and  the  angles 
under  which  the  directions  of  the  motions  in  the  latter  waves  are  inclined 
to  one  another,  is  180°  —  (^+9').    Whence 

xy  «.         sin  (®  —  ©') 

A.cos(p.F.tt,,=:-A.cos(p.r.a,,,       ;^^,(; 

sm  (9  4-  9  j 

,  __  __  sin  2  o 

A,,coe(p\F,.«,i=A,cos(p.F.a,<.  J^^    ; 

sm  (94-9) 

sm(9  4-9')  ^       ' 

_         A    COS9    sin9        sin 29  .       . 

A^  COS  9    sm9'  sin  (9  4- 9')  ^      ' 

Substituting  these  in  Equation  (592),  we  readily  find, 

^  —  ^  cos'  9' .  sin*  9'  ___  cos*  9' .  sin*  9'  ^ 

^f "~        sin*  29        """  cos'  9  .  sin*  9  ' 
whence, 

rr        rr         sin  2 9        _    >—    cos9.sin9  /•^^x 

*  2  cos  9  .  sm  9  cos  9  .  sm  9  ^       ' 

Substituting  the  above  ratio  of  the  densities  in  the  equation  just  preced- 
ing, we  get 

2cos9\sin9\ 

*•'-*•'•    sin  (9+9')    ' ^      ^ 

multiplying  this  by  Equation  (595),  member  by  member,  and  the  equa- 
tion giving  the  value  of  a.^  by  'v/a,  and  taking 

-v/Z.a.^srl;     -v/Aa.^siiv;    V^.a„=i/, 
we  find 

„  =  _!j^j^ (597) 

sm  (9  -f  9')  ^      ' 

sm(9+9')  ^      ' 

To  which  may  be  added  the  relations,  Equation  (589), 

•     /    *«>*9              t     a/\      «n*qi 
9'=— I;     cos9'=f  1 -^ 

25 
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Transposing  the  term  of  which  a,^  is  a  factor  to  the  second  member  io 
Equation  (592),  subtracting  Equation  (593)  from  a^  =  a^,  dividing  the 
first  result  by  the  second,  and  multipljing  the  quotient  by  Equation  (593)', 
we  readily  find 

^5:i±^'  =  -^ (m) 

CQS9         COS  9  ' 

That  is,  the  projection  in  the  direction  of  wave  propagation  and  on  the 
deviating  surface,  of  the  greatest  displacement  in  the  incident,  increased 
by  that  in  the  refected  wave,  is  equal  to  like  projection  of  the  greatest 
displacement  in  the  refracted  wave. 

Next,  take  the  wave  in  which  the  molecular  motions  arc  parallel  to  the 
axis  y ;  these  are  parallel  to  the  deviating  surface.  The  motions  in  the 
incident,  reflected  and  refracted  waves  are  parallel  to  one  another,  and,  by 
the  principles  of  parallel  forces,  the  sum  of  the  motions  in  the  reflected 
and  refracted  waves  must  be  equal  to  that  in  the  incident  The  equation 
for  the  living  force  will  be  the  same  as  before.  Whence  Equations  (529),. 
(545)  and  (590),  omitting  the  common  factors, 

A .  cos  9 .  F.  a'y,  +  A^ .  cos  9'.  V^ .  a'^,  —  A .  cos  9 .  F.  a',,-  =  0 ; 

A.co8(p.F.ay^  + A^.cos9'.F^..ay,—  A  .cos9.F.ayi  =  0   .     (600) 

In  which  A  and  A^  are,  as  before^  the  densities  of  the  medium  of  incidence 
and  of  intromittance,  respectively ;  or.  Equations  (588)  and  (589), 

,     ,  A    sin 9'  COS9'     f  t        /x 

'       A    sm9    cos  9       '  ' 

.  a'  sin®'  cos©' 
'       A    sm9    cos  9      '»        '•  \      / 

Transposing  the  terms  containing  a,^  and  a,;  to  the  second  members,  and 
dividing  the  first  by  the  second,  we  find 

Orr +  «,*  =  »»« (002) 

That  is,  the  greatest  displacement  in  the  refracted  is  equal  to  the  sum  of 
the  greatest  displacements  in  the  incident  and  reflected  waves.    * 

Substituting  the  value  of  —,  as  given  by  Equation  (597),  in  Equation 

(601),  we  have 

.    sin  o .  cos  o  ^  ^      ^ 
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Sabstitathig  in  this,  first  the  value  of  a,^,  and  then  of  a,,.,  dodu6ed  from 

Equation  (602 ),  we  readily  get 

tan(y-  9') . 

4  cos©',  sin©'  , . 

'         '    sin  2  9  +  sm  2  9  ^      ' 

Mnltiplying  the  first  of  these  by  ^ ^  and  the  second  by  Equation  (595), 
andmakiBg 

there  will  result, 

_      tan  ((p  -  (p')  ^ 

,  sin  2  (p  ,     ^ 

«' =  -7-7— r-7T —, K    .      •      .      .      (607) 

sin  (9  +  9  )  •  00s  (9  —  (p^  ^       ' 

§  336,— Divide  Equation  (598)  by  Equation  (597),  and  Equation  (607) 

by  Equation  (606),  replace  v,  u,  v*  and  t//  by  their  values,  and  substitute  for  ' 

the  ratio  of  the  square  roots  of  the  densities  its  value  as  given  in  Equation 

(595),  we  find 

oi^i .  cos  9'  cos  9'       sin  2  9' 

cn., .  COS  9  cos  9    sin  (9  —  9')' 

g,,  ^  sin  2  9'  ^    ^    ^     . 

ttyy  sin  (9  —  9')  .  cos  (9  +  9')    *    '    * 

Bat  a.i .  cos  9'  and  a,, .  cos  9,  are  tlie  components  parallel  to  the  deviating 
surface  of  tlie  displacements  which  arc  in  the  plane  of  incidence;  a^^  and 
a^r  are  already  parallel  to  tlie  deviating  surface ;  whence,  as  long  as  9>9',  * 
tliat  is,  as  long  ^  thi;  velocity  of  wave-motion  in  the  medium  of  incidence 
exceeds  that  in  the  medium  of  intromittance,  the  molecular  phases  in  the 
refracted  and  reflected  waves  will  be  opposite,  and  conversely. 

§  337.— Denote  the  living  force  in  tlie  original  incident  wave,  sup- 
posed common,  by. unity;  that  in  each  of  its  two  original  components 
will  be  denoted  by  one  half  of  unity,  and  the  total  living  force  of  tho 
reflected  wave  will,  Equations  (597),  (606),  be 

'  sm*  (9  4-  9')      '  tan*  (9  +  9  )  ^ 

•Did  tkat  of  the  refracted, 


\ 
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POLARIZATION   BT   RXFLSXION   AKD   RBFRACTIOK. 

§  338. — ^The  first  term  in  the  seeond  member  of  Equation  (609), 
measures  the  living  force  in  that  portion  of  the  reflected  wave  which 
is  due  to  vibrations  parallel  to  the  plane  of  incidence ;  the  second,  that 
due  to  vibrations  perpendicular  to  this  plane.  The  former  exceeds  the 
latter.  These  living  forces  being  proportional  to  the  squares  of  the 
greatest  displacements,  the  former  may  be  represented   by  a/,  and  th# 

latter  by  a,*,  in  Equation  (582).      The   factor  -^,  in  this  equation,  de^ 

termines  the  difference  of  phase  simultaneously  impressed  by  both 
waves  upon  the  same  molecule^  and  when  the  waves  have  passed  from 
one  medium  to  another,  its  value  will  depend  not  only  upon  the  na- 
ture of  both  media,  but  also  upon  the  action  to  which  the  waves  may 
have  been  subjected  while  crossing  the  space  wherein  the  physical 
changes  occur  that  constitute  the  transition  from  one  medium  to  an- 
other. The  amount  of  this  action,  in  any  particular  case,  can  only  be 
known  from  experience.  The  resultant  waves,  both  in  the  medium  of 
incidence  and  of  intromittance,  will  be  elhptically  polarized. 

When  9  -f  (p'  =  90°,  then.  Equation  (589),  will  sin  9'  =  cos  9,  and 

sin  ©  ^       ^ 

m=z ^=tan(p; (611) 

cos  9  ^      ' 

the  second  term  of  Equation  (609)  will  disappear,  and  the  reflected 
wave  will  be  wholly  polarized  in  the  plane  of  incidence.'  This  angle^ 
of  which  the  tangent  is  equal  to  the  index  c^  refraction,  is  called  the 
polarizing  angle. 

The  index  of  refraction  varies  with  the  wave  length,  Eqs.  (588),  (545), 
and  it  will,  therefore,  be  impossible  wholly  to  polarize,  by  a  single  re- 
flexion, a  wave  compounded  of  several  components,  having  different 
wave  lengths. 

Of  the  terms  of  tko  second  member  of  Equation  (610),  the  last  » 
the  greater,  because' 
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mad  the  exoess  will  measure  the  preponderance  of  that  part  of  the  re- 
fracted wave  due  to  vibrations  perpendicolar  over  that  due  to  vibra- 
tions parallel  to  the  plane  of  incidence.  This  excess  is  ezactlj  equal 
to  the  excess  in  the  reflected  wave  which  arises  from  vibrations  par- 
4dlel  over  those  perpcndicalar  to  ihe  plane  of  incidence. 

§  338^— If  the  wave  velocity  in  the  medium  of  incidence  be  less 
than  in  that  of  intromittancc,  then  will  m  be  less  than  unity,  and  the 
valnes  of  v  and  v'  become  imaginary  for  all  angles  of  incidence  greateiT 

I 

than  that  whose  sine  is  equal  to  m,  and  at  this  limit  the  problem 
changes  its  nature.  In  fact,  this  is  the  limit  of  refraction,  according 
to  the  law  of  the  sines,  Equation .  (589),  and  for  any  increase  oT  the 
Angle  of  incidence  beyond  this,  the  wave  will  be  wholly  reflected. 

§  339. — If  the  wave  be  plane  polarized,  and  its  plane  of  polarization 
inclined  to  that  of  incidence,  under  any  angle  denoted  by  a,  then  will 
the  reflected  component  displacements  parallel  and  perpendicular  to  the 
plane  of  incidence  be,  respectively.  Equations  (597)  and  (606), 

sin  (©  —  9')  ,      tan  (9  —  9') 

.    ;     ,     ,:.cosa,  and— ;^ — ) — • — yf.sma. 

sin  (9  +  9  )  tan  (9  +  9  ) 

The  component  waves  due  to  these  displacements  will  proceed  onwards, 

and  may  satisfy  the   condition  of  -^  being  an    even   multiple   of  •}-; 

in  which  case  the  resultant  will,  Equation  (585),  be  a  plane  polarized 
wave.  Denote  the  inclination  of  its  plane  of  polarization  to  that  of 
reflexion  by  a^,  then  will 

V        sin  (9  -  9^)  cos  (9 -9') 

sm  (9  +  9  ) 

If  9  +  9'  =  90**,  then  will  a'  =  0^  whatever   be  a ;    also  if  a  =  0% 
then  will  o^  =  O*" ;   finally,  if  9  =  0%  then   will  9'  =  0,   and  of  =  a. 
That  is,  when  a  plane  polarized  wave  is  incident  under  the  polarizing 
•agfei  it  M  reflected  polarized  in  the  plane  of  reflexion.    WVi^t^  vcl  \c^- 
Mmt  mwe  it  pobuiied  in  the  ptane  of  inddeu^  \)ie  t^^^ik:Xj»^  ^v«^ 
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preserves  its  plane  of  polarization  undianged  under  all  angles  of  inei- 
d^ice.  Finally,  under  a  perpendicular  incidence,  the  plane  of  polarixa- 
lion  of  tbo  incident  and  that  of  the  leflected  wave  ccMncide. 

Equation  (612)  shows  that  a!  is  ahrajs'kss  than  a,  and  that  the 
plane  of  polarization  approaches  that  of  incidence  at  each  reflexion,  aad 
may  be  made,  by  a  sufficient  number  of  reflexions,  ultimately  to  coin* 
cide  with  it. 

§  340. — Btill,  supposing  the  velocity  of  the  wave  leas  in  the  medium 
of  incidence  than  in  that  of  intromittance,  (mt  9^  >  9 ,  let  the  wave  be 
plane  polarized,  and  its  plane  of  polarization  inclined  to  that  of  inci- 
dence.  The  vibrations  will  be  resolved  into  their  components^  respec- 
tively parallel  and  perpendicular  to  this  latter  plane;    and  as  long  as 

i 
sin  9  <  m,  two  components  will  be  reflected  and  two  refracted.     K  -^ 

be  any  even  multiple  of  j-,  in  both  sets  of  components,  the  reflected 
and  intromitted  resultant  waves  will  be  plane  polarized. 

The  inclinations,  denoted  by  a'  and  a^,  of  the  planes  of  polariza- 
tion of  the  reflected  and  refracted  waves,  respectively,  to  the  plane  of 
incidence,  will  be  given  by 

tan  a'  =  -  •  tan  a ;     tan  o .  =  —  •  tan  a ; 

in  which  v,  v\  u  and  u',  are  to  be  found  by  Equations  (597),  (606)^ 
(598),  and  (607). 

If  a  =  45°  and  sin  9  =  m,  then  vi^U 

tan  of  •=.  —  \.  and  tan  o,  =  — . 

At.  this  limit,  the  refracted  wave  takes  the  direction  of  the  deviating 
surface.  An  infinitesimal  increment  to  9  will  cause  this  wave  to  be 
reflected  and  make  m  =  —  1,  tan  a^  =  —  1,  and  give  to  tan  a'  the 
form  of  indetermination.  Bnt,  retaining  the  limiting  value  of  this  fhno- 
tion  above,  we  have, 


A   -• 
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juid  since  the  planes  of  poUrixation  pass  through  the  same  line,  viz^ 
a  normal  to  the  wave  front,  thej  will  make  with  one  another  an  angle 
of  90°,  and  the  whole  reflected  wave  will  he  compounded  of  two  equal 
components  polarized  in  planes  at  right  angles  to  each  other.  If  these 
waves  reach  the  molecules  in  their  common  path,  so  as  to  satisfy  the 

condition  that  -^  shall  he  an  even  multiple  of  ^,  the  resultant  wave 

will  he  plane  polarized;  if  an  odd  multiple,  then  circularly  polarized; 
and  if  between  these  limits,  then  elliptically  polarized. 

§  341. — If  the  polarization  be  circular,  then  will  a.  =  a,  =  a^,  be 
equal  to  the  radius  vector  of  the  circular  orbit  Denote  the  angle 
which  this  radius  makes  with  the  axis  Xy  at  any  instant,  by  6;  then 
wiU  / 


a^ .  cos  ^  =  ^  =  a, .  sin  2  7r 


K 


a^ .  sm  a  =  ly  =a^  •  sm  2  7r  — ^— r . 


Denote  the  time  required  for  the  first  wave  to  describe  F, .  i  —  «,  by  /^, 
that  for  the  second  to  describe  F, .  /  —  z  by  t^y  and  the  periodic  time 
of  a  molecule  in  both  waves  by  r ;  then,  because  the  wave  velocity 
18  constant,  and  the  wave  length  and  orbit  are  described  in  the  same 
time, 


which,  in  the  above,  give, 


cos  0  =  sin  2  TT  •  — , 

T 


sin  ^  =  sin  2  TT .  -^ ; 

r 


and  making 

^=t:t<', («18) 

in  which  t^  denotes  the  time  the  wave  doA  Vo  TitenSQAfu^  ^^s^^ii^sdL  >ft 
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one  axis  is  in  advance  of  that  doe  to  th>se  parallel  to  the  other;  wi 
have, 


006  ^  =  sin  2  TT  -^ ;      •    • 

T 


•    • 


8ind  =  sin27r  l^±:L\ 
1>ifferentiating,  regarding  —  as  constant,  we  find. 


-    (614) 


•     (615) 


de 


27T 


dtg      r .  cos  0 
andy  developing  the  hust  &ctor, 


•  cos  2 


'{t-v)= 


de 

dt,"  T. 

27r 
cos^ 

•  rco6  2 

T 

coe 

i27r 

t' 

T 

and  making 

T    "" 

i. 

cos© 

de 
'dt,- 

T 

2r 

• 

T 

sin 

K 


f 


qp  sin  2  TT  •  —  •  nn  2  ?r  —  I ; 

T  T  J 


T 


•      •      •      • 


(616) 


Differentiating  (614),  we  find, 


'    a   ^^  2  7r  ^      <. 

Sm  e  .  -; —  = .  COS  2  TT  —      ,      . 

dt^  T  T 


•        • 


(617) 


Squaring,  adding  to  the  square  of  Equation  (616),  and  taking  square 
root, 

de  217  ,       , 

dtr^- («i8) 

whence  the  velocity  is  constant 

The  first  member  of  Equation  (616)  is  the  velocity  in  the  direction 
of  the  axis  y,  and  Equation  (617)  in  the  direction  of  the  axis  «,  and 
these  equations  show  that  the  upper  sign  must  be  taken  in  Equation 
(618)  when  if  is  positive  in  Equation  (613),  and  the  lower  when  f'is 
negative.  Whence  it  appears,  that  two  waves  plane  polarised  will,  by 
tbeir  simnltaneoos  action  upon  a  molecule,  cause  it  to  move  uniformly 
ill  a  circlei  provided  they  \>e  o^  ^^  vkoi^  X^h^^  vcA  ^s^oft  wave  li^ 
■•  it  were,  behind  the  <^w,  >>^  «^  «MB^«lv«tft  wsjas^  v^  \  5*.  % 
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length ;  and  the  motion  will  be  from  right  to  left,  or  the  converse,  ac« 
cording  to  wave  precedence. 

Xwo  waves  distingaished  by  these  peculiarities  are  said  to  be  oppo* 
Mitely  polarized.  The  plane  perpendicular  to  the  wave  front,  and 
through  that  diameter  of  the  orbit  into  which  the  molecule  would  be 
brought  at  the  same  instant  by  the  separate  action  of  the  two  w 
is  called  the  plane  of  crossing. 


§  342.— Let 


(1) a^cosd  =  f  =  a,  8in2  7r— , 

T 

(2) a^sin^  =  iy  =  a,sin(2  7r.^  +  i-y 

(3) a^C08(?=  f  =  a^sin  (2  7r. -^H \, 

(4) a,  sin  ^  =  iy  =  ft;  sin  2  TT  ~, 

be  the  displacements  in  two  oppositely  circularly  polarized  waves.  The 
union  of  (1)  and  (4)  gives  a  resultant  wave  plane  polarized;  that  of 
(2)  and  (3)  also  a  wave  plane  polarized,  the  equation  of  the  path 
being 

in  the  plane  of  crossing.  It  thus  appears  that  the  union  of  two  circu- 
larly polarized  waves,  polarized  in  opposite  directions,  gives  a  plane 
polarized  wave,  of  which  the  intensity  is  double  ,of  either.  Conversely, 
a  wave  plane  polarized  may  be  resolved  into  two  components  of  equal 
intensity,  circularly  polarized  in  opposite  directions. 

§  343. — ^Because  the  time  of  describing  the  wave  length  is  equal  to 
the  molecular  periodic  time,  we  have,  denoting  the  velocity  of  wave 
propagation  by  F| 

whence 

X 
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whico,   in   Equation  (618),  gives,   after  multipjing  by  l«  and  dividinj^ 
bj  2  7r, 

^   t 

dt.^  '  _  Vt. (619) 

The  first  member  is  the  arc,  expressed  in  circumferences,  described  by 
^  the  molecule  while  the  wave  is  moving  through  a  thickness  V  .t^  of 
the  medium.  So  that  a  wave,  compounded  of  many  components  hav- 
ing  different  wave  lengths,  but  all  polarized,  on  entering  a  medium, 
may  emerge  with  the  planes  of  polarization  of  its  several  components 
so  twisted  through  different  angles  as  to  diverge  from  a  common  line 
perpendicular  to  the  wave  front.  The  department  of  optics  furnishes 
some  fine  examples  of  this.  A  piece  of  quartz,  of  a  peculiar  kind,  b 
known  to  twist  the  extreme  red  wave  through  an  angle  of  17^  29'  47", 
and  the  extreme  violet,  44^  04'  58'',  for  each  millimetre  of  thicknesa. 

DIFFUSION   AND   DECAT   OF   LIVING   FORCE. 

§  344. — The  living  force  of  any  molecule  whose  mass  is  m  and  ve- 
locity  v^,  is 

and  denoting  by  n  the   number   of  molecules  on  a  superficial   unit    of 
the  wave  front,  the  living  force  on  this  unit  will  be 

and  on  the  sur&ce  of  a  sphere  of  which  the  radius  is  r^, 

4  TT .  r/ .  n .  m  v/ ; 
and  for  another  sphere,  of  which  the  radius  is  r^/,  and  molecular  velo* 


city  V,,, 


4  7r .  r^/ .  n  m  v^/. 


If  these  spherical  surfaces  occupy  the  same  relative  positions  in  a  di- 
verging wave,  in  any  two  of  its  positions,  their  molecular  living  foi'oes 
muat  be  equal;  whence,  suppressing  the  common  factors, 
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The  molecules  describe  ellipticAl  <rbits,  and  under  the  action  of  molec- 
ular forces  directed  to  the  centres  of  these  curves.  The  periodic  time 
willy  therefore,  §  207,  Equation  (286),  be  constant,  however  the  dimen- 
sions  of  these  orbits  may  vary ;  and  the  average  velocities  of  the  mole- 
cules will  be  proportional  to  the  lengths  of  their  respective  orbits,  or, 
in  similar  orbits,  to  any  homologous  dimensions  of  the  same — as  their 
transverse  axes  or  greatest  molecular  displacements.  Denoting  the  latter 
by  c'  and  c"  in  the  two  waves,  then  will 

^ -fl. 

V  c 

which,  with  Equation  (620),  ^ves  ^ 

c"r,,  =  <?'r^ (621) 

Whence  it  appears,  thai  the  living  force  of  the  molecules  of  any  wave 
varies  inversely  as  the  second^  and  the  greatest  displacement  inversely  a$ 
the  first  power  of  the  distance  to  which  the  wave  has  been  propagated 
from  its  place  of  primitive  disturbance. 


INTSRFBRXNOl. 

§  345. — Resuming  Equation  (586),  viz., 

^!  +  -^.-sin*27ri=0; 

denote  the  radius  vector  of  the  molecular  orbit  by  p\  and  the  angle  H 
makes  with  the  axis  of  g  by  d\  then  will 

I  =  p'.  cos  0' ;    fi  =z  p\  sin  6' ; 

which,  in  the  above,  give 

p^=>- "^''"^^  .RingTT.i; 

Va^;  COS*  d'  +  a/  sin»  0'  '^ 

md  making 

et     a 
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t 
p'  =  c' .  sin  2  TT .  - 
'^  T 


(622) 


In  this  equation,  p'  is  the  actual  displacement  of  the  molecule  from  its 

place  of  rest,  and  becomes  a  maximum  when  ~  is  any  odd  multiple  of 

t 
\.    If,  however,  there  be  added  to  the  arc  2  tt  -,  an  arbitrary  arc  a\ 

this  latter  may  be  so  taken  as  to  make  the  maximum  or  any  other 
displacement  occur  at  such  time  and  place  as  we  please,  and,  there- 
fore,  to  give  to  the  molecule  any  particular  phase  at  pleasure,  at  the 
time  t.    We  may  write,  then,  generally, 

p'  =  c' .  sin  ^2  TT .  -  +  a'^  ;     .    .     .        ,     (623) 


and  for  a  second  resultant  wave, 


p"=c".sin(27r.-  +  a"); 


(624) 


and  if  these  waves  act  simultaneously  upon  the  same  molecules,  the  re- 
sultant displacement,  denoted  by  p,  will,  §  306,  be  given  by 

p  =  p'  +  p"  =  c' .  sin  (2  TT .  ;i  +  a')  +  c" .  sin  (2  tt  .  i  +  a"). 

Developing  the   circular  fhnctions  acd  collecting  the  coefficients  of 
like  factors, 

p  =  (c' cos  a' +  c"  cos  a")  .  sin2  7r-  +  (c '  sin  a' +  c"  sin  a")  .  co8  2Tr-; 


and  making 


>s  a  =  c' .  cos  a'  -f  c"  cos  a",l 
in  a  =  c'  sin  a'  +  c"  sin  a",   ) 


c  cos  a  = 
e  sin 


(625) 


we  have 


p  =r  c « 008  a .  sin  2  ir.  -  +  ^  sin  a .  cos  2  ir  • -! 
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«r. 


p  =  c  sin  /  2  TT .  -  +  a y 


(G26) 


Squaring  Equations  (625),  and  adding, 

c»  =  c'«  +  c"«  +  2  c'  c"  cos  (a'  -  a"), 

and  dividing  the  second  by  the  first, 


.     (627) 


c  .  sin  a'  +  c    .  sin  a' 

tan  a  =  —7 7—; — 7, ^. 

*  c  cos  a  +  c    cos  a  ' 


(628) 


From  Equation  (626)  we  see  that  the  resultant  wave  is  of  the  same 
length  as  that  of  the  component  waves  to  which  Equations  (623)  and 
(624)  appertain ;  the  length  being  determined  by  the  molecular  periodic 
time  r;  but  the  value  of  a  in  that  equation  differing  from  a!  and  a'' 
in  Equations.  (623)  and  (624),  shows  that  the  maximum  displacement  of 
a  given  molecule  does  not  take  play  in  the  resultant  wave  at  the  same 
time  as  in  either  of  its  components. 

§  346. — ^The  maximum  displacement  in  the  resultant  wave  is  given  by 

c  =  ^/e'^  +  c"«  4-  2  c'  c" .  cos  (a'  -  a")  ;    .     .    .     (629) 

irhich  will  be  the  greatest  possible  when  a*  —  a"  =  0,  and  least  pos- 
sible when  a!  —  a*'  =  180° ;  the  maximum  in  the  former  case  being 
given  by 


c  =  c'  +  c" 


and  the  minimum,  by 


c  =  <?'  -  c". 


In  the  first  case.  Equation  (628), 


{e  +  n  .  sin  a'      ^       , 

tan  a  =  ; ,  ,    ,.( =  tana'. 

(c  +c  )  ,  cos  a' 


Whence  a=z  a'  ^  a",  and  the  maximum   displacement  will  occur  at 
the  Mine  place  and  time  in  the  resultant  and  component  wavea« 
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In  the  second  case,  Equation  (628),  if  we  make  a!  =  180®  +  o!\ 
tana  =  ^\^  ^n  '  "°  ""l'  =  tana"  =  ten  io!  -  ISO^')  =  ten  a'; 

(C    —  C    )  .  cos  tt  '  ^  ' 

that  is,  a  will  be  equal  to  one  at  least  of  the  arcs  a!  and  a!\  and  the 
greatest  displacement  will   occur   at   the   same   time   and  place  in  the 
resultent  wave  as  in  one  of  its  components. 
If  c'  =  c",  then,  Equation  (629), 


c  =  cV  2  [1  +  cos  (a'  —  a")]  ; 


and  because 


1  +  cos  (a'  —  a")  =  2  cos* 


a'  -  a" 


2      ' 


c  =  2  c'.  cos 


.      2 


(630) 


and,  Equation  (628), 


sm  a  -I-  sin  a  a  -f  « 

ton  a  = ;— =  ten  — 

cos  a  +  cos  a  2 


.     .     (631) 


H  while  c'  and  c"  continue  equal,  we  also  have  a'  —  a"  =  180%  then, 

Equation  (630), 

c  =  0. 

Thus  it  appears  that  two  equal  waves  may  reach  the  same  molecules 
in  such  relative  condition  as  to  keep  them  in  their  places  of  rest;  in 
other  words,  two  equal  waves  may  destroy  one  another. 

g  347. — To  ascertein  the  precise   relation  of  two  waves  which  will 
cause  this  mutual  destniction,  make,  in  Equation  (623), 


a'  =  a"  db  TT  =  a"  db 


2Tr .  r 


and  that  equation  becomes. 


p'  =  c'.Bm(2  7r.i4-«"±^), 

^' =  c' .  «n  f  2  TT  1— -il  +  a") ;     .    .    .    ,  .{«82) 


_  Ik 
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which  becomes  identical  with  Equation  (624)  by  making 


€  =  c 


tt 


and 


i^i±\r. 


(633) 


Now,  the  same  value  for  t,  in  Equations  (623)  and  /(624),  will,  for 
equal  values  of  the  arbitrary  arcs  a!  and  a!\  determine  the  component 
waves  to  give  to  a  molecule  subjected  to  their  simultaneous  action, 
similar  phases  ;  and  a  value  for  ^,  in  the  one,  which  differs  from  that 
in  the  other,  by  one-hal(  or  any  odd  multiple  of  one-hal(  of  the 
molecular  periodic  time,  opposite  phases.  And,  because  the  waves  pro- 
gress by  a  wave  length  during  each  molecular  revolution,  the  above 
result  shows  that,  when  two  waves  meety  after  having  travelled  over 
routes^  estimated  from  points  at  which  their  molecular  phases  are  simi- 
lar^ and  which  routes  dijfer  by  lialf  or  any  odd  multiple  of  half  a 
wave  lengthy  they  will  destroy  one  another^  provided  the  waves  have  the 
same  length  and  equal  maximum  molecular  displacements,  Tliis  act,  by 
which  one  wave  destroys  another,  is  called  wave  interference. 

The   same  process  of  combination  will  equally  apply  to  three  or 
more  wave  functions  in  which  r  is  the  same  in  all ;  that  is,  wherein  the 

wave  lengths  are  the  same ;  for,  in  that  case,  sin  2  tt  .  -   and  cos  2  tt  .  - 

being  conunon  factors,  afler  developing  each  function  in  the  sum,  the 
resultant  displacement  p  becomes. 


t  t 

p  =  sin  2  TT .  - .  2  c'  cos  a'  +  cos  2  TT .  - .  S  c'  sin  a\ 

T  T 


and  assuming 


c .  cos  a  =  2!  c'  COB  a', 
c .  sin  a  =  2  c'  sin  a! ; 


p  =  c.sin(27r-  +  a),    .     .    (634) 


thus  making  the  resultant  wave  of  the  same  length   as  that  of  either 
of  ita  components. 
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But^  if  the  component  waves  be  not  of  equal  lengths,  the  sum  of 
the  corresponding  functions  cannot  reduce  to  the  form  of  Equation 
(6d4)j  because  of  the 
absence  of  common 
factors,  arising  from  a  ^'^ 
change  in  the*  value 
of  T  from  one  com- 
ponent to  another.    Such  components  can  never  destroy  one  another. 


INFLEXION. 


§  348. — Make,  in  Equation  (621),  r''  =  1,  and  that  equation   be- 


comes 


jr 


c'  = 


and  this  value  being  substituted  for  c\  in  Equation  (622j,  gives. 


." 


and  making 


p  =  —  •  sm  2  7r  .  - : 
r  T 


i        Vt-^r. 


X      ' 


we  have,  omitting  all  the  accents, 


p  =  -.sin27r — J—, 


(635) 


whic^  is  of  the  same  form  as  Equations 
the  velocity  of  wave  propagation ;  t,  the 
primitive  disturbance ;  A,  the  wave  length ; 
ment  of  a  molecule  of  which  the  distance 
the  point  of  primitive  disturbance  is  r;  and 
at  the  time  /,  of  this  same  molecule.  And 
that  the  displacements  will  always  be  the 
Vt^Vf  behind  the  wave  front. 

Every  disturbanoe  of  a  molecule,  at  one 


(628),  and  in  which  V  is 

time  of  its  motion   from 

c 

-,  the  maximum  displace- 

of  the  place  of  rest  from 

p  the  actual  displacement, 

from  which  it  is  apparent 

same  for  equal  distances, 

time,  becomes  s  oauae  of 
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distarbance  to  another  molecule  at  some  subsequent  time.  All  the 
molecules  in  a  wave  front,  when  they  first  begin  to  move,  become, 
therefore,  centres  of  disturbance  for  every  molecule  in  advance ;  and 
if  the  primitive  disturbance  be  kept*  up,  secondary  waves  proceeding 
from  these  centres  will  reach  a  molecule  in  advance  simultaneously, 
and  determine,  §  307,  at  any  instant  t,  its  displacement  2  p. 

Suppose  a  wave,  whose 
centre  of  disturbance  is  C7,  to 
have  reached  the  position  ABj 
so  remote  from  C  that  a  small 
portion,  AB^  may  be  regarded 
as   sensibly  plane :     What  is 

the  displacement  of  a  molecule  at  0,  produced  by  the  simultaneous 
action  of  the  secondary  waves  proceeding  from  the  molecules  in  any 
portion,  as  ^^,  of  a  section  of  this  wave  front?  Draw  the  normal 
CDHTj  through  the  middle  of  P  Q;  denote  the  variable  distance  DQ 
by  z,  and  Q  0  by  r.  The  displacement  of  the  molecule  0,  by  the 
secondary  waves  from  the  arc  AB  =2b,  will,  Eq.  (635),  be  given  by 

^p=^j       pdzz=^J        .sm27r. — - —    .     .     (636) 

Here  r  and  z  are  variable.  To  eliminate  the  former,  join  O  with  the 
middle  of  ^  ^  by  the  line  D  0,  and  denote  its  length  by  /,  and  the 
angle  QD  0,  which  it  makes  with  the  wave  front,  by  0,     Then  will 


r  =  V^  +  2*  — 2/«co8^; 

and  by  Madaurin^s  formula, 

sin'  6 
r  =  /  —  COS9.2  +  — y  .  «■  —  dpc     .    .    .     .     (687) 

If  the  greatest  value  of  jb  be  small  as  compared  to  /,  we  may  take 

r  =  /  — cos^.f,         (638) 

I  di^lpoemeats  of  the  molecde  0^  V7  ^ioL^  ^f^ii^ 

.      26 
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from  2P  to  be  equal.     Whence,  substituting  the   value  of  r,  with   this 
restriction,  in  Equation  (636),  we  have. 


p.dz  =ZY  '  I       sin  -r-  (Fi  —  /  +  C08^.«)a«, 


and,  performing  the  integration  without  regard  to  limits, 


Sp  =  - 


cX  2n 

- — ; S.C08-T-  (Vt  —  l  +  cosO.zu 


and  between  the  limits  —  h  and  +  6, 


2p  = 


cX 


2n.l,  COS0 


FcoS  ?^(r<-/-6  COS0)-  COS?^  {Vt-l  +  b  .  C08^], 


or. 


2p  = 


c  A 


TT  .  /  .  COS  0 


.    2 n.b.  COS e     .    ^        Vt^l 
sm r •  sm  2  TT  •  — r — 


.     (639) 


so  that  the  function  whose  value  gives  the  resultant  displacement,  is  of 
the  same  form  as  that  of  the  function  which  determines  either  of  the 
partial  displacements. 

The  maximum  value  of  the  resultant  displacement  is  given  bv 


Sp  = 


cX 


n  ,1 .  cos  0 


.    2  7r.6.cos0  /^.^x 

sm ;       ...     (640) 


and  this  will  become  fero  for  such  values  of  0  as  make  b  .  cos  6  equal 
to  either  of  the  following  values,  viz., 

Conceiving  the  figure  to  be  revolved  about  the  normal  CiV,  and  al! 
the  wave  except  the  circular  portion  whose  diameter  is  2b  =  A  By  to 
be  intercepted,  the  space  in  advance  of  the  wave  will,  when  the  above 
values  obtain,  find  itself  divided  by  the  secondary  waves  into  a  series 
of  concentric  cone-like  zones  around  the  normal  CiT,  as  an  axis,  and 
of  which  the  alternate  ones,  banning  with  that  immediately  about  the 
una,  will  be  filled  viib  mo\ecu\^  Vn  m<)il\Qi^  wLUe  the  moieciiles  In 
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otherB  will  be  at  rest  A  section  in  advance  of  the  primitive  wave 
will  cat  from  these  zones  a  series  of  concentric  circular  rings  distin- 
gnished  by  the  same  peculiarities. 

But  if  A  be  very  great  as  compared  with  6,  then  will  the  arc 

X 

be  so  small  as  to  justify  the  substitution  of  the  arc  for  its  sine  and  for 
the  maximum  value  of  resultant  displacement, 

/«v  cA  27r.6.cosd      2cb  .,. 

<=p)'  =  ;rT:7o^ — a — =  — '•  •  •  («^*> 

and  tills  result  being  independent  of  6^  the  conic  zones  cannot  exist, 
and  the  effect  of  the  secondary  waves  will  be  diffused  in  all  directions 
to  the  front-  This  lateral  action  of  secondary  waves  proceeding  from 
a  small  portion  of  a  primitive  wave,  is  called  wave  inflection. 

When  6  approaches  nearly  to  90%  cos  6  will  be  exceedingly  small, 
and  the  arc 

2ir,h.cos$ 
X 

may  again  be  substituted  §&r  its  sine;   again  Equation  (641)  suits  the 

case,  and  determines  the  maximum  displacement  immediately  about  the 

normal. 

The   maximum  of  the   maxima  displacements  will  occur  when,  in 

Equation  (640), 

27r.l^.oos^        ,   , 
sin . r =  dt  1 ; 

and  which  would  reduce  that  equation  to 

and  as  the  living  forces  are  proportional  to  the  squares  of  the  greateal 
ii^iltnnmrntn,  we  have 

MA        •  '     «      Ml,        flf      '     *      *      .i..i._  .—.^....i.^.^.. 

VW   •  W.  •       WfW    «    Vjj  •      •  mm  •  ft  «k  %    A* 
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Whence 


m  .v^/  =  w  .»• 


X* 


'  •47r»y.oc»»^; 


(642) 


in  which  v,  is  the  Telocitj  of  the  molecule  on  the  normal,  and  v^, 
that  at  the  angular  distance  6  from  it.  When  the  waves  are  very 
ihorty  as  compared  with  by  it  is  obvious  that  the  living  force  of  the 
molecules  would  be  sensibly  nothingi  except  immediately  about  the 
normal.  When  the  waves  are  long^  as  compared  with  bf  the  living 
force  will  be  appreciable  fDr  every  value  of  6,  and,  therefore,  in  every 
direction  in  front  of  the  primitive  wave.  The  importance  of  this 
discnsHOi:  will  \e  apparent  in  the  subjects  of  sound  and  light. 


PART   IV- 


APPLICATION  OF  THE  PREOEDIKG   PBIKOIPLES  TO 
8I1CPLE  ICAOHIVES,  PUICPS,  ETC. 

§  34^. — ^Any  device  by  which  the  action  of  a  force  may  be  reoeiyed 
at  one  place  and  transmitted  to  another  is  called  a  Machine, 

There  are  usually  seven  elementary  madiines  discussed  in  Me- 
thanks ;  viz.,  the  Cord^  Lever ^  Inclined  Plane,  Pulley^  Screw,  Wheel  and 
Axle,  and  Wedge.  The  Cord,  Lever,  and  Inclined  Plane  are  called 
Simple  Machines;  the  others,  being  combinations  of  these,  are  called 
Compound  Machines. 

§  350. — In  Madiines,  as  in  all  other  bodies,  every  action  is  oo- 
eompanied  by  an  equal  and  contrary  reaction.  A  force  which  acti 
upon  a  Machine  to  impress  or  preserve  motion  is  called  a  Power. 
A  force  which  reacts  to  prevent  or  destroy  motion,  is  called  a 
Resistance,  Ibe  Agent  which  is  the  source  of  power,  is,  §  38,  called 
a  Motor, 

g  351. — Resuming  Equation  (30),  and  supposing  the  displacement, 
which  in  that  equation  was  wholly  arbitrary,  to  conform  in  every 
respect  to  that  caused  by  the  powers  and  resistances,  we  shall  have 
6  s  =z  ds,  M  being  the  path  described  by  the  elementary  masB  m) 
and  hence, 


but 


d^s 
iPBp  —  2m.  -r-s-.rf*  =  0; 


d^M    .         ds     d^M  -  .   .,  .. 


\ 
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Denoting  by  Q,  Q\  &c.  the  resistances,  by  jP,  P\  &c.   ihe  pow 
ers,  Sg^  &c.  and  Sp,  &c.  the  projections  of  their  respective  virtual 
velocities ;    the   first   term,   which    embraces    all    the    forces    except 
Inertia  in  action  on  the  machine,  may  be  replaced  by  iPSp  -^  iQSg^ 
and  we  have 

J^P8p  --^  J^QSq  =:jflm.dv\    •     •     •     •     (644) 
Integrating, 

and  denoting  by  v^  the  initial  velocity,   and  taking  the  integral  at 
as  to  vanish  when  /  =  0, 

f^PSp  —  J^Q^q  =:\Zmv^  --  \:Lmv,\    --.(645) 

The  products  PBp  and  Q^q  are  the  elementary  quantities  of 
work  performed  by  a  power  and  a  resistance  respectively,  in 
the  element  of  time  dt)  the  product  ^mdv^  is  the  elementary 
quantity  of  work  performed  by  the  inertia,  or  one  half  the  incre 
ment  of  living  force  of  the  mass  m  in  this  time.  And  Equation 
(645)  shows  that  in  any  machine,  in  motion,  the  increment  of  the 
half  sum  of  the  living  forces  of  all  its  parts  is  alwaya  equal  tc 
the  excess  of  the  work  of  the  powers  or  motors  over  that  of  the 
resistances 

§352. — If  the  machine  start  from  rest.  Equation  (645)  becomes 

flPSp'-flQSq  =  iJ:mv^,'     -     •     •     (646) 

and  as   the  second  member  is  essentially  positive,  the  work   of  the 
motors   must  exceed   that  of   the   resistances  embraced  in  the  term 

I ^  QSq-y  in   other   words,  the  inertia  will   oppose  the    motor   and 

act  as  a  resistance.  When  the  motion  becomes  uniform,  the  second 
member  will  be  constant;  from  that  instant  inertia  will  cease  to 
act,  and  the  subsequent  wox'k  of  the  motor  will  be  equal  to  that 
of  the  resistances  as  long  as  this  motion  continues.  If  the  motion 
he  now  retarded,  the  second  member  will  decrease,  the  inertia  vrfll 
e  with  the  power,  and  {boa  inW  eioa^^ift  >a^  ^^  ikmUm  « 
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to  rest,  a  ad  the  excess  <  f  work  of  the  Besistance  during  retardation 
will  be  exactly  equal  to  that  of  the  Power  during  acceleration. 
Generally,  then,  when  a  machme  is  at  rest  or  is  moving  uniformly, 
inertia  does  not  act;  when  the  motion  is  variable,  it  does,  and 
opposes  or  aids  the  motor  ^according  as  the  motion  is  accelerated 
or  retarded. 

§353. — The  essential  parts  of  every  machine  are  those  which 
receive  directly  the  action  of  the  motor,  those  which  act  directly 
upon  the  body  to  be  moved  or  transformed,  and  those  which  serve 
to  transmit  the  action.  The  arrangement  of  the  latter  is  often  a 
source  of  resistance,  arising  from  Friction,  Adhesion^  Siiffneis  of 
Cordage,  dec,  whose  work  enters  largely  into  the  general  term 
fsQSq. 

FRICTION. 

§354. — ^When  two  bodies  are  pressed  'together,  experience  shows 
that  a  certain  effort  is  always  required  to  cause  one  to  roll  or  slide 
along  the  other.  This  arises  almost  entirely  from  the  inequalities  in 
the  surfaces  of  contact  interlocking  with  each  other,  thus  rendering 
it  necessary,  when  motion  takes  place,  either  ||  break  them  off,  com* 
press  them,  or  force  the  bodies  to  separate  far  enough  to  allow  them 
to  pass  each  other.  This  cause  ot  resistance  to  motion  is  called  frie* 
(ion,  of  which  we  distinguish  two  kinds,  according  as  it  accompanies 
a  sliding  or  rolling  motion.  The  first  is  denominated  sliding,  and 
the  second  rolling  friction.  They  are  governed  by  the  same  laws ; 
the  former  is  much  greater  in  amount  than  the  latter  under  given 
circumstances,  and  being  of  more  importance  in  machines,  will  prin- 
cipally occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured  by  the 
force  exerted  in  the  direction  of  the  surface  of  contact,  which  will 
place  the  bodies  in  a  condition  to  resist,  during  a  change  of  state, 
in  respect  to  motion  or  rest,  only  by  their  inertia. 

5  355.— The  friction  between  two  bodies  may  be  measured  directly 
by  meaiiB  of  the  spring  balance.      For  Ibia  ^wx^^^  \^\.  ^^  %\st^v:Kw 
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CD  of  one  of  Uie   bodies  If  be  made  perfectly  /evel|  so   that  tlia 

other  body  iT,  when  laid 

upon  it,  may  press   with 

its  entire  weight.  To  some 

poifli,  as  ^,  of  the  body 

Aff  attach  a  cord  with  a 

spring     balance     in     the 

manner  indicated  in  the  figure,  and  apply  to  the  latter  a  force  F  of 

such  intensity  as  to  produce  in  the  body  If  a  uniform  motion.     Hie 

motion   being   uniform,  the  accelerating  and  retarding  forces  must  be 

equal   and   contrary;   that  is  to  say,  the  friction   must  be  equal  and 

contrary  to  the  force  F,  of  which   the   intensity  is  indicated  bj  the 

balance. 

The  experiments  on  friction  which  seem  most  entitled  to  oonC 
dence  are  those  performed  at  Metz  by  M.  Morin,  under  the  order 
of  the  French  government,  in  the  years  1831,  1832,  and  1833.  They 
were  made  by  the  aid  of  a  contrivance,  first  suggested  by  M.  Pon« 
celet,  which  is  one  of  the  most  beautiful  and  valuable  oontributiona 
that  theory  has  ever  made  to  practical  mechanics.  Its  details  are 
given  in  a  work  by  M.  Morin,  entitled  ^^Nouvelles  JSxpiriences  sur  le 
FrottemenC^     Paris,  1883. 

The  following  conclusions  have  been  drawn  from  these  experi- 
ments, viz. : 

The  friction  of  two  surfaces  which  have  been  for  a  considerable 
time  in  contact  and  at  rest  is  not  only  different  in  amount,  but  also 
in  nature,  from  the  friction  of  surfaces  in  continuous  motion ;  espe- 
cially in  this,  that  the  friction  of  quiescence  is  subjected  to  causes  of 
variation  and  uncertainty  from  which  the  friction  during  motion  is 
exempt.  This  variation  does  not  appear  to  depend  upon  the  extent 
of  the  surface  of  contact ;  for,  with  different  pressures,  the  ratio  of 
the  friction  to  the  pressure  varied  greatly,  although  the  surfaces  of 
contact  were  the  same. 

The  slightest  jar  or  shock,  producing  the  most  imperceptible 
movement  of  the  surfaces  of  contact,  causes  the  friction  of  quies- 
cence  to  pass  to  that  which  accompanies  motion.  As  every  machine 
may  he  r^arded  as  being  subject  tx>  slight  shocks,  producing  imper 
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I  the  surfuces  of  contuut,  the  kind  o^  friction  to  be 
employcil  in  all  questions  of  equilibrium,  as  well  as  of  molions  of 
machines,  ehould  obviously  be  this  lost  mentioned,  ur  that  which 
■coompanies  continuous  motion. 

The    LAWS   of  friction    which    accompanies    i^ontinuc  ub    motion   . 
remArkably  wti/brm  and  dtfinile.     These  laws  are: 

1st.    Friction    accompanying    continuous    motion  of   two   surfao 
between  which  no  unguent  is  interposed,  bears  a  constant  proportiosfl 
to  the  force  by  which   those   surfaces   are   pressed  together,  whatcrer] 
!»e  the  intensity  of  the  force. 

3d.  Friction  is  wholly  iudependi;Dt  of  the  exUnt  of  the  surfaces  is!] 
contact. 

3d.  Wk'r 
between  tlie 
intinmttt  con 
wholly  srparattd  from  i 
ungutnt.  The  fiictlon  i 
undi-r  the  same  presaui 
extent  of  eurfuce  obtains  in  each.  When  the  pressure  is  increasedfl 
Kuffieienlly  to  pTem  cut  the  unguent  so  as  to  bring  the  unctuous  sur-1 
liioeB  in  contact,  the  latter  of  ih^e  cases  passes  into  the  Rrst; 
Uiis  fiu;t  may  give  rise  to  an  apparent  exception  to  the  law  of  the  I 
independonco  of  the  extent  of  surfiice,  since  a  diminution  of  the  sur>| 
(oce  of  contact  may  so  concentrate  a  given  pressure  as  to  remove  the  1 
nngiKtit  from  Ijetwecn  the  surfaces.  The  exception  is,  however,  busl 
apparent,  and  occurs  at  the  passage  from  one  of  the  cases  above*  1 
tianied  to  the  other.  To  thla  extent,  tlie  law  of  independence  of  the  j 
•uctoni  of  surface  is,  tlicrcfore,  to  be  received  with  restriction. 

There  are,  then,  throe  conditions  in  respect  to  friction,  under  I 
which  the  surfaces  of  bodies  in  contact  may  be  considered  to  exist,! 
VIZ.-.  Ist,  thill  in  which  no  unguent  is  present;  ad,  that  in  which.] 
the  Bur&ccs  are  simply  ancluoiu;  3d,  that  in  which  there'  is 
loterponcd  «tratum  of  the  unguent.  Throughout  eaoh  of  these  states  I 
ibe  friction  wliich  accompanies  motion  is  always  proponional  to  thft  ] 
the    mme    pressure    in    each,  very   diflereni    ia  I 


unrfuents  are  interposed,  a  distinction  is  to  be  made 
le  in  which  the  surfaces  are  simply  tincluoui  and  in 
t  with  each  other,  and  that  in  which  the  surfaces  are 
no  another  by  an  iiilrrpotej  ttratum  of  iht 
I  these  two  cases  is  not  the  same  in  amount  J 
p,  although   the   law  of  the  independence  of  1 
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4th.  The  friction  wiiich  accompanies  motion  is  always  independ 
ent  of  the  velocUt/  with  which  the  bodies  move;  and  this,  whether 
the  surfaces  be  without  unguents  or  lubricated  with  water,  oils, 
grease,  glutinous  liquids,  syrups,  pitch,  dsc,  &c. 

The  variety  of  the  circumstances  under  which  these  laws  obtain, 
and  the  accuracy  with  which  the  phenomena  of  motion  accord  with 
them,  may  be  inferred  from  a  single  example  taken  from  the  first 
set  of  Morin's  experiments  upon  the  friction  of  surfaces  of  oak, 
whose  fibres  were  parallel  to  the  direction  of  the  motion.  The  sur- 
faces of  contact  were  made  to  vary  in  extent  from  1  to  84;  the 
forces  which  pressed  them  together  from  88  to  2205  pounds;  and 
the  velocities  from  the  slowest  perceptible  motion  to  9,8  feet  a 
second,  causing  them  to  be  at  one  time  accelerated,  at  another 
uniform,  and  at  another  retarded;  yet,  throughout  all  this  wide 
ranire  of  variation,  in  no  instance  did  the  ratio  of  the  friction  to 
the  pressure  differ  from  its  mean  value  of  0,478  by  more  than  ^V 
of  tijis  same  fraction. 

Denote  the  constant  ratio  of  the  entire  friction  F^  to  the  normal 
pressure  P,  by  /;  then  will  the  first  law  of  friction  be  expressed  by 
the  following  equation, 


F     ^ 


(647) 


whence, 

F^f.P. 

This  constant  ratio  /  is  called  the  co-efficient  of  friction^  because, 
when  multiplied  by  the  total  normal  pressure,  the  product  gives 
the   entire  friction. 

Assuming  the  first  law  of  fric- 
tion, the  co-eflicient  of  friction  may 
easily  be  obtained  by  means  of  the 
inclined ,  plane.  Let  W  denote  the 
weight  of  any  body  placed  upon 
the  inclined  plane  AB,  Resolve 
this  weight  Q  Q'  into  two  compo- 
nents, one  GM  perpendicular  to 
^e  plane,  and  the  other  G  'S  ^t- 
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allel  to  it     Because  the  angles   G'  031  and  BAC  are  equal,  the 
first  of  these  compor.ents  will  be 

GIf=  TT.cos^ 
and  the  second, 

GN=  W.^sinA, 

in  which  A  denotes  the  angle  BAC, 

The  first  of  these  components  determines  the  total  pressure  u|k>ii 
the  plane,  and  the  friction  due  to  this  pressure  will  be 

F  =  /.Wco3A. 

The  second  component  urges  the  body  to  move  down  the  plane. 
If  the  inclination  of  the  plane  be  gradually  increased  till  the  body 
move  with  uniform  motion,  the  total  friction  and  this  component 
must  be  equal  and  opposed;  hence, 

/.  W.  cos  -4  =  W.  sin  A  ; 

whence, 

.      sin  A 

/  = 2  =  tan  -4. 

^       cos^ 

We,  therefore,  conclude,  that  the  unit  or  coefficient  of  friction 
between  any  two  surfaces,  is  equal  to  the  tangent  of  the  angle 
which  one  of  the  surfaces  must  make  with  the  horizon  in  order 
that  the  other  may  slide  over  it  with  a  uniform  motion,  the  body 
to  which  the  moving  surface  belongs  being  acted  upon  by  its  own 
weight  alone.  This  angle  is  called  the  an^le  of  friction  or  limiting 
angle  of  resittance. 

The  values  of  the  unit  of  friction  and  of  the  limiting  angles  for 
many  of  the  various  substances  employed  in  the  art  of  construction, 
are  given  in  Tables  VI,  VII   and  VIII. 

The  distinction  between  the  friction  of  surfaces  to  which  no  un 
guent  is  applied,  those  which  are  merely  unctuous,  and  those  between 
which  a  uniform  stratum  of  the  unguent  is  interposed,  appears  first 
to  have  been  remarked  by  M.  Morin ;  it  has  suggested  to  him 
what  appears  to  be  the  true  explanation  of  the  difference  between 
kb  rssnlts  and  those  of  Coulomb.     He  cotiGfiiN«&^  >i!teAX  \xl  ^^ok^  «i^* 


412  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

periments  of  this  ^lebrated  Engineer,  the  requisite  precautions  hid 
not  been  taken  to  exclude  unguents  from  the  surfaces  of  contict 
The  slightest  unctuosity,  such  as  might  present  itself  accidentallj, 
unless  expressly  guarded  against — such,  for  instance,  as  might  hay« 
been  left  by  the  hands  of  the  workman  who  had  given  the  laal 
polish  to  the  surfaces  of  contact — is  sufficient  materially  to  afieet 
the  coefficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  with  hard 
dry  soap,  and  then  thoroughly  wiped,  so  as  to  show  no  traces 
whatever  of  the  unguent,  were  found  by  its  presence  to  have  lost 
J'»  of  their  friction,  the  co-efficient  having  passed  from  0,478 
to  0,164. 

This  effect  of  the  unguent  upon  the  friction  of  the  surfaces  maj 
be  traced  to  the  fact,  that  their  motion  upon  one  another  without 
unguents  was  always  found  to  be  attended  by  a  wearing  of  both  the 
surfaces ;  small  particles  of  a  dark  color  continually  separated  from 
them,  which  it  was  found  from  time  to  time  necessary  to  remove, 
ind  which  manifestly  influenced  the  friction :  now,  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the  consequent 
wear  of  the  surfaces,  completely  ceased.  Instead  of  a  new  surface 
of  contact  being  continually  presented  by  the  wear,  the  same  sur&ce 
remained,  receiving   by  the  motion  continually  a  more  perfect  poliflb. 

A  comparison  of  the  results  enumerated  in  Table  VIII,  leads  to 
the  following  remarkable  conclusion,  easily  fixing  itself  in  the  memory, 
that  with  the  unguents^  hogs*  lard  and  olive  oil  interposed  in  a  cour 
tinuom  stratum  between  tJiem^  surfaces  of  wood  on  metal,  wood  on 
wood,  metal  on  wood,  and  metal  on  metal,  when  in  motion,  have  off 
of  them  very  nearly  the  same  co-efficient  of  friction,  the  value  of  that 
co-efficient  being  in  all  cases  included  between  0,07  and  0,08,  and  the 
limiting  angle  of  resistance  therefore  between  4®  arid  4®  35'. 

For   the  unguent  tallow   the  co-efficient  is  the  same  as  the  above  in 

every  case,  except  in   that  of  metals  upon  metals;   this   unguent  seems 

less  suited    to    metallic    surfaces   than    the    others,   and   gives  for    the 

mean  value  of  its  co-«j^ient  0^\0,  an<£  /or  iU  limiting  angle  of  n- 

sisUrnce  5^  43'. 
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356. — ^Besides  friction,  there  is  another  cause  of  resistance  to  the 
motion  of  bodies  when  moving  over  one  another.  The  same  forces 
which  hold  the  elements  of  bodies  together,  also  tend  to  keep  the 
bodies  themselves  together,  when  brought  into  sensible  contact.  The 
e£^rt  by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhesion, 

Familiar  illustrations  of  the  existence  of  this  force  are  furnished 
by  the  pertinacity  with  which  sealing-wax,  wafers,  ink,  chalk  and 
black-lead  cleave  to  paper,  dust  to  articles  of  dress,  paint  to  the 
surface  of  wood,  whitewash  to  the  walls  of  buildings,  and  the  like. 

The  intensity  of  this  force,  arising  as  it  does  from  the  affinity 
of  the  elements  of  matter  for  each  other,  must  vary  with  the  num- 
ber of  attracting  elements,  and  therefore  with  the  extent  of  the  eur* 
face  of  contact. 

This  law  is  best  verified,  and  the  actual  amount  of  adhesion  be- 
tween different  substances  determined,  by  means 
of  a  delicate  spring-balance.  For  this  purpose, 
the  sur&ces  of  solids  are  reduced  to  polished 
planes,  and  pressed  together  to  exclude  the  air, 
ind  the  efforts  necessary  to  separate  them  noted 
bj  means  of  this  instrument.  The  experiment 
being  often  repeated  with  the  same  substances, 
iiaving  different  extent  of  surfaces  in  contact,  it 
is  found  that  the  effort  necessary  to  produce 
the  separation  divided  by  the  area  of  the  surface 
^Tes  a  constant  ratio.  Thus,  let  S  denote  the 
urea  of  the  surfaces  of  contact  expressed  in  square 
leet,  square  inches,  or  any  other  superficial  unit; 
A  the  effort  required '^  to  separate  them,  and  a 
the  constant  ratio  in*  question,  then  will 


w. 


^=0, 


^  =  a .  & 


ejlcicni 
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yiously  expresses  the  yalue  of  adhesion  on  each  unit  of  wsAoe^  Son 
makinir 

8=1, 

we  have 

A  ==  a. 

To  find  the  adhesion  between  solids  and  liquids,  suspend  the  solid 
from  the  balance,  with  its  polished  sur&ce  downward  and  in  a  hori- 
zontal position  ;  note  the  weight  of  the  solid, 
then  bring  it  in  contact  with  the  horizontal 
surface  of  the  fluid  and  note  the  indication  of 
the  balance  when  the  separation  takes  place, 
on  drawing  the  balance  up ;  the  diflerence  be- 
tween this  indication  and  that  of  the  weight 
will  give  the  adhesion;  and  this  divided  by 
the  extent  of  surface,  will  give,  as  before,  the 
co-efficient  a.  But  in  this  experiment  two 
opposite  conditions  must  be  carefully  noted, 
else  the  cohesion  of  the  elements  of  the  liquid 
for  each  other  may  be  mistaken  for  the  adhe- 
sion of  the  solid  for  the  fluid.  If  the  solid 
on  being  removed  take  with  it  a  layer  of  the 
fluid ;  in  other  words,  if  the  solid  has  been 
wet  by  the  fluid,  then  the  attraction  of  the  elements  of  the  solid 
for  those  of  the  liquid  is  stronger  than  that  of  the  elements  of  the 
liquid  for  each  other,  and  a  will  be  the  unit  of  adhesion  of  two 
surfaces  of  the  fluid.  If,  on  the  contrary,  the  solid  on  leaving  the 
fluid  be  perfectly  dry,  the  elements  of  the  fluid  will  attract  eadi 
other  more  powerfully  than  they  will  those  of  the  solid,  and  a  will 
denote   the   unit  of  adhesion  of  the   solid   for  the  liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the  action  of 

solids  and  fluids   upon   each    other.     A  drop  of  water  or  spirits  of 

wine,  placed  upon  a  wooden  table  or  piece  of  glass,  loses  its  globa- 

Jar  form  and  spreads  itself  over  the  surface  of  the  solid ;  a  drop  of 

mercury  will   not  do  so,    Immewfe  Oaa  ^^^«  Vci  ^^^x^  it  becomes 

wet;   in   quiokwlver,  it  TeinavftB  ^n-    *^  ^^SJkss^  ^w^^v,^  ^^fc* 
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from  any  species  of  water-fowl,  remains  dry  tho  igh  dipped  in  water. 
Groldf  silver,  tin,  lead,  &c.,  become  moist  on  being  immersed  in 
quicksilver,  but  iron  and  platinum  do  not.  Quicksilver  when  poured 
into  a  gauze  bag  will  not  run  through;  water  will:  place  the  gauze 
containing  the  quicksilver  in  contact  with  water,  and  the  metal  will 
also  (low  through. 

It  is  difficult  to  ascertain  the  precise  value  of  the  force  of  afihe 
sion  between  the  rubbing  surfaces  of  machinery,  apart  from  that  of 
friction.  But  this  is  attended  with  little  practical  inconvenience,  as 
long  as  a  machine  is  in  motion.  The  experiments  of  which  the 
results  are  given  in  Tables  VI,  VII  and  VIII,  and  which  are  applicable 
to  machinery,  were  made  under  considerable  pressures,  such  as  those 
with  which  the  parts  of  the  larger  machines  are  accustomed  to  move 
upon  one  another.  Under  such  pressures,  the  adhesion  of  unguents 
to  the  surfaces  of  contact,  and  the  opposition  to  motion  presented 
by  their  viscosity,  arc  causes  whose  influence  may  be  safely  disre 
garded  as  conipared  with  that  of  friction.  In  the  cases  of  lighter 
machinery,  however,  such  as  watches,  clocks,  and  the  like,  these 
considerations  rise  into   importance,  and   cannot  be   neglected. 

m 

STIFFNESS   OF   CORDAGE. 

§  357. — G)nceive  a  wheel  •  turning 
freely  about  an  axle  or  trunnion,  and 
having  in  its  circumference  a  groove  to 
receive  a  cord  or  rope.  A  weight  IF, 
being  suspended  from  one  end  of  the 
rope,  while  a  force  /',  is  applied  to  the 
other  extremity  to  draw  it  up,  the 
latter  will  experience  a  resistance  in 
consequence  of  the  rigidity  of  the  rope, 
which  opposes  every  eflbrt  to  bend  it 
around  tho  wheel.  This  resistance  must, 
of  necessity,  consume  a  portion  of  the 
work  of  ihe  force  F,  Tho  measure  of 
th9  nmstaaoe  due   to   the   rigidity  of    ooTdag;^   Y^IA  V^^ft.   is\^^^  '^^^ 
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subject  of  experiment  by  Coulomb ;  and,  according  to  him,  It 
results  that  for  the  same  cord  and  same  wheel,  this  measure  is 
composed  of  two  parts,  of  which  one  remains  constant,  while  the 
other  varies  with  the  weight  W^  and  is  directly  proportional  to  it; 
80  that,  designating  the  constant  part  by  JT^  and  the  ratio  of  the 
variable  part  to  the  .weight  W  by  /,  the  measure  will  be  given  by 
the  expression 

in  which  K  represents  the  stiffness  arising  from  the  natural  torsion 
or  tension  of  the  threads,  and  /  the  stiffness  of  the  same  cord  due  to 
a  tension  rcsulting^from  one  unit  of  weight ;  for,  making  TF  =  1,  the 
above  becomes 

K+  I. 

Coulomb  also  found  that  on  changing  the  wheel,  the  stifihess  varied 
in  the  inverse  ratio  of  its  diameter ;  so  that  if 

be  the  measure  of  the  stiffness  for  a  wheel  of  one  foot  diameter,  then 

will 

£:+  I.  W 

be  the  measure  when  the  wheel  has  a  diameter  of  2  i?.  A  table 
giving  the  values  of  K  and  /  for  all  ropes  and  cords  employed  in 
practice,  when  wound  around  a  wheel  of  one  foot  diameter,  and  sub- 
jected to  a  tension  arising  from  a  unit  of  weight,  would,  therefore, 
enable  us  to  fihd  the  stiffness  answering  to  any  other  wheel  and 
weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  different  sizes 
of  ropes  used  under  the  various  circumstances  of  practice.  Coulomb 
also  ascertained  the  law  which  coimects  the  stiffness  with  the  diame- 
ter  of  the  cross-section  of  the  rope.  To  express  this  law  in  all  oases, 
he  found  it  necessary  to  distinguish,  Ist,  new  white  rope^  either  dry 
or  moiat  \  2d,  whiU  ropes  partly  warn,  either  dry  or  moist ;  3d,  tarred 
ropes;  4tb,  packthread.  The  «t\f&i«aa  ot  XJaa^x^X.  ^tba&XsA^  %sq^  ii^^arly 
^vortionsLl  to  the  tquara  «rf  ^^  diwftft\«t  ol  ^Qba  f»«3KMMSdei^\  ^ 
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of  the  second,  to  the  square  root  of  the  cube  of  this  diameter,  nearly ; 
that  of  the  third,  to  the  number  of  yams  in  the  rope;  and  thaib  of 
the  fourth,  to  the  diameter  of  the  cross-section.  So  that,  if  S  denote 
the  resistance  due  to  the  sdfihess  of  any  given  rope;  d  the  ratio  of 
its  diameter  to  that  of  the  table ;  and  n  the  ratio  of  the  number  of 
yarns  in  any  tarred  rope  to  that  of  the  table,  we  shall  have  for 

AVw  wkiU  njM,  drf  §r  ««i«C 
Half  w^m  whiU  r«p«.  dry  or  moifL 

S=d^ sTfi <"^^ 

Tttrrtd  rope, 

^ 2:8 — ^     ' 

Pmcktkromi. 

For  packthread,  it  will  always  be  sufficient  to  use  the  tabular 
values  given,  corresponding  to  the  least  tabular  diameters,  and  substi- 
tute them  in  Equation  (651).  An  example  or  two  will  be  sufficient 
to  illustrate  the  use  of  these  tables. 

Example  IsL  Required  the  resistance  due  to  the  stiffiness  of  a  new 
dry  white  rope,  whose  diameter  is  1,18  inches,  when  loaded  with 
a  weight  of  882  pounds,  and  wound  about  a  wheel  1,64  feet,  in 
diameter. 

Seek  in  No.  1,  Table  X,  the  diameter  nearest  that  of  the  givea 
rope;    it  is  0,79;   hence, 

and  from  the  table  at  the  side, 

flP  =  2,25. 
From  No.  1,  opposite  0,79,  4re  find 

K  =  l,e09Tf, 
87 


.^     i 
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» 

■Jt 
which,  together    with    the    weight   TT  =  882  Ihs.,  an4  2  jB  =  1,6^ 

substituted  in  Equation  (648),  give 

which  is  the  true  resistance  due  to  the  stiflhess  of  the  rope  ift 
question. 

Example  2<f.  What  is  the  resistance  due  to  the  stiffness  of  a 
white  rope,  half  worn  and  moistened  with  water,  having  a  diam* 
eter  equal  to  1,97  inches,  wound  about  a  wheel  0,82  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  2205  pounds? 

The  tabular  diameter   in  No.  4,  Table    X,  next  less  than  1,97, 

is  1,57,  and  hence, 

1  97 
rf  =  ji^  =  1,3  nearly; 

the  square  root  of  the  cube  of  which  is,  by  the  table  at  the  side, 

rft  =  1,482. 
In  No.  4  we  find,  opposite  1,57, 

K  =  6,4324, 

/   =0,06387; 

A. 
which    values,    together    with    W  =  2205  lbs.,  and  2  jB  =  0,82^  in 

Equation  (649),  give 

»«.  a», 

which  is  the  required  resistance. 

Example  Sd.  What  is  the  resistance  due  to  the  stifihess  of  a 
tarred  rope  of  22  yams,  when  subjected  to  the  action  of  a  weight 
equal  to  4212  pounds,  and  wound  about  a  wheel  1,3  feet  diameter, 
the  weight  of  one  runniLg  foot  of  the  rope  being  about  0,6  of  a 
pound? 

By  referring  to  No.  5,  Table  X,  we  find  th^,  tabular  number  of 
jTBrns  next  less  than  22  to  be  15,  and  hence, 

ID 
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In  the  same  tiA>le,  opposite  )5,  ve  find 

K  =  0,766^ 
/  =0,019879; 

whidi,  tc^ther  with  W  =  4212,  and  2  iS  =  1,3,  in  Equation  (650^ 
give 

8  =  1.466  0>76g*  +  0.01f  7»  X  4212  ^  ^^^ 

ExampU  4(h.  Required  the  resistance  due  to  the  stiffiiess  of  a 
new  white  packthread,  whose  diameter  is  0,196  inches,  when  moist- 
ened  or  wet  with  water,  wound  about  a  wheel  0,5  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  275  pounds. 

The  lowest  tabuUur  diameter  is  0,39  of  an  inch,  and  hence 

^       0,196 

^  =  o;^  =  ^^  "^^^• 

In  No.  2,  Table    X,  we  find,  opposite  0,89, 

K  =  0,8048, 
/  =  0,00798 ; 

whi<^  with  W  =  275,  and  2B  r=  0,5,  we  find,  after  substitutipg  in 
Equation  (651),  ^ 

§  358. — ^The  resistance  just  found 
is  expressed  in  pounds,  and  is  the  ^ 

amount  of  weight  which  would  be 
necessary  to  bend  any  given  rope 
around  a  vertical  wheel,  so  that 
the  portion  A£,  between  the  first 
point  of  contact  A,  and  the  point 
By  where  the  rope  is  attached  to 
the  weight,  shall  be  perfectly  straight 
The  entive  piocess  of  bending  takes 
plaoa  a|  lUf  Bnt  or  tangential 
|mM  ^;  Af^  if  JBoiioB  he  ooi». 


[£.'» 
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municated  to  the  wheel  in  the  direction  indicated  hj  the  airow* 
head,  the  rope,  supposed  not  to  slide,  will,  at  this  point,  take  and 
retain  the  constant  curvature  of  the  wheel,  till  it  passes  from,  the 
latter  on  the  side  of  the  power  F»  When,  therefore,  by  the  motion 
of  the  wheel,  the  point  m  of  the  rope,  now  at  the  tangential  point, 
passes  to  m',  the  working  point  of  the  force  8  will  have  described 
in  its  own  direction  the  distance  AD,  Denoting  the  arc  described 
by  a  point  at  the  unit's  distance  from  the  centre  of  the  wheel 
by  Sfj  and  the  radius  of  the  wheel   by  jR,  we  shall  have 

,  AJ>=zBs,; 

and  representing  the  quantity  of  work  of  the  force  8  by  X,  we  get 

L  =  8.Ei,; 

replacing  8  by  its  value  in  Equations  (648)  to  (651), 

„     .   ir+  I.W  ,^    ^ 

L^R^rds \^ •..-..     (662) 

in  which  </,  represents  the  quantity  rf*,  dfl^  n,  or  rf,  in  Equations  (648) 
\o  (651),  according   to  the  nature  of  the   rope. 

Example, — ^Taking  the  2d  example  of  §357,  and  supposing  a  por- 
tion of  the  rope,  equal  to  20  feet  in  length,  to  have  been  brought 
in   contact  with  the  wheel,  afler   the  motion  begins,  we  shall  have 

X  =  20  X  266,109  =  5322,18   units  of  work; 

that  is,  the  quantity  of  work  consumed  by  the  resistance  due  to 
the  stiffness  of  the  rope,  while  the  latter  is  moving  over  a  distance 
of  20  feet,  would  be  sufficient  to  raise  a  weight  of  5322,18  pounds 
^ough  a  vertical  height  of  one  foot. 


FEIOTION  ON  PIVOTS,  AND  TBTJNNIONS. 

§  359. — All  rotating  pieces,  such  as  wheels  supported  upon  other 

« 

pieces,  give  rise  by  their  motion  to  friction.     This  is  an  important 

element  in  all  computatyona  reVti^^Ti^  V>  ^^  "^T^QremvoL^^  ^  xoiAlLinery. 

h  seems  to   be  different  aGCOTd^%  tft  ^3Bfc  vA»:w»%  ^^m^  ^k%  V— 
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in  place  by  trunnwn$  or  hj 
pivott.  By  trunnions  are  meant 
cylindrical  projections  a  a  from 
the  ends  of  the  arbor  AB  of  a 
wheel,  l^e  tninnions  rest  on  the 
concave  sur&ces  of  cylindrical 
boxes  CDj  with  which  they  usu- 
ally have  a  small  sur&ce  of 
contact  m,  the  Unear  elements 
of  both  being  parallel.  Pivots 
are  shaped  like  the  trunnions, 
but  support  the  weight'  of  the 
wheel  and  its  arbor  upon  their 
circular  end,  which  rests  against 
the  bottom  of  cylindrical  sock- 
ets FGHL 


.  -^Q^ 


PIVOTS. 

Let  N  denote  the  force,  in  die  direction  of  the  axis,  by  wfaicii 
the  pivot  is  pressed  against  the 
bottom  of  the  socket.  This  force 
may  be  regarded  as  passii^ 
through  the  centre  of  the  cir- 
cular end  of  the  pivot,  and  as 
the  resultant  of  the  partial  pres- 
sures exerted  upon  alJ  the  ele- 
inontary  surfaces  of  which  this 
circle  is  composed.  Denote  by 
A  the  area  of  the  entire  circles- 
then  will  the  pressure   sustained 

by  each  unit  of  sur&ce  be 

N 
A  ' 

and  the  pressure  on  any  small  portion  of  the  sur&oe  denoted.  \$i 

will  abvioiuljr  be 


a. if 


\ 
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and  the  friction  on  the  same  will  be 


/.a.  it 


This  fiicti<xi  may  be  r^rarded  as  applied  to  the  centre  of  the  ele- 
mentary surface  a;  it  is  opposed  to  the  motion,  and  the  direction  of 
its  action  is  tangent  to  the  circle  described  bj  the  centre  of  the 
element  Denote  the  radius  of  this  circle  by  x^  then  will  the  mo- 
ment of  the  friction  be 

.  a. IT 

Now,  if  i  daiote  the  length  of  any  variable  pottiion  of  the  dramaftt- 
ence  at  the  unit's  distance  from  the  centre  C,  thm  will 


m  z=  X  ,d$  .  dx'f 


also, 


A=z*B», 


which  substituted  aboye  give 


/.JT 


X*  .  dx \  ds 


and  by  integration, 


f-ir 


J    x^dxj      ds 


*E^ 


^f'J^^iB^ 


(653) 


whence  we  conclude,  that,  in  the  fric- 
tion of  a  pivot,  toe  may  regard  the 
whole  friction  due  to  the  pressure  €U 
actitig  in  a  single  pointy  and  at  a  dis- 
tance from  the  centre  of  motion  equal 
to  two-thirds  of  the  radius  of  the  hast 
of  the  pivot  This  distance  is  called 
the  mean  lever  of  friction. 

§  860.— If  the  extremity  of  the  pivot, 
ihatead  of  rubbing  upon  an  eii\m  dtde^ 
is  only  in  oontaot  witb  a  t\ii|(  c(t  «ox^ 
4ice  comprised   iMBivreen  two  OMifieGAi^ 


oirdes,  as  when  the   arbor  of  a  wheel  i^  iii'ged  ki  tbd  direction  of 
its  length  by  the  force  N  against  a  shoulder  dcha\   then  will 

and  the  integration  will  give 


f^x^dxf  dt 


/•  ^  •  -~-n« ^?5^  =  */•  ^ 


;?»- J?a 


in  which  R  denotes  the  radius  of  thd  larger,  and  B!  that  of  the 
smaller  circle. 

Finally,  denote  by  /  the  breadth  of  the  ring,  that  is^  the  dis* 
tanoe  A*  A\  by  r,  its  mean  radius  or  distance  from  ^  to  a  point 
half  way  between  A!  and  A^  and  we  shall  have 

substituting  these  values  above  and  reducing,  we  have 

/.  if  X  [^r  +  ^  .  ^J  ; (654) 

and  making 

we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f'i^-r, (665) 

The  quantity  r,  is  called  the  meon  lever  of  friction  for  a  ring.  Since 
the  whole   friction  /N  may   be    considered   as   applied    at  a   point 

whose  distance  from   the  centre  is  f  i?,  or  r^  =  r  +  r^>  according 

as  the  friction  is  exerted  over  an  entire  circle  or  over  a  ring, 
and  since  the  path  described  by  this  point  lies  always  in  the  di- 
rection in  which  the  friction  acts,  the  quantity  of  work  consumed 
by  ft  will  be  equal  tD  the  product  of  its  intensity  /J\r  into  this 
path.  Designating  the  length  of  the  arc  described  at  the  unit's 
distance  from  C  by  #^ ,  the  path  in  quealioti  Nn!^  \)«  ^^«t 

l**,t    or    r,t,\ 
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and  the  quantity  of  work  either 

fbr  an  entire  circle,  or 

•^•^('•  +  1?;)'' 

for  a  ring.  Let  Q  denote  the  quantity  of  ^ork  consumed  by  fiie- 
tion  in  the  unit  of  time,  and  n  the  numl)er  of  revolutions  performed 
by  the  pivot  in  the  same  time;  then  will 

#^  =  2*  X  n; 
and  we  shall  have 

Q  ^^* ,R.f.N.n    ......     (656) 

for  the  circle,  and 

C  =  2*-/.JV'.  (r  + j^).n     ....     (6*67) 

for   a  ring ;  in  which  «*  =  3,1416. 

The  co-efficient  of  friction  /,  when  employed  in  either  of  the  fore- 
going cases,  must  be  taken  from  Table  VI,  YU,  or  VIU. 

Example. — Required  the  moment  of  the  friction  on  a  pivot  of 
cast  iron,  working  into  a  socket  of  brass,  and  which  supports  a 
weight  of  1784  pounds,  the  diameter  of  the  circular  end  of  the 
pivot  being  6  inches.    Here 

iJ  =  f  =  3  =  0,25, 

N  =  1784, 
/  =  0,147 ; 
which,  substituted   in  Equation  (653),  gives 

lh».  fU 

0,147  X  1784  X  t  X  0,25  =  43,708, 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time,  si^  a 
minute,  there  being  20  revolutions  in  this  unit,  we  make  n  ==  2(\ 
and  r  =  3,1416  in  Equation  (656^  and  find 

C  =  ^  X  8,1416  X  0^  X  ^.\«  X  Vl^  v.'M^  ^VSa^,, 
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diat  is  to  saj,  during  each  unit  of  time,  there  is  a  quantity  of 
work  lost  which  would  be  sufficient  to  raise  a  weight  of  5492,80 
pounds  through  a  vettical  distance  of  one  foot. 

Example. — Required  the  moment  of  fHoUon,  when  the  pivot  sup- 
ports a  weight  of  2046  pounds,. and  works  upon  a  shoulder  whose 
exterior  and  interior  diameters  are  respectively  6  and  4  inches;  the 
pivot  and  socket  being  of  cast  iron,  with  water  interposed. 

I  =  — J5 —  =  1  mch, 

^  f 

r  =  2  +  0,5  =  2,5  inches, 

(1)3  in.  ft, 

N  =  2046  pounds, 
/=  0,314; 
orhich,  substituted  in  Expression  (655),  gives  for  the  moment  of  friction, 

IhM.  ft, 

0,814  X  2046  X  0,2111  =  135;62, 

The  quantity  of  work  consumed  in  one  mipute,  there  being  sup- 
posed 10  revolutions  in  that  unit,  will  be  found  by  making  in 
Equation  (657),  «*  =  3,1416  and  n  =:  10, 

e  =  2  X  3,1416  X  0,3U  X  2046  X  0,211  X  10  =  8517,34; 

that  is  to  say,  friction  will,  in  one  linit  of  time,  consume  a  quantity 
of  work  which  would  raise  8517,24  pounds  through  a  vertical  dis- 
tance of  one  foot.  The  quantity  of  work  consumed  in  any  given 
time  would  result  from  multiplying  the  work  above  found,  by  the 
time  reduced  to  minutes. 

TBUNKIOKS. 

§361. — ^The  friction  on  trunnions  and  axles,  which  we  now  pro- 
ceed to  consider,  gives  a  considerably  less  co-efficient  than  that  which 
aooompanies  the  kinds  of  motion  referred  to  in  §d55«  Thi&  *h(>S1 
appear  from  Table  IX,  which  is '  the  resiult  ot  cax^Sci^  «i.^^TCk»Q^.        ^ 

TbB  coaUct  of  the  tninniom  wiih  ita  V>x  \»  s&!(sii%  ^  \\xv^*Bt  ^^ 
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ment|  common  to  the  surfaoes  of  both.  A  section  perpendicular  te 
its  length  would  cut  from  the  trunnion  and  its  box,  two  drdes  taa. 
gent  to  each  other  intemaUj.  The  trunnion  being  acted  on  only  bj 
its  weight,  would,  when  at  rest,  giye  this  tangential  point  at  o,  the 
lowM;  poiht  of  the  section  poq  of  itk^  box.  If  the  trunnioh  be  put 
in  motion  by  the  application  of  a  foreci  it  would  turn  alround  the 
point  of  contact  and  roll 
indefinitely  along  the  sur- 
face of  the  box,  if  the 
latter  were  level ;  but  this 
not  being  the  case,  it  will 
ascend  along  the  inclined 
surface  op  to  some  point 
'as  m,  where  the  inclina- 
tion of  the  tangent  umv 
is  such,  that  the  friction 
is  just  sufficient  to  pre- 
vent the  trunnion  frftn  sliding.  Here  let  the  trunnion  be  in  equili- 
brio.  But  the  equilibrium  requires  that  the  resultant  of  all  the 
forces  which  act,  friction  included,  shall  pass  through  the  poiht  m 
and  be  normal  to  the  sur&ce  of  the  trunnion  at  that  point.  The 
friction  is  applied  at  the  point  m ;  hence  the  resultant  N  of  all  the 
other  forces  must  pass  through  m  in  some  direction  as  md;  the 
friction  acts  in  the  direction  of  the  tang^at;  and  hence,  in  order 
that  the  resultant  of  the  friction  and  the  force  i\r  shall  be  normal  to 
the  surface,  the  tangential  component  of  the  latter  must,  when  the 
other  component  is  normal,  be  equal  and  directly  opposed  to  the 
friction. 

Take  upon  the  direction  of  the  force  N  the  distance  md  to 
represent  its  intensity,  and  form  the  rectangle  adbm^  of  which 
the  side  ifb  shall  coincide  with  the  tangent,  then,  denoting  the 
angle  dm  a  by  9^  will  the  component  of  ^  perpendicular  to  the  tan- 
gent be 

i\r .  cos  9 ; 

And  the  friction  due  to  tioia  pteiaaui^  V^  \a 
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Hie  component  of  iV,  in  the  direction  of  the  tangent,  will'  be 

i\r.  sin  9; 

and  as  this  must  be  equal  to  the  friction,  we  haye 

/•  iV.co8  9  =  i\r.  sin  9;     .     .     .    .    ,     (668) 
whence, 

/=tan9; 

that  is  to  saj,  the  ratio  of  the  friction  to   the  preemre  on   the   trun* 
nian  it  equal  to   the  tangent  of  the  angle  which   the  direction  of  the 
reeultant  JV,  of  all  the  fbrcee  except  the  friction,  makes  with   the  nor» 
nuU  to  the  surface  of  the  trunnion    at 
the  point  of  contact.    This  gives  an  easy 
method  of  finding    the    point    of  con- 
tact.     For  this  purpose,   we  have  but 

to  draw  through  the  centre  A  a  line 
A  Z,  parallel  to  the  direction  of  iV, 
and  through  A  the  line  Am,  making 
with  A  Z  axi  angle  of  which  the  tan- 
gent IS  /;  the  point  m,  in  which  this 
line  cuts  the  circular  section  of  the 
trunnion,  will  be  the  point  of  contact. 

Because  madb,  last  figure,  is  a  rectangle,  we  have 

JV^  =  iV^cos*9 -f  JPsin*9; 

and,  substituting  for  IP  sin^  9  its  equal  f^  JP  cos^  9,  wb  hare 


JP  =  iV»cosa(p  -!-/«  JV^cos»9  =  i^cos'^  (1  +/*); 


whence, 


iVcos^  =  iVx 


1 


^/T+p' 


and  multiplyiug  both  members  by  /, 

/,  y ,  C0S9  =  JNf 


f 


VT+T^' 


(659) 


1ml  Um  &nt  memhet  \%  the    total  fHc^0ii\  NiVcfao^  ^^    ^^st^^c^^ 
AU  iajind  ikgfrieUon  vpon  a  Imnniofs  wt  havt  1ml  to  mvX^iA.is-^^ 
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resultant  of  the  forces  which  act  upon  it  by  the  unit  of  fiiction^  found 
in  Table  IX^  and  divide  this  product  by  the  square  root  of  the  square 
of  this  same  unit  increased  by  unity. 

This  friction  acting  at  the  extremity  of  the  radius  R  of  the  trun- 
nion and  in  the  direction  of  the  tangent,  its  moment  will  be 


iv-. 


/ 


V^+P 


X  B. 


(660) 


And  the  path  described  by  the  point  of  application  of   the   friction 
being  denoted  by  Ms,,  the  quantity  of  work  of  the  friction  will  be 


N.E.s,  X 


f 


^/TTp' 


(661) 


in  which  s^  denotes  the  path  described  by  a  point  at  the  unites  dis- 
tance from  the  centre  of  the  trunnion.  Denoting,  as  in  the  case  of 
the  pivotf  the  number  of  revolutions  performed  by  the  trunnion  in 
a  unit  of  time,  say  a  minute,  by  n ;  the  quantity  of  work  performed 
by  friction  in  this  time  by  Q, ;   and  making  «*  =  3,1416,  we  have 


and 


f ^  =  2  * .  n ; 


C,  =  2*.E.n.If. 


f 


vT+T^ 


•     .     .     .     (662) 


When   the  trunnion  remains  fixed  and  does   not  form  part  of   the 

rotating  body,  the  latter  will    turn  about  the  trunnion,    which   now 

becomes    an    axle,   having    the  centre  of 

motion  at  A^  the  centre   of   the  eye  of 

the  wheel ;  in  this  case,  the  lever  of  fric- 
tion becomes  the  radius  of  the   eye  of   , 

the    wheel.      As    the    quantity  of  work 

consumed    by    friction     is     the    greater. 

Equation    (662),   in    proportion    as    this 

radius  is  greater,   and  as  the  radius  of 

the  eye  of  the  wheel  must    be    greater 

fJEian  that  of  the  axle,  tii^e  tnitouoTL  \Aa  ^^  %^«D\M|!iK  Vsl  Uiis  respeot 
over  the  We* 
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The  value  of  the  quantity  of  work  oonsumed  by  friction  b  wholly 
independent  of  the  length  of  the  trunnion  or  axle,  and  no  advantage 
»  therefore  gained  by  making  it  shorter  or  longer. 


THB  CORD, 

§  862. — ^The  cord  and  its  properties  have  been  considered  in  part 
at  §58.  It  is  now  proposed  to  discuss  its  action  under  the  opera- 
tion of  forces  applied  to  it  in  any  manner  whatever. 

Let  the  points  A\  A'\  A"\  be  connected  with    each    other  by 
means  of  two  perfectly  flex« 
ible  and  inextensible  cords 
A' A'\    A"  A'",   the    first 
point  being  acted  upon  by 
the  forces  P',  P",  dec ;  the 
second  by  the  forces  Q\  Q"^^ . 
&c. ;  and  the  third  by.  the 
forces  iS',  S'\  dec ;  and  sup- 
pose these  forces  to  be  in 
equilibrio.     Denote  the  co- 
ordinates of  A'  by  x'y'z\ 
A"  by  2^'  y"  z'\  and  A*'*  by 
x'"  y'"  «'".    Also,  ihe  alge- 
braic sum  of  the  components  of  the  forces  acting  at  A*  in  the  direc- 
tion of  xyz,  by  X'  T  Z\  at  A"  by  -T'  T' Z",  and  at  A'"  by 
jpn  F'"  Z'".     Then  will,  §  101, 


-T    ^«'    +  r    ^y'    +  Z'   Iz' 
-I-  -T'  ^«"  \  T'  6y"  +  Z"  6z"    }=0. 
+  2r"Sx'"  +  Y'"6y'"  +  Z**'^z'" 

Denote  the  length  A'  A**  by  /,  and  A"  A'"  by  g ;   then  will 


(663) 


=/- V(?'  -a/)»+(y-  -y')»  +  (z-  -^)»  =  0;  \ 

>     •     (664) 

Tb0  dupbu)0meat  by  which  we  obtain  ibe  Vvcta^X  n^^^^^a  ^^^^sw» 
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pr<iJ6Ction8  »re  Sx'^  dy'^  Sz\  dec,  is  not  wholly  arbitrary;  but  mast 
be  made  so  as  to  satisfy  the  condition 

J/=0    and    a^s=e. (665) 

Differentiating   Equations   (664),  and  ¥rriting   for  dsc^^   dy'^   dg'^ 
6x',  Sy\  Sz\  dec,  we  find 

{x^'  ~  x^)(Sx''  ^  6x')  +  (y"  -  y'){Sy"  ■-  dy')  +  {z"  -  z'){Sz"  -  Sz')      ^ , 


/ 


r=0 


{x"*  '-x"){dx"'--dx'') + (y'''  •^y''){$y'"^Sy") + (z'"  -  z")($z'''  -  6z") 


^ 


=  0. 


These  being  multiplied  respectively  by  X'  and  X'",  and  added  to 
Equation  (663),  we  obtain  by  reduction,  and  by  the  principle  of 
indeterminate  co-efficients,  exactly  as  in  §213, 


Z'-.X'. 


«"  -  x' 


f 


=  0; 


T  -  V»^     J  =.0; 


/ 


••     • 


•     • 


/ 


(6ae) 


X"  +  X' . 


«"  -  x' 


f 


Y"  +  X 


,    y"  -  y' 


/ 


Z"  +  X' 


«"  -  2' 


*// 

X'" 

— 

X" 

5^ 

• 

yfn 

— 

y" 

9 

"' 

2'" 

— 

z" 

=  0; 


_  V".2 i-  =  0; 


/ 


^"  +  X 


nt 


—  X 


re'"  -  «" 


=  0; 


(667) 


=  0 


Z'"  +  X'"  . 


«'"  - «" 


=  0 


►       •       • 


(668) 


Taking  from  each  group  its  first  equation  and  adding,  and  doing 
the  same  for  the  second  and  third,  we  have 


X'  -^X"  +  X'"  =0; 
^  a.  Z"  A-  Z?"  «=^  ^ 


<$69\ 


A^PIICATIONS. 
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That  is,  t)i6  oonditions  of  equilibrium  of  the  forces  are,  §80,  the 
same  as  though  they  had  been  applied  to  a  single  point. 

To  find  the  position  of  the  points,  eliminate  the  factors  X'  and 
X'",  and  for  this  purpose  add  the  first,  second  and  third  equations 
of  group  (667)  to  (he  corresponding  equations  of  group  (668),  and 
there  will  result 

X"  +  X'"  +  y  («"  -  «')  =  0; 

Z"    +    Z"'  +  y  («"  -  «')  =  0. 

from  which  we  find  by  elimination, 

r'  +  r"  -  ^l  ""  ^,  (X"  +  X'")  =  0  ; 

X      '—  X 

Z"  +  Z'"  -   *"  ~  *'  (X"  +  JT")  =  0. 

X      ^^  X 


*     • 


-(670) 


From  group  (666),  by  eliminating  X', 


T  ^ 


Z'  - 


y"-y' 


«"  -  X 


x"  -«' 


7X'  =  0; 


JT  =  0; 


(671) 


and  fmally  from  group  (668)  we  obtain,  by  eliminating  X''', 


yfn  _ 


Z'"    — 


2'"  —   z" 
x'"  -  «" 


-r"  =  0; 


•  X' 


/// 


=•• 


(672) 


Equations  (669),  (670),  (671)  and  672),  involve  all  the  conditions 
necessary  to  the  equilibrium,  and  the  last  three  groups,  in  connection 
with  group  (664),  determine  the  positions  of  the  points  A\  A" 
and  A"'^  in  space. 


§ses.^Tbe  reactions  in  the  syateia  ^\adL  Vni^go^  «sa«ja»«» 
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the  displaoement  will    be    made   known  by  Equation  (381)|  whid^ 
because 

r       dL  n«      r      dL      n«     r  dL      n» 

p    dH  r^r_jjr_n2    r  dH     y 


becomes  for  the  cord  A'  A'\ 


V  =  i^; 


and  for  the  cord  A"  A"\ 


X'"  =  i^'' ; 


^  from  which  we  conclude,  that  X'  and  X'"  are  respectiyely  the  ten- 
sions of  the  cords  A*  A**  and  A*'  A'*',  ^ 

This  is  also   manifest  from   Equations  (666)   and  (668) ;   for,  by 
transposing,  squaring,  adding  and  reducing  by  the  relations, 


^2  *» 


we  have 


X'  =  ^X"^    4-  T'^    +  Z/^    =  B,\ 
X'"  =  ^X'"*  +  r'"2  +  2'"2  =  i?'". 


i^^nz) 


in  which  i2'   and  i2'"  are  the   resultants  of   the   forces  acting  upon 
the  points  A*  and  -4'"  respectively. 

Substituting  these  values  in  Equations  (666)  and  (668),  we  have 


£! 
R 


x"  -  x' 


f 


y"  -  y' 


f 


'    R* 


z"  -  «' 


/ 


R'" 


X*"  -.  «" 


'W 


y'"  -  y" 


fltf 


2^"  -  j" 


/A^ 


'  B 


Nt 


whence  the  resultants  of  the  forces  applied  at  the  points  A'  and  A"'^ 
act  in  the  directions  of  the  cords  connecting  these  points  with  the 

point  A'\  and  will  be  equa\  U>^  m^<^<^  ^^Xeronsi^  ^3&Sk  \«Qsnons  of 

theae  cords. 


\ 
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|364w— From  EquatioBs  (669),  we  kaye  by  transposition, 

Squaring,  adding-  and  denoting  the  resultant  of  the  forces  applied 
at  A"  by  B"j  we  have 

B"  =  y/{JC"  +  Xy  +  (JT"  +  Y'f  +  (Z'"  +  Zy  . .  (674) 
and   dividing  each  of  the  above  equations  by  this  one 


X" 
B" 

H 
B" 

B^' 


X"'  +  X'    ^ 

r"  +  T 

B"       ' 

Z"'  +  Z' 

B"       ' 


(676) 


-f'^y 


whence,  Equation  (674),  the  resultant  of  the  forces  applied  at  A'^  is 
equal  and  immediately  opposed  to  the  resultant  of  all  the  forces 
applied  both  at  A'  and  A'" 

I^  therefore,  from  the  point 
A'\  distances  A"m  and  A"n 
be  taken  proportional  to  B'  and 
B"'  respectively,  and  a  paral- 
lelogram A*'  m  (7n  be  constructed, 
A"  C  will  represent  the  value  pf 
B".  If  A' A"  A'"  be  a  contm- 
uous  cord,  and  the  point  A" 
capable  of  sliding  thereon,  the 
tension  of  the  -cord  would  be 
the  same  throughout,  in  which 
case  B'  would  be  equal  to  B''\ 
and  the  direction  of  B^'  would 
bisect  the  angle  A'  A"  A'". 

The  same  result  is  shown  i( 

instead  of  making  if  =0  and 

ty  =  0  0ijmniMy,    we    make 

28 
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S  {f  ^  g)  =i  0^    multiply    by  a    single    indeterminate    quantity   \ 
and  proceed  as  before. 

§  365. — Had  there  been  four 
points,  A\  A'\  A'"  and  A^", 
connected  by  the  same  means, 
the  general  equation  of  equili- 
brium would  become,  by  call- 
ing A  the  distance  between  the 
points.  A"*  and  ^*% 

+  rSy'  +  Y"Sy''  +  T"  S  y'"  +  F^  ^  y«^ 
+  Z'  5z'  +  Z"  S  z"  +  Z'"  S  «'"  +  Z*^  S  «*^ 


>  =0; 


and  from  which,  by  substituting   the  values  of  ^/  S  g   and  S  A,  the 
following  equations  will  result,  viz. : 


-T-X'. 


x"  —  x' 


/ 


=  0, 


F* 


^^.^1^^ 


Z'  -  X'  • 


/ 

t"  -  z' 
/ 


0, 


=  0, 


J 


(676) 


X'  +  X' 


«"  -  «' 


/ 


-X". 


x"'  -  x" 


r'+x'- ^   f^ 


—  X 


„  y"'-y 


tr 


Z"  +  X' . 


z"  -  z' 


/ 


—  X 


// 


»'"  -  «" 


=  0. 


=  0, 


=  0, 


k    • 


(677) 


JP"  +  X" . 


T"'  +  X" . 


Z'"  +  X" 

• 


x'"  -  x" 


—  X 


//f 


tf"'  -  y" 

9 
9 


-  X'" . 


—  V 


n% 


h 
k 


=  0, 


=  0, 


'^^ 


\ 


(678) 
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JJlT  +   V"  .  ' J =  0, 


r^^  +  X 


/// 


Zi^   +  X 


/// 


k 

yiT_ 

y"' 

h 

jiT_ 

«'" 

=  0, 


=  0, 


»  •       •        •       • 


(679) 


Eliminating  the  indeterminate  quantities  X^  X'^  and  X'",we  obtain 
eight  equations,  from  which,  and  the  three  equations  of  conditions 
expressive  of  the  lengths  of/,  ^,  and  A,  the 'position  of  the  points^', 
A^'y  -4'",  and  A^^  may  be  determined. 

If  there  be  n  points,  connected  in  the  same  way  and  acted  upon 
by  any  forces,  the  law  which  is  manifest  in  the  formation  of  Equa- 
Uoos  (676),  (677),  (678),  and  (679),  plainly  indicates  the  following 
K  equations  of  equilibrium :  '  . 


X'  -X' 


«"  -  «' 


/ 


T  -X 


Z'   -X'. 


/ 

z"  -  z' 


f 


=  0, 


=  0, 


=  0, 


(680) 


-T'  +  X' . 


x"  -  «' 


/ 


-  X 


f 


—  X 


u  y'"  -  y" 


Z"  +  X' 


z"  -  z' 


f 


—  X 


n 


l'"  —  *" 


=  0, 


=  0, 


=  0, 


(.^•^n 


X"'  +  X" 


F"'  +  X" 


Z'"  +  X" . 


«"'  _  «" 


y"^  -  y" 
9 


//I 


—  X 


-  X'"  . 


—  x 


/// 


h 
A 


=±0, 


=  0, 


=^> 


s 


(682) 
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^•-I  +  >Si-»  •    ^'     . — ^'^  —  X,-i 


I 


=  0, 


=  0, 


=  0, 


>• 


{682) 


-x:  +  x.-i 


=  0, 


(684) 


III  "vrhich  X,  with  it3  particular  accent,  denotes  the  tenaioti  of  the 
oord  into  the  difference  of  whose  extreme  coordinates  it  is  mtilti- 
plied. 

Adding  together  the  equations  containing  the  components  of  the 
forces  parallel  to  the  same  axis,  there  will  result 


r  +  r'  +  r"  +  f«^ 

Z'  +  Z"  +  Z'"  +  z*^ 


(685) 


from  which  we    infer,  that    the    conditions  ol    equilibrium  are  the 
same  as  though  the  forces  were  all  applied  to  a  single  point. 

From  group  (680),  we  find  bj  transposing,  squaring,  adding  and 
extracting  square  root, 

^^n  +  jpa  +  Z'»  =  X'  =  iJ' 

and  dividing  each  of  the  equations  found  after  tranq>osing  in  group  * 
(680)  by  this  003, 


Bf 

/ 

9 

T 

^ 

/ 

li 

rf'  - 

•  i 

K 


IVetting  tbe  m^i^im  of  gcoap  (6M)  is   liui 
have 
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way,  wse 


-T. 

= 

«• 

—  «.- 

T>. 

i?. 

/ 

9 

= 

— 

y« 

:2. 

z^ 

«. 

—  «- 

li. 

/2. 


/ 


whence,  the  resultants 

of  the  forces  applied 

to  the  extreme  points 

A*  and  ^» ,  act  in  the 

direction  of  the  extreme  cords.     And  from  Equations  (685)  it  appears 

that  the  resultant  of  these  two  resultants  is  equal  and  contrary  to 

that  of  all  the  forces  applied  to  the  other  points. 

§806.— If  die  extreme  points  tie  fixed,  X",  F",  ^  and  JT.,  F»,  Z», 

will  be  the  components  of  the  resistances  of  these  points  in  the 
directions  of  the  axes;  these  resistances  will  be  equal  to  the  ten- 
sions X'  and  X^  of  the  cords  whidi  terminate  i^  Uiem.  Taking  the 
sum  of  the  equations  in  groups  (680)  to  (684),  stopping  at  the  point 
whose  coordinates  are  x,^^^  y»-H»>  ^•-•i  ve  have 


^  +  2X-. 


F'+ZF-X^ 


^'  +  2^-\^ 


«— «  —  «- 


/. 


=  0; 


-r 


y.^  -  y.>,>-i  _ 


z, .  —  «. 


'«. 


=  0; 


=  0; 


(686) 


in  which  2  X,  2  F,  2  Z,  denote  the  algebraic  sums  of  the  components 
in  the  directions  of  the  axes  of  the  active  forces;  X,^.^,^ thetension 
on  the  side  of  which  the  extreme  co-ordinates  are  «.^,  y»^,  Sa.«i 
•nd  g,  ,  I ,  y,  »  I ,  s^^i ;  and  /»_»  the  length  of  tiiia  «ld&« 


§867.— Now f  gappoBB  tlie   length  oC   ^bya   AjQm 
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their    number   increased    indefinitely;    the   polygon  will    become   a 
curve;  also,  making  X^,^}=:/,  we  have 


*•-» 

-«— -1 

=  rf*. 

y».. 

-y«^i 

=  rfy, 

n^ 

—  «•- «-i 

=  rf«, 

C»  =  da, 
i  b^ng  any  length  of  the  curve ;  and  Equations  (686)  become 


-T +  2-ar- 


r  +  2F- 


Z'  +  1Z  -- 


dx 
ds 


=  0; 


=  0; 


=  0; 


(689) 


which  will  give  the  curved  locus  of  a  rope  or  chain,  fastened  at 
its  ends,  and  acted  upon  by  any  forces  whatever,  as  its  own  weight, 
the  weight  of  other  materials,  the  pressure  of  winds,  currents  of 
water,  &c.,  &c. 

This  arrangement  of  several  points,  connected  by  means  of  flexi- 
ble cords,  and  subjected  to  the  action  of  forces,  is  called  a  .Funi' 
cular  Machine. 

§368. — If  the  only  forces  acting  be  pressure  from  weights,  we 
have,  by  taking  the  axis  of  z  vertical, 

X"  =  X'"  =  -X--^  &C.  =  0;     F"  =  F'"  &c.  =  0 ; 
and  from  Equations  (680)  to  (684), 


x"  —  x'               ar"'  —  a?" 
JT  =  V>        ,     ■  =  V  . ^ 

/  9 


•  •  •  • 


whence,  the  tensions  on  all  the  cords,  estimated  in  a  horizontal 
direction,  are  equal  to  one  another.  Moreover,  we  obtain  from  tha 
same  equations,  by  division, 


\ 


yf  —  y'  y »   —  y»     _ 


«"  —  «r 


x"'  —  rf' 


^%  —  "^wv 


tu  — 
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These  are  the  tangents  of  the  angles  which  the  projections  of  the 
sides  on  the  plane  xy  make  with  the  axis  x.  The  polygon  is 
therefore  conUuned  in  a  vertical  plane. 


THB  OATENABT. 


§369. — If  a  single  rope  or  chain  cable  be  taken,  and  subjected 
only  to  the  action  of  its  own  weight,  it  will  assume  a  curvilinear 
shape  called  the  Catenary  curve.  It  will  lie  in  a  vertical  plane. 
Take  the  axes  z  and  x  in  this  plane,  and  z  positive  upwards,  then 
wiU 

2jr=0;    2F=0;     r'  =  0;    2Z  =  -  FT; 

in  which  W  denotes  the  weight  of  the  cable,  and   Equations  (687) 
become 


— ,  dx 

«  da 

dz 
ds 


(688) 


These  are  the  differential  equations  of  the  curve.  The  origin 
may  be  taken  at  any  point 
Let  it  be  at  the  bottom  point 
of  the  curve.  The  curve 
being  at  rest,  will  not  be 
disturbed  by  taking  any  one 
of  its  points  fixed  at  pleas- 
ure. Suppose  the  lowest 
point  for  a  moment  to  be- 
come  fixed.     As   the   curve 

is  here  horizontal,  Z'  =  0,  §  366,  and  from  the  second  of  Equations 
(688),  we  have 


'^=-T.- 


(689) 


whence,  the  vertical  component  of  the  tension  at  any  ^uit  «&  O  ^ 
the  eurva,  is  equal  to  the  weight  of  tSha^  '^gvc^  ot  Vi^^  ^J^^%>o^^^ll^«^ 
4£f  pw'at  and  the  lowest  roint.    The  fttat  ot  'Ebp*>2«s»  V^^'^  ^6ss«% 
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tliat  ijie  iuHrizontal  oompooent  of  the  tension  at  O  is  equal  to  tbs 
tension  at  the  lowest  pointy  as  it  should  be,  sioboe  the  horizontal 
tensions  are  equal  throughout. 

Taking  the  unit  of  length  of  the  cable  to  give  a  unit  of  weight, 
which  would  give  the  common  catenary,  we  have  IF  =  « ;  and,  de- 
noting  the  tension  at  the  lowest  point  by  c,  we  have 

and  £x)m  Equation  (689), 

dg  =:z  ^  —  » 

Taking  the  positive  «gn,  because  z  and  s  increase  together,  inte- 
grating, and  finding  the  constant  of  integration  such  that  when 
2  =  0,  we  have  «  =  0, 

whence, 

8^  z=  z^  +  2eg. 

Also,  dividing  the  first  of  Equations  (688)  by  Equation  (689), 

dx         e  e 

dz  ^    8   '^   ^g2j^2cz' 

and  integrating,  and  taking  the  constant  such  that  x  and  z  vaiiidii 
together, 

.  =  c.log    '  +  c+V^  +  ^cs_  ^     ^     ^gg^j 

which  is  the  equation  of  the  catenary. 

This  equation  may  be  put  under   another  form.     For  we  may 
write   the  above, 

ee*  =  z  +  e  +  ^(z  +  e)^  ^  i^ ; 
transposing  z  +  e  and  squaring, 

e^'f    — 2c«'^(«  +  c)  =  — «•; 
whence^ 
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and  by  substitutioiii 

•  m 

«  =  ^  c  •  («•  —  e"  •)• (692) 

§370. — If  the  length  of  the  portion  of  the  cable  which  gives  a 
unit  of  weight  were  to  vary,  the  variation  might  be  made  such  as 
to  cause  the  area  of  the  cross  section  to  be  proportional  to  the 
tension  at  the  point  where  the  section  is  made.  The  general  Equa- 
tions (688)  will  give  the  solution  for  every  possible  case. 


FEIGTIOlf  BETWEEN  OOBDS  AND  OYUNDBIOAL  SOLIDS. 


§  371. — ^When  a  cord  is  wrapped  around  a  solid  cylinder,  and 
motion  is  communicated  by  applying  the  power  F  at  one  end 
while  a  resistance  W  acts  at  the  other,  a  pressure  is  exerted  by 
the  cord  upon  the  cylinder;  this  pressure  produces  friction,  and  this 
acts  as  a  resistance.  To  estimate  its  amount,  denote  the  radius 
of  the  cylinder  by  i2,  the  arc  of  contact  by  «,  the  tension  of  the 
oord  at  any  point  by  U 

The  tension  /  being  the  same 
throughout  the  length  ds  r=,  at, 
o€  the  cord,  this  element  will  be 
pressed  against  the  cylinder  by 
two  forces  each  equal  to  ty  and 
applied  at  its  extremities  a  and  i^ , 
the  first  acting  from  a  towards 
IF*,  the  second  from  i^  towards  b'. 
Denoting  by  6  the  angle  ubt^^ 
and  by  p  the  resultant  6  m  of 
these  forces,  which  is  obviously 
the  pressure  of  da  against  the  cylinder,  we  have.  Equation  (56), 


p  =  vF+?+2777cosd  =  t^2{l  +  cos6); 


bat 


i  +  C(mS  ss2oos'^t*, 


^^    -  «^  ^  -R^ 
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and  taking  the  arc  for   its   sine,  because  n  —  0  is  very  small,  we 
have 

and  hence,  §  355,  the  friction  onds  will  be 

/.jp  =/./.—. 

The  element  t,  ^  of  the  cord  which  next  succeeds  ai,^  will  haro 
its  tension  increased  by  this  friction  before  the  latter  can  be  over- 
come; this  friction  is  therefore  the  differential  of  the  tension,  being 
the  difference  of  the  tensions  of  two  consecutive  elements;  whence, 

da 

dividing  by  /  and  integrating, 

log^=/-^+logC7, 

or, 

/• 
t=ae^ (693) 

making  »  =  0,  we  have  <  =  IF  =  C\  whence, 

/  =  IT.  ««; (694) 

and  making  <=:/S^=a/^/^/,,  we  have  t  z=  F;  and 

£1 
F=  W-e^ (696) 

Suppose,  for  example,  the  cord  to  be  wound  around  the  cylinder 
three  times,  and  /  =  ^  ;  then  will 

S  =  Sit.2E=z  6.  3,1416. i?  =  18,849 iJ, 
and 

Fz=Wxe^^^^^=zWx  (2,71825)*'~} 

F=:W.  535,3 ; 

that  ia  to  say,  one  man  a.t  Wi^  «tA  W  ^>di\  ^Rssii^  <bA  oombin^ 
eSoH  of  636  msa^  of  tit^e  twcae  «taeu^"CEi  ^Vvkom^  m^  ^^  *^»i 
•n  motion  whea  wunA  liaee  ^m»  t^^wA  Sit.^  ^>aa^. 
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THE   INCLINED   PLANE. 

§  372. — The  inclined  plane  is  used  to  support,  in  part,  the  weight 
cf  a   body  while   at  rest  or  in  motion  upon  its  surface. 

Suppose  a  body  to  rest  with  one  of  its  faces  on  an  inclined  plane 
of  which  the  Equation  is 

L^coBax  +  cosby-^coscz  — d=0;     •     •     •     •   (a) 

in  which  d  denotes  the  distance  of  the  plane  from  the  origin  of  co< 
ordinates,  and  a,  b,  c,  the  angles  which  a  normal  to  the  plane  makes 
with  the   axes  x^  y,  z,  respectively. 

Denote  the  weight  of  the  body  by  W;  the  power  by  jP;  the  nor- 
mal pressure  by  N;  the  angles  which  the  power  makes  with  the 
axes  X,  y,*  z,  by  a^,  ^^,  y^,  respectively;  and  the  path  described  by 
the  point  of  application  of  the  resultant  friction  by  s.  Then,  taking 
the  axis  z  vertical  and  positive  upwards,  and  supposing  the  ibrce  to 
produce   a  imiform  motion  of  simple  translation,  will,  £q.  (645), 


(jFcosa^ +fN^^  $x 


+  (FcoBr,+fN^--W)Sz 


=  0; 


(« 


and,   Equation  (a), 

cos  a S z  +  COB  b S y  +  CMC S  z  =z  0 
Multiplying'   this    last    by  X,    adding  and  proceeding   as  in  §  213, 


jPcosa^  -^  f  ^2 H^cosa=0, 

J*  cos  i3, -f  /  iV^  j^  +  X  cos  6  =  0 , 

dz 
J'cosy,  +/N  —  +  Xcosc-Tr=0; 

Or  3 


(.C) 


and.  Eq.  (331), 


^= V  (!f)  n^)^  0'= - 


dL\^ 


W 


Buhadtutiag  lii«  rajje  of  X  in  Equati0u% (^c^  \)^^  SnX  ^2^«^  ^^M 
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f  -IT  +  *^^  lu 

as  Go&Pf 

€/y  COS  a 
/-—  +  cos^ 


+  1  =  0; 


W 


and   the  first  and  third,  by  eliminating  N, 

/m/[  cosy^-T cosa^-T- j +008/^  cosa—cos  a^  cose  I  =  W\f-j — h  cosaj . 


(«) 


If  there  be  no  firiction,  then  will  /=  0,  and,  Eq.  (e), 


cos  a   cos  fif 


4-  1  =  0; 


^  ^  cos  b    cos  a^ 

whence,  Eqs.   (45)   and  (a),  the  poller  must  be   applied   in  a  plane 
normal   both  to   the  inclined   plane   and   to  the   horizon. 

If  without  disregarding  friction,  the  power  be  applied  '  in  a  plane 
fulfilling  the  above  condition,  and  also  con- 
taining the  centre  of  gravity,  the  resultant 
friction  may  be  regarded  as  acting  in  this 
plane,  and  we  may  take  it  as  the  co- 
ordinate   plane  z  x,    in   which   case 

cos6  =  0;cosiS,  =  0;  -r^=:0; 

a  s 

and   denoting   the   inclination   of  the   plane   to  the   horizon  by  a,  and 
that  of  the   power   to  ,the  inclined   plane   by  9  ; 

cos  a  =  sin  a  ;  cos  c  =  —  cos  a  ;  cos  y^  =  sin  a^ ; 

dx  dz 

cos  y^  —, cos  a^  —  =  —  sm  a^  cos  a  -f  cosa^  sin  a  =  sin  (a  —  aj=8in 9 ; 

CXf  S  CL  S 

cos  y^  cos  a  —  cos  a^  cose  =  sin  a^  sin  a  -f-  cos  a^  cos  a  =  cos  (a— a^)=co89 : 
which,  in  £q.  {g),  give 


j^_   Tr(sina  +/cosa) 
cos  9  -t-/sin  9 


(696) 


This  supposes  motion  to  take  place  vp  the  plane ;  if  the  power  F 
be  just  sufficient  to  permit  the  body  to  move  uniformly  dovm  the 
plane,  then  will  /  change  its  sign,  and  we  shall  have 

^^Tr(sin,-/cos«)^ 

COS  9  —/am  9  ^      ' 

And  the  power  may  vary  between  the  limitB  glveii  hf  flMe  two 
vBluea  vritbottt  moving  t^bd  \iody* 
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§  3)3.  If  the  power  be  zero,  or  F  =  0^  then  will 

nna  —/cob  a  =  0, 
or 

tan  a  =  / 

whiek  b  the  angle  of  friction,  §  355. 

g  974.«^If  <he  power  act  parallel  to  die  plaBe,  then  will  q^  ss  0, 

and 

^s  ?r(sina  ±:/eosa).     .....     (698) 

the  upper  sign  answering  to  the  case  of  motion  up,  and  the  lower, 
down  the  plane;  the  difference  of  the  two  values  being 

2/FFcoB«. 
If /±=0,  then  will 

r  Bc 

^=.sma=— ; 

that  is,  the  power  is  to  the  weight  as  the  height  of  the  plane  is  to 
its  length;    and  there  will  be  a  gain  of  power. 

§  375. — If  the  power  be  applied  horizontally,  then  will  9  be  nega- 
tive and  equal  to  a,  and  we  have,  by  including  the  motion  in  both 

directions, 

^^Tr(8ia«=fc/oo.a)         _    _ 
^  COS  a  qp/sm  a   '  ^      ' 

the  difbrenee  of  the  limiting  values  being 

2/.  W 
eos^  «  —  />  sin?  « 

If  the  friction  be  leW),  or  /  =  0,  then  will 

F       ,  BC 

-  =  tan«  =  ^ 

That  is,  the  power  will   be  to  the  resistance   as  the  height  of  the 
plane  is  to  its  base;  and  there  may  be  gain  or  loss  of  power. 

§376. — 1V>  find  under  what  angle  the  power  will  act  to  greatesi 
advantage,  make  the  denominator  in  Equation  (696)  a  maadmum. 
For  thia  purpose,  we  have,  by  differentiating, 

—  il»9+/ooef  m*\ 
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llut  is,  tbe  angle  aliould  be  positjre,  and  equal  to  that  of  the  fii» 


g  377. — If  the  "pover  act  parallel  to  anf  Inelined  nir&oe  to  more 
a  body  up,  the  elementary  quaatity  of  work  of  the  power  and  reabi- 
ances  vill  give  the  relation,  Equadon  (608), 

Fdi  =  Wdiaaa.  +  W/dtoota. 

Bnt,  denodng  the  whole  hori- 
Eontal  distance  passed  over  by 
1=  A  C,  and  the  vertical  h^ht 
by  A  =  jB  C,  we  have 

d»  .t&aa.  =  dh, 

d g.  coaa  =  dl^ 

whence,  substituting,  and  integnttJDg,  and  supposing  the  body  to  be 
started  from  rest  and  brought  to  rest  again,  in  which  case  the  work 
of  inertia   will   balance  itself,  we  have 

Fi  =  Wh+f.W.I, (700) 

in  which  there  is  no  trace  of  the  path  actually  passed  over  by  the 
body.  The  work  is  that  required  to  raise  the  body  through  a  ver- 
tical height  B  C,  and  to  overcome  the  friction  due  to  its  wdght  over 
a  horizontal   distance   A  0. 

The  resultant  of  the  weight  and  the  power  must  intersect  the 
inclined  plane  within  tbe  polygon,  formed  by  joining  the  points  of 
contact  of  the  body,  else  the  body  will  roll,  and  not  slide. 


§378.— The  Lever  is  a  solid 
bar  AB,  of  any  form,  supported 
by  a  fixed  point  0,  about  which 
it  may  freely  turn,  called  the  fiU- 
arum.  Sometimea  it  is  supported 
npoB    tnumioDa,   ud  inc);aeD,U'j 
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«pon  a  knife-edge.  Levers  have 
been  divided  into  three  different 
dosses,  called  orders. 

In  levers  of  the  first  order^  the 
power  F  and  resistance  Q  are 
applied  on  opposite  sides  of  the 
fulcrum  0\  in  levers  of  the  Mcom^ 
order^  the  resistance  Q  is  applied 
to  some  point  between  the  ful- 
crum 0  and  the  point  of  appli- 
cation of  the  power  F\  and  in 
the  third  order  of  levers,  the 
power  F  is  applied  between  the 
fulcrum  0  and  point  of  applica- 
tion of  the  resbtance  Q, 

The  common  shears  furnishes 
an  example  of  a  pair  of  levers 
of  the  first  order ;  the  nut-crackers 
of  the  second;  and  fire-tongs  of 
the  third.  In  all  orders,  the  con- 
ditions of  equilibrium  are  the 
same.  # 

These  divisions  are  whollj  ar- 
bitrary, being  founded  in  no  di^ 
ference  of  principle.  The  relation 
of  the  power  ^jto  the  resistances, 
is  the  same  in  all. 

Let  ^^  be  a  lever  supported 
upon  a  trunnion  at  0,  and  acted 
upon  bj  the  power  P  and  resist- 
ance Q,  applied  in  a  plane  per- 
pendicular to  the  axis  of  the  trun- 
nion. Draw  from  the  axis  of  the 
trunnion,  the  lever  arms  On  and 
Om^  being  the  perpendicular  dis- 
UooM  of  the  power  and  resbtanoe 
tpott  1(fo  Asb  of  mo&m^  and 
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denote  them  respectively  by  l^  and  l^;  also  denote  the  resultant  of 
P  and  Q  by  iV,  the  radius  of  the  trunnion  by  r,  the  eo-effident  of 
friction  by  /  and  the  arc  described  at  the  unit's  distance  from  the 
axis  by  «i. 
Then, 

in  which  A  is  the  angle  of  inclination  AC B  of  the  power  to  the 
resistance.  Then,  supposing  the  lever  to  have  attained  a  uniform 
motion,  will,  Equations  (645)  and  (661), 

P.l,.d8,  -  Q.K.ds,  ^^I^+Q^  +  2FQco36.    ""'/^'^'f  =  OAIOI) 
Omitting  the  common  factor  (f^,  and  making 

we  have. 


ViTp    "  '  I.'    ""  h 


Transposing,  squaring,  and  solving,  with  respect  to  P,  we  find, 


n     ^  »w  -f  /'  n  (/  n  cos  h±i  J\  4-  2  m  cos  a  -|#w2  -/'2  n^  sin^  d)  ,^ 
P=  G ^— ^=^ l^f'^u^ ^  ••(702) 

If  the  fraction  n  be  so  small  as  to  justify  the  omission  of  every 
term  into  which  it  enters  as  a  factor,  or  if  the  co-efficient  of  friction 
be  sensibly  zero,  then  would 

That  is,  the  power  and  the  resistance  are  to  each  T>ther  inversely  aa 
the  lengths  of  their  respective  lever  arms. 

If  the   power  or   the  resistance,  or  botih,  be  applied  in  a  plane 

oblique  to  the  axis  of  the  trunnion,   each  oblique  action    must  be 

replaced  by  iu  components,  one  of  which  is  perpendicalary  and  the 

other  parallel  to  the  axis  of  the  trunnion.     The  p^nrpeBdioiilar  com* 

foimktB  must  be  treated  aa  iboN^   ISift  parallel  oompoMiifti  wfl^  if 
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tbe  firietion  arising  from  the  resultant  of  the  normal  components  h% 
not  too  great,  give  motion  to  the  whole  body  of  the  lever  along  the 
trunnion ;  and  if  this  be  prevented  bj  a  shoulder,  the  friction  upon 
this  shoulder  becomes  an  additional  resistance,  whose  elementary 
quantity  of  work  may  be  computed  by  means  of  Eq.  (657)  and  made 
another  term  in  Equation  (701). 


WUKEL  AND  AXLE. 

§  379. — ^This  machine  consists  of  a  wheel  mounted  upon  an  arbor, 
supported  at  either  end  by  a  trun- 
nion resting  in  a  box  or  trunnion 
bed.  The  plane  of  the  wheel  is  at 
right  angles  to  the  arbor;  the  pow- 
er P  is  applied  to  a  rope  wound 
round  the  wheel,  the  resistance  to 
another  rope  wound  in  the  opposite 
direction  about  the  arbor,  and  both 
act  in  planes  at  right  angles  to  the 
axis  of  motion.  Let  us  suppose  the 
arbor  to  be  horizontal  and  the  re- 
sistance Q  to  be  a  wei^t. 

Make 
N  and  N'  =  pressures  upon  the  trunnion  boxes  at  A  and  B; 
R  =  radius  of  the  wheel ; 
r  =  radius  of  the  arbor ; 
p  and  f'  =  radii  of  the  trunnions  at  A  and  B ; 

«i  =  arc  described   at   unit's  distance   from  axis  of  motioa 
Then,  the  system  being  retained  by  a  fixed  axis,  we  have 

gSq  =:  Qrds^. 
Tbe  elementary  work  dfthe  friction  will,  Eq.  (601);  be 


460         ELEMENTS    OF    ANALYTICAL    UECHANICS. 

and    the   elemehtary  work    of   the    stiffness  of   cordage,  Equation 
(662), 

1 

and  when  the  machine  is  moying  uniformly, 

PIid8,'-Qrd8,''f{yp+irp')ds,-d^'^'t^'^  .r.rf«j=0;  •  (704) 

The  pressures  N  and  IT  arise  from  the  action  of  the  power  P,  the 
weight  of  the  machine,  and  the  reaction  of  the  resistance  Q,  in- 
creased by  the  stiffness  of  cordage.  To  find  their  values,  resolve 
each  of  these  forces  into  two  parallel  components  acting  in  planes 
which  are  perpendicular  to  the  axis  of  the  arbor  at  the  trunnion 
beds;  then  resolve  each  of  these  components  which  are  oblique  to 
the  components  of  Q  into  two  others,  one  parallel  and  the  other 
perpendicular  to  the  direction  of  Q. 

Make 
iff  =:  weight  of  the  wheel  and  axle, 
ff    =  the  distance  of  its  centre   of  gravity  from  A^ 
p   =  the  distance  mA, 
q  =  the  distance  n  A^ 
I    =z  length   of  the  arbor  A  By 

9   =  the  angle  which   the  direction  of  F  makes  with  the   vertical 
or  direction   of   the  resistance    Q, 

Then  the  force  applied  in  the  plane  perpendicular  to  the  trunnion 
Ay  and  acting  parallel  to  the  resistance  Q,  will,  §  95,  be, 

I  —  ff        ^    I  —  Q        »*^  —  P 
w  .  —j-^  +  Q p^  +  P  •      .  ^  •  cos  9 ; 

and  the  force  applied  in  this  plane  and  acting  at  right  angles  to  die 
direction  of  Q,  will  be 

P  •  — r-=-  •  sm  9. 
The  vertical  force  applied  iL  the  plane  at  B  will  be 

s 
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«&d  the  horizontal  force  in  this  plane  will  be 

P  •  J  •  sin  9 ; 
whence, 

A^==i  VK^-i^)+ W-J')+^(^-i')«>s9l'+^(^-i')'-s»n*(j);  .  (705) 

jv^=iV[«?-^  +  C-fl'  +  -P-i>.<»s9?  +  ^•i'*-8in29;  •  -C^oe) 

If  ^  and  ^  be  the  angles  which  the  directions  of  N  and  IT  maka 
with  that  of  the  resistance  Q,  we  have 

sin  4  =  — \,    ,      •  sm  9  :     sin  d'  =  -r=~  •  sin  9, 

Equations  (V04),  (705),  and  (706)  are  sufficient  to  determine  the  rela- 
tion between  P  and  Q  to  preserve  the  motion  uniform,  or  an  equili- 
brium without  the  aid  of  inertia.  The  values  of  N  and  N^  being 
substituted  in  Equation  (704),  and  that  equation  solved  with  refer- 
ence to  P,  will  give  the  relation  in  question. 

§  380. — If  the  power  P  act  in  the  direction  of  the  resistance  Q, 
then  will  cos  9  =  1,  sin  9  =  0,  and  Equation  (704)  would,  after 
substituting  the  <;orresponding  values  of  N  and  i^,  transposing, 
omitting  the  common  factor  cf^j,  and  supposing  p  =  p',  become 

Pi2=  Cr+/p(i£F+  e  +  P)+^r^t^^    r-  '  (^07) 

And  omitting  the  terms  involving  the  friction  and  stiffness  of 
cordage, 

P   _  ^ 

Q   ^  B' 

that  is,  the  power  is  to  the  resistance  as  the  radius  of  the  arbor 
is  to  that  of  the  wheel;  which  relation  is  exactly  the  same  m 
that  of  the  common  lever. 

FIXED  FUIUET. 

§  881.— -The  pulley  k  a  small  wheel  having  «  groove  in  Ita  «3i»» 
cmnteeiiee  finr  dia  reoaptkni  «f '%  Tope^  to.  5x1%  «d^  ^  ^^i^sl^  *^^ 
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power  P  is  applied,  and  to  tlte  other  the  reaiatance  Q,    The  punej 
mkj  turn  either  upon  tnmni<»u  or  aoout  aa  axle,  supported  in  what 


is  called  a  hUxk.  This  is  osually  a  solid  pieoe  of  wood,  throogfa 
which  is  cut  an  opening  lai^e  enough  to  receire  the  pulley,  and 
allow  it  to  turn  fi-eelj  between  its  cheeks.  Sometimes  the  block  is 
a  simple  framework  of  metal.  When  the  block  b  stationar}',  the 
pulley  is  said  to  be  fixtd.  The  principle  of  this  madune  is  obri- 
ously  the  same  as  that  of  the  wheel  and  axle. 

The  fric^ofl  between  the  rope  and  pulley  will  be  sufficient  to 
give  the   latter  motion. 

Making,  in  Equations  (705)  and  (706), 

*  =  «=?  =  +', 


JT  =  J  •>/(»  +  C  +  P'XAVff  +  i^sin'ip  =  JV  .  -  (708) 


Equation   (704),  and  Bubstituting 
B  have,  after  omitting  the  conunon 


Making  R  =  r,  and  p  =  p',  i 
the  above  values  of  N  and  iV,  ' 
(actor  d«|, 

j»fl._^^_/'py/(«+g+Pcoa^y.VF»^»^^<,-^^^^-K=0-*(»M) 
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•t» 


Solying  this  eqaation  with  respect  to  P^  we  find  the  valae  of 
the  latter  in  terms  of  the  different  sources  of  resistance.  But  this 
direct  process  would  be  tedious;  and  it  will  be  suffident  in  all 
cases  of  practice  to  employ  an  approximate  value  for  P  under  the 
radical,  obtained  by  first  neglecting  the  terms  involving  friction  and 
stifihess  of  cordage* 

Thus,  dividing  by  R  and  transposing,  we  find 

.p^Q+f^^(u,  +  Q  +  PC0S9)*  +  iP*«n»4>  +  d^^^-j^ 


Now  /^  •  -~  is   usually  a  small  fraction ;  an  erroneous  valu6  as* 

sumed  for  P  under  the  radical,  will  involve  but  a  trifling  error  in 
iie  result  We  may  therefore  write  Q  for  P  in  the  second  mem- 
oer;  and  neglecting  the  weight  of  the  pulley,  which  is  always  in- 
significant in  comparison  to  @,  we  have 


i>  =  e [1  +/•  ^t/2{i+cos9)]  +  dr     l^^  ;  •  •  (no) 


but 


1  -4-  cos  9  =  2  cos'  ^  9 ; 


whence, 


P  = 


£:+iQ 


C(l+2/'^-oosi(p)  +  <~-^ 


(ni) 


In  which  9  denotes  the  angle  A  M  By  wludi 
18  the  supplement  of  the  angle  A  C  B^  and  de- 
noting this  latter  angle  by  d,  we  have 


whence 


cos  I  9  =  sin  )  d , 


P=Q{l+2fl^^m\i)+d,^±P .    .    (712) 


If  Ae  are  of   tiie  pulley,  eaWoped   by  tiw  ropA,  be   180°,  then 


JT+r^ 


/•«<?(! +  a/'.^)+4..=^^.  . 


%     % 


V?VVv 
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If  the  fnotioii  and  stiffiiess  of  Dordage  be  so  small  as  to  justify 
omission,  then  will 

Tliat  is,  the  power  must  be  equal  to  the  resistance,  and  the  onlj 
office  of  the  cord  or  rope  is  to  change  the  direction  of  the  power. 


MOYABLE    PUUJCT. 

§  382. — In  the  fixed  puUej,  the  resultant  action  of  the  power  and 
resistance  is  thrown  upon  the  trunnion  boxes.  If  one  end  of  the 
rope  be  attached  to  a  fixed  hook  Ay 
while  the  power  P  is  applied  to  the 
other,  and  the  pulley  is  lefb  free  to  roll 
along  the  rope,  the  resistance  W  to  be 
overcome  may  be  connected  with  its 
trunnion,  after  the  manner  of  the  figure ; 
the  pulley  is  then  said  to  be  movahUj 
and  the  relation  between  the  power  and 
resistance  is  still  given  by  Eq.  ("704,) 
in  which  the  principal  resistance  be- 
comes N  +  N\  and  the  tension  of  the 
rope  between  the  fixed  point  A^  and  the 
tangential  point  J7,  becomes  Q. 

Making  in  Equation  (704),  i?  =  r,  p  =  p',  and  PT  =  JV^^-  JV'=  22^, 
we  have 


dividing  by  R^  and  transposing 


%R 


i?  =  0 


(714) 


P^q^f.^.W^-dr^^ 


(715) 


Eliminating  Q  by  means  of  Equation  (70a),  and-  solving  the  resulting 
equation  with  respect  to  P,  the  value  of  the  power  will  be  knowb 
In  terms  of  the  resistances.    The  process  may  be  much  abridged  by 

limiting  the  solutioa  to  an  s((i'(ToiuxA^Qn^  whidi  will  be  Ibund 

eJient  in  praetioe. 
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Neglecting  the  weight  of  the  pulley,  which  is  always  insignificant 
ki  comparison  with  P  or  Q,  and  making  Q  z:z  P^  which  would  be  the 
case  if  ¥re  neglect  friction  and  stifihess  of  cordage,  Equation  (708), 
gives 


JV=]^Tr=  jeV2(l  +  cos(p); 


and  because 


1  4-  cos  9  =  2  cos'  ^9  =  2  sin'  i  4, 
IT  =  2  C  .  sin  i  d ; 


or. 


C  = 


W 


2sin^d' 


which,  in  Equation  (715),  gives 


''='^(2^p+^-i)  +  ''' 


ir  +  / 


w 


2B •    ^"*> 


The   quantity  of  work   is  found  by   multiplying    both  members  by 
Rsi,  ia  which  «i  is  the  arc  described  at  the  unit's  distance.     , 

If  the  arc  enveloped  by  the  rope  be  180®,  then  will  I'd  =  90*, 
sin  I  d  =  1,  and 

If  the  friction  and  stif&ess  of  cordage   be  neglected,  then  will, 
Equation  (716), 

fF  =  2  P  sin  i  d, 

and  multiplying  by  jR, 

EW=:  P.2B.smi6i 
but 

2Ii8\ni6=z  AB; 
Rrhence, 

R.   Wz=:P.AB\ 

that  is,  the  power  u  to  the  reeietanee  at  the 
radiye  of  the  pulley  ie  to  ike  chord  of  ike  are 
enweloped  hy  the  rope. 


w 


CaO  ELEMENTS    OF    ANALTTIOAI.    IfECHAJflOS 

S  883. — The  M^ifi»  is  »  coUeotioa  of  puUeya  in  two  sepant* 
bloclu  or  fruDM.  One  of  these  blocks  is  attached  to  a  fixed  poiBt 
A,  b}r  which  all  of  its  pulleys  become  Jixid, 
while  the  other  block  is  attached  to  the  resist- 
ance IT,  and  its  pulleys  thereby  made  mo9- 
abli.  A  rope  is  attached  at  one  end  to  a  hook 
k  at  the  extremity  of  the  fixed  block,  and  is 
passed  around  one  of  the  movable  pulleys, 
then  about  one  of  the  fixed  pulleys,  and  so  on, 
in  order,  till  the  rope  is  made  to  act  upon  each 
pulley  of  the  combination.  The  power  P  is 
applied  to  the  other  end  of  the  rope,  and  the 
pulleys  are  so  proportioned  that  the  parts  of 
the  rope  between  them,  when  stretched,  are 
parallel.  Now,  suppose  the  power  P  to  main- 
tain in  unifitrm  motion  the  point  of  applica- 
tion of  the  resistance  W;  denote  the  tension 
of  the  rope  between  the  hook  of  the  fixed 
block  and  the  point  where  it  comes  in  con- 
tact with  the  first  movable  pulley  by  t,;  the 
radius  of  this  pulley  by  ^i ;  that  of  its  eye 
by  r, ;  the  oo-efGcient  of  friction  on  the  axle 
by  f;  the  constant  and  co-eflident  of  the  stiff- 
ness of  cordage  by  X  and  /,  as  before ;  then,  denoting  the  tension  of 
the  rope  between  the  last  point  of  contact  with  the  first  movable^ 
and  Arat  point  of  contact  with  the  first  fixed  pulley,  by  ^,  the  quao. 
tity  of  work  of  the  tension  t,  will,  Equation   (662),  be 


t,B,i 


'.+/'('.  +  '.)  n  'i ; 


^Tiding  by  s,, 


<iBi+'l.- 


•«>  +  /'(', +  4)  r.- 


918) 
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Again,  denoting  the  tension  of  that  part  of  the  rope  which  passes 
fh>m  the  first  fixed  to  the  second  movable  pulley  hj  ^,  the  radius 
of  the  first  fixed  pulley  by  B^^  and  that  of  its  eye  by  r,,  we  shall, 
in  like  manner,  have 

And  denoting  the  tensions,  in  order,  by  ^4  and  <»,  this  last  being 
equal  to  P,  we  shall  have 

t,R,^t,R^  +  d,?^^.E,+r(t,  +  U)r,.     .    (720) 

PR,^UR,  +  d,^^-^R,+f'(U  +  P)r^     .     (721) 

so  that  we  finally  arrive  at  the  power  P,  through  the  tensions  which 
are  as  yet  unknown.  The  p^rts  of  the  rope  being  parallel,  and  the 
resistance  W  being  supported  by  their  tensions,  the  latter  may  ob- 
viously be  regarded  as  equal  in  intensity  to  the  components  of  IF; 
hence, 

t^  +  tt+  h  +  t^=W;     .    .     •    .    -     (722) 

which,  with  the  preceding,  gives  us  dye  equations  for  the  determi* 
nation  of  the  four   tensions   and  power  P.    This  would  involve  a 
tedious  process  of  elimination,  which  may  be  avoided  by  contenting- 
ourselves   with  an  approximation  which  is  fouud,  in  practice,  to  be 
sufficiently  accurate. 

If  the  friction  and  stifibess  be  supposed  zero,   for  the  moment| 
Equations  (718)  to  (721)  become 


PB,=iUB,i 
from  wliiob  It  k  spparetit,  JUviding  out  1]d«i  t%j3c&.  Rx>  B^>  ^\  '^'^^ 
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that  ^  =  ^,  ^  =  ^9  h  =  hf  -P  =  ki  and  hence,  Equation  (722) 
becomes 

whence, 

the  denominator  4  being  the  whole  number  of  pulleys,  morable  and 
£zed.     Had  there  been  n  pulleys,  then  would 

With  this  approximate  value  of  ^,  we  resort  to  Equations  (718) 
to  (721),  and  find  the  values  of  /^,  ^,  (i,  dsc.  Adding  all  these 
tensions  together,  we  shall  find  their  sum  to  be  greater  than  TF, 
and  hence  we  infer  each  of  them  to  be  too  large.  If  we  now 
suppose  the  true  tensions  to  be  proportional  to  those  just  found, 
and  whose  sum  is  TFj  >  W,  we  may  find  the  true  tension  corre- 
sponding to  any  erroneous  tension,  as  ^, ,  by  the  following  proper, 
tion,  viz. : 

W 

or,  which  is  the  same  thing,  multiply  each  of  the   tensions  found  by 

W 
the   constant  ratio  -tj^j  the  product  will   be   the   true  tensions,  very 

nearly.  The  value  of  d  thus  found,  substituted  in  Equation  (721), 
will  give   that  of  P, 

Example, — Let  the  radii  i?, ,  i?^,  R^  and  R^^  be  respectively 
0,26,  0,39,  0,52,  0,65  feet ;  the  radii  r^  :iz  r^  z=  r^  ziz  r^  of  the 
eyes  =  0,06  feet;  the  diameter  of  the  rope,  which  is  white  and 
dry,  0,79  inches,  of  which  the  constant  and  co-efficient  of  rigidity 
are,  respectively,  K  =  1,6097  and  /  =  0,0319501 ;  and  suppose  the 
pulley  of  brass,  and  its  axle  of  wrought  iron,  of  which  the  co-efficient 
/  =  0,09,  and  the  resistance   W  a  weight  of  2400  pounds. 

Without  friction  and  stiffness  of  cordage, 

2400       ^    '*•• 
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Dividing  Equation  (?18)  by  iZ,,  it  becomes,  since  d^  =  1, 


t*  =  tx  + 


2i2, 


+  ^f(t^  +  k). 


Substituting  the  value  of  Hi ,  and  the  above  value  of  <i ,  and  regard. 
ing  in  the  last  term   t^  as  equal   to  ^i,  which  we  may  do,  because 

of  the  small  coefficient  ^/',  we  find 

600 


=  J  + 


1,6097  +  0,0319501  x  600 
2  X  (0,26) 


.  =  628,39. 


+  -^  X  0,09  X  (600  +  600) 


Again,  dividing   Equation   (719)   by  i2|,  and   substituting   this  value 
of  t^  and  that  of  i2, ,  we  find 

t^  =  673,59. 

Dividing  Equation  (720)  by  i2,,  and  substituting  this  value  <«f  ^,  aa 
well  as   that  of  JR^ ,  there  will   result 


lb9. 

U  =  709,82 ; 


whence, 


W^i  =  <i  +  /f  +  4  +  ^  =  ^ 


600 
+  628,39 
+  673,59 
^  +  709,82 


y  =  26ns.^ 


and 


2400 


=  0,919 ; 


2611,80 

which  will  give  for  the  true  values  of 

<,  =  0,919  X  600       =  551,400 

<,  =  0,919  X  628,39  =  577,490 

/,  =  0,919  X  673,59  =  619,029 

I  U  =:  0,919  X  709,82  ;=  652,324 
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The  above  value  for  t^  =  652,324,  in  Equation  (721),  will  give,  after 
dividing  by  7^4,  and  substituting  its  numerical  value, 


F  = 


-J  + 


652,324 

1,6097  +  0,03195  x  652,324 


2  X  0,65 


0,06 


+  fe  ^  0,09  X  (652,324  +  P) ; 
ind  making  in  the  last  factor  P  =  /«  =  652,324,  we  find 

U$.  lb»,  Iks.  lit. 

P  =  652,324  +  17,270  +  10,831  =  680,425. 

Thus,  without  friction  or  stiffness  of  cordage,  the  intensity  of  P  would 
be  600  lbs. ;  with  both  of  these  causes  of  resistance,  which  cannot  be 
avoided  in  practice,  it  becomes  680,425  lbs.,  making  a  difference  of 
80,425  lbs.,  or  nearly  one-seventh ;  and  as  the  quantity  of  work  of 
the  power  is  proportional  to  its  intensity,  we  see  that  to  overcome 
friction  and  stiffness  of  rope,  in  the  example  -  before  us,  the  motor 
must  expend  nearly  a  seventh  more  work  ihan  if  these  sources  of 
resistance  did  not  exist. 


THE   WSDOB. 

§  384. — ^The  wedge  is   usually  employed   in   the  operation  of  cut- 
ting, splitting,  or  separating.      It  consists  -^ 
of  an  acute  right  triangular  prism  ABC. 
The   acute  dihedral   angle  A  Cb  is  called 
the   edge\     the    opposite    plane   face   Ab 
the   back;    and   the    planes   Ac  and    Cb, 
which    terminate   in   the   edge,   the  faces. 
The    more    common     application    of    the 
wedge  consists   in  driving   it,  by  a  blow 
upon   its  back,   into  any  substance  which 
we  wish  to  split  or  divide  into  parts,  in 
such  manner   that    after  each  advance  it 
shall  be  supported    against  the  faces  of 
the  opening  till   the  votk  U  aocom'^Vv^^. 
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I  opening  ahb,  and  i 


§  385. — The  blow  by  which  the  vedge  is  driveii  forward  will  be 
supposed  perpendicular  to  its  bock,  for  if  it  were  obljque,  it  would 
only  tend  to  impart  a  rotary  mo^on,  and  give  rise  to  complications 
which  it  would  be  unprofitable  to  consider:  and  to  make  the  case 
oonform  still  further  to  practice,  we  will  suppose  the  wedge  to  be 
isosceles. 

The  wedge  A  CB  being  inserted  in  I 
tact  with  its  jaws  at  a  and  &,  we  know 
that  the  resistance  of  the  latter  will 
be  perpendicular  (o  the  faces  or  the 
wedge.  Through  the  points  a  and  h 
draw  the  lines  aq  and  hp  normal  to 
the  faces  A  C  and  B  C ;  from  their 
point  of  intersection  0  lay  off  the 
distances  0  q  and  Op  equal,  respec- 
tively, to  the  resistances  at  a  and  b. 
Denote  the  iirst  by  Q,  and  the  second 
by  P.  Completing  the  parallelogram 
Ogmp,  Om  will  represent  the  re- 
sultant of  the  resistances  Q  and  P. 
Denote  this  resultant  by  S',  and  the 
angle  A  CB  of  the  wedge  by  i,  which, 
in    the   quadrilateral  aObC,  will  be 

equal  to  the  supplement  of  the  angle  a  Ob  =.pOq,  the  angle  made 
by  the  directions  of  Q  and  P.  From  the  parallelogram  cf  forces, 
we  have, 

iP»  =  i>»4-  Q'  +  2PQfio»pOq  =  P'+  Q^-2PQcX:i; 


S'  =  V>*  +  G"  -  3  P  C  cos  *. 

The  resistance  Q  will  produce  a  friction  on  the  face  A  C  equal 
to/Q,  and  the  resistance  P  will  produce  on  the  face  BC  the  frio 
tion  /Pi  these  act  in  the  directions  of  the  faces  of  the  wedge. 
Prodnoe  tham  tiU  they  meet  in  C,  and  lay  off  the  distances  Cq'  and 
d"'  to  npnaeat  their  intensities,   and   com;t\AA  Sloa  'ytxti^iSin^fwaL 
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Cq^  0'  p'\  CCy  will  represent  the  resultant  of  the  frictiomi.    IHnote 
this  by  R!\  and  we  have,  from  the  parallelogram  of  forceSy 

R»*2  ^p  ga+/apa  +  2/»PCoos*; 


or. 


/2"  ^f^JP^  +  C*  +  2  P  C  cos  d. 

The  wedge  being  isosceles,  the  resistances  P  and  Q  \rill  be  equal, 
their  directions  being  normal  to  the  faces  will  intersect  on  the  line 
C  Z>,  which  bisects  the  angle  C  =  d,  and  their  resultant  will  coin- 
cide with  this  line.  In  like  manner  the  frictions  will  be  equal,  and 
their  resultant  will  coincide  with  the  same  line.  Making  Q  and  P 
equal,  we  have,  from  the  above  equations, 

R  z=    P  v'2  (I  -  cos  d), 

22" = fp  vir(r+"cosT). 

1  —  cos  d  =  2  sin*  \  d, 
1  +  cos  d  =  2 cos* \^\ 


But, 


whence  we  obtain,  by  substituting  and  reducing. 


and  further, 


R'  =  2  P.  sin  i  a, 
R"  =  2/.  P.  cos  J  ^  ; 

CD 


therefore. 


E'  =    P 


22''=  2/.  P 


AB 
AC 

CD 


AC 


Denote  by  F  the  intensity  of  the  blow  on  the  baok  of  the  wedge. 
It  tinn  blow  be  jnst  saffidont  \o  igitod^^  «a&  «^ilibriam  bordeitPir 
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on  motion  forward,  call  it  F* ;  the  friction  will  oppose  it,  and  we 
must  have, 

Jf"  =  i?'  +  i2"  =  P~+2/.P.^:^.    .    .    .    (723) 

if,  on  the  contrary,  the  blow  be  just  sufficient  to  prefect  the  wedge 
from  flying  back,  call  it  F** ;  the  friction  will  aid  it,  and  we  must 
have, 

F"  =z  P'  ^  ^ 2/'P-  ^^     ....    (724) 

AC        ^         AC  ^    ^ 

The  wedge  will  not  move  under  the  action  of  any  force  whose  inten- 
sity is  between  F*  and  F*\  Any  force  less  than  F*\  will  allow  it 
to  fly  back ;  any  force  greater  than  F\  will  drive  it  forward.  The 
range  through  which  the  force  may  vary  without  producing  motion, 
iH  obviously, 

F'  ^F''  z:z\fP*^^ (725) 

% 

which  becomes  greater  and  greater,  in  proportion  as  C  D  and  A  C 
become  more  nearly  equal ;  that  is  to  say,  in  proportion  as  the 
wedges  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires  that  it  shall 
retain  of  itself  whatever  position  it  may  be  driven  to.  This  makes 
it  necessary  that  F"  should  be  zero  or  negative,  £q.  (724),  whence 

""'Tc-'f^^'AC^  ^^^irc-<^^-^-Te-' 

or,  omitting  the  common  factors  and  dividing  both  members  of  the 
equation  and  inequality  by  2  C7i), 

^AB  \AB  ^ 

1 AB 

but        p  ry  18  the  tangent  of  the*  angle  A  C  D  ;  hence  we  conclude, 

that  the  wedge  will  retain  its  place  when  its  semi-angle  does  not 
exceed  that  whose  tangent  is  the  co-efficient  of  fricticn  between  the 
sar&oe  of  the  wedge  and  the  sur&oe  of  the  o^^euiim;  "w^^^  ^  Ve^ 


d    i  -f^  _  f 
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Resummg  Eq.  (724),  and  supposing  the  last  term  of  the  second 
member  greater  than  the  first  term,  F"  becomes  negative,  and  will 
represent  the  intensity  of  the  force  necessary  to  withdraw  the  wedge ; 
whifih  will  obviously  be  the  greatest  possible  when  A  B  \%  the  least 
possible.  This  explains  why  it  is  that  nails  retain  with  such  perti 
nacity  their  places  when  driven -into  wood,  ^c. 


THE  BOBEW. 


§  386. — ^The  Screw ^  regarded  as  a  mechanical  power,  is  a  device  by 
which  the  principles  of  the  inclined  plane  are  so  applied  as  to  pro- 
duce considerable  pressures  with  great  steadiness  and  regularity  of 
motion. 

To  form  an  idea  of  the  figure  of  a  screw  and  its  mode  of  action, 
conceive  a  right  cylinder,  a  A:,  with  circular  base,  and  a  rectangle,  or 
other  plane  figure,  abcm,  having  one  of  its  sides 
ab  coincident  with  a  surface  element,  while  its 
plane  passes  through  the  axis  of  this  cylinder. 
Next,  suppose  the  plane  of  the  generatrix  to 
rotate  uniformly  about  the  axis,  and  the  gener- 
atrix itself  to  move  also  uniformly  in  the  direc- 
tion of  that  line ;  and  let  this  twofold  motion 
of  rotation  and  of  translation  be  so  regulated, 
that  in  one  entire  revolution  of  the  plane,  the 
generatrix    shall    progress    in    the   direction   of 

the  axis  over  a  distance  greater  than  the  side  ab,  which  is  in  the 
surface  of  the  cylinder.  The  genemtrix  will  thus  generate  a  pro- 
jecting and  winding  solid  called  a  Jillet,  leaving  between  its  turns 
a  groove  called  the  channel.  Each  point  as  m  in  the  perimeter 
of  the  generatrix,  will  generate  a  curve  called  a  helixy  and  it  is 
obvious,  from  what  has  been  said,  that  every  helix  will  enjoy  this 
property,  viz. :  any  one  of  its  points  as  m,  being  taken  as  an  origin 
of  reference,  as  well  for  the  curve  itself  as  for  its  projection  on  a 
viane  through  this  point  and  at  ri^t  angles  to  the  axis,  the  distanoiM 
B^,  d"m'\  &c^  of  the  ae^eTai  ^voXa  o^  ^Dea  V^vL^xik'thh  ||l 
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•re  TMpeotiTelj  proportitHied  to  the  ciroulw  axt»  nd',  «<t",  dux, 
into  vhicb  the  portions  mm',  mm",  dco.,  of  the  helix,  betweoi  the 
origin  and   these  points,   are  project«d. 

The  solid  cylinder  about  wtpcli  the  £llet  is  wound,  is  called 
the  Mtiotl  of  the  screw;  the  distance  mm"',  between  the  ooiueai- 
tire  turns  of  the  same  helix,  estimated  in  the  direction  of  the  ous, 
is  cftlled   the  hetieat  inlervaL 

Hie  fillet  is  often  generated  by  the  motion  of  a  triangle  with 
one  of  its  ndes  coincident  with  ab;  and  as  the  discussion  will  be 
more  general  by  considering  this  mode  of  genen^on,  we  shall  ^opt 
it.  Hie  surfaces  of  the  fillet,  which  are  generated  by  the  inclined 
faoes  of  the  triangle,  are  each  made  up  of  an  infinite  number  of 
helices,  all  of  which  hare  the  same  interval,  though  the  helioes 
themselves  are  at  difierent  distances  from  the  axis,  and  fabve  different 
inclinations  to  that  line. 

The  inclination  of  the  different  helices  to  the  azia  of  the  screw, 
increases  from  the  newel  to  the  extwior  aur&ce  of  the  fillet, 
the  same  helix  preserving  its 
inclination  unchanged  throughout. 
The  screw  is  received  into  a  hole 
in  a  solid  piece  £  of  metal  or 
wood,  called  a  nut  or  burr.  The 
■ur&ce  of  the  hole  through  the 
nut  is  furnished  with  a  winding 
fillet  of  the  same  shape  and  size 
as  the  channel  of  the  screw,  so 
that  the  surfaces  of  the  screw  and 
nut  are  brought  into  accurate  con- 
Uct, 

From  this  arrangement  it  is 
obvious  that  when  the  nut  is  sta- 
tionary, and  a  rotary  motion  is 
oommumcated  to  the  screw,  the 
Utter  will  move  in  the  direction 

of  Its    axis;    also,   when   the    screw  is  stationary  and  tba  not   la 
tnMd,  tiw  DDt  must  «lso  move  in  thft  ffinti&na  «>t  "Cm  v^ot.    "^ 
■  80 
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the  first  case^  one  entire  revolution  of  the  screw  will  tarry  it  loi^ 
gitudinslly  through  a  distance  e^ual  to  the  helical  interral,  and  anj 
fractional  portion  of  an  entire  revolution  will  cany  it  through  »  pro- 
portional distance ;  the  same  of  the  nut,  when  the  latter  is  mova- 
ble and  the  screw  stationary.  The  resistance  Q  is  applied  eitber  to 
the  head  of  the  screw,  or  to  the  nut,  de{iending  upon  which  is  the 
movable  element ;  in  either  cose  it  acts  in  the  direction  D  C  o( 
the  axis.  The  power  P  is  applied  at  the  extremity  of  a  bar  GS 
connected  with  the  screw  or  nut,  and  acts  in  a  plane  at  right 
angles  to   the   axis  of  the  screw. 

From   the  description   of  the   screw  and   its  mode   of  generadon, 
we   may  iind  the  equation   of  its   fillet  or  helicoidal   surface.      For 
this  purpose,  talie  the  axis  z  to  coincide  with  the  axis  of  the  newel, 
and  the  initial  position  of  the  generatrix  in   the  plane  yc.     Make 
»  =  any   definite  portion    CC 

of  an  assumed  helix  ; 
f)  =  the  angle    yA  I,    through 

which    the    rotating   plane 

has  turned  during  the  gene- 
ration of  * ; 
r  =  the  distance    CD    of    this 

helix  from   the  axis  t; 
a  =  the   angle  which  this  helix 

makes  with  the  plane  xy; 
e  =  the  angle  CBJ)  which  the 

generatrix  of  the  helicoidal 

surface    makes    with    the 


•y  =  the  co-ordinate  AS  of  the 
point  in  which  the  genera- 
trix, in  its  initial   position,  intersects  the  b 
Then,  for  any  point  as  C  of  the  generatrix 
we   have 

t  =  AI>  =  A£  +  BD  =  y  +  r.ootanC, 
«nd   for  any  aubaequent. position,  aa  (T B", 


Its  initial  poutlon, 


■  c 
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which  is  the  equation  sought,  and  in  which  a  and  r  are  <(onstant 
for  the  same  helix,  and  variable  from  one  helix  to  another 

The  power  P  acts  in  a  direction    perpendicular    to  the  axis  of 
the  newel.     Denote  bj  I  its  lever  arm;  its  virtual  moment  will  be 

The  resistance  Q  acts  in  the  direction  of  the  axis  of  the  newel ; 
its   virtual   moment  will  be 

The  friction  acts  in  the*  direction  of  the  helicoidal  surface  and  paral- 
lel to  the  helices.  Conceive  it  to  be  concentrated  upon  a  mean 
helix,  of  which  the  dist^ice  from  the  newel  axis  is  r,  and  length  b\ 
denote  the  normal  pressure  bj  N^  and  co-efficient  of  friction  bj  f. 
The  virtual  moment  of  friction  will  be 

and  Equation  (645), 

Plilf^-^  Qdz-^f.N.di^O (727) 

But  the  displacement  must  satisfy  Equation  (726),  or,  as  in  §  213« 
the  condition, 

Z  =  «--r.9.tana  —  r.  cotan  €  —  y  =  0 ;      .     (728) 

and  also, 

r  =  constant. (729) 

Differentiating,  we  have,, 

dz  —  cotan  €.(^r  —  rtanacf^  =  0, 

dr  =  0. 

Multiplying  the  first  by  X,  the  second  by  X',  adding  to  Equation 
(727),  and  eliminating  da  hy  the  relation 

</  «  =  r  •  of  9  .  cos  a  -f  </  «  •  sin  a,    .     .     .     «     (730) 
we  find, 
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attd,  from  tlie  prindple  of  indeterminate  co-effidenta^ 

P/ — /.  J\r.  cosa  .  r  —  X.  tan  a  .  r  =  0;     .    .  (731) 

C+/iV.8ina  -  X  =  0; (732) 

X'  —  X  cotan  €  =  0. (732)' 

The  variables  d z,  dr,  anird(f,  are   rectangular;    whence,  Equation 
(881), 

^ =^  v/ (^)"+ C^)'+ C^)'=  >-  V.  ^  u.. .  ^  ..u..^. 

Substituting  this  in  Equations  (731)  and  (782),  and  elimina^Bg  \ 
there  will  result 


I 


P— .n    L     tana  +  /.  cosa.  -y/^l  +  tan^  a  +,cotan^g      /•rqav 
•  1  —  / .  sin  o  .  Y^l  +  tan^  a  +  cotan'  € 

Substituting   the    valujd   of  X   from   Equation   (732),  in   Equation 
(782)',  we  find, 

V=C cotang  ,         ^^3^^ 

1  —  /.  sin  a  y  1  +  tan»  a  +  cotan'  € 

• 

in  which  X'  is,  §  217,  the  value   of  the   force  acting   in   Uie  dtrectioa 
of  r. 

§  387.— If  the  fillet  be  rectangular,  €  =  90%  cotan  ^  =  0,  and 

-.         -     r    tan  a  +  / .  cos  a  .  ^/l  +  tan'  a  ..      ^ 

♦  1  —  / .  sm  a  .  y  1  -f  tan'  o 

and 

X'  =  0. 

g  388. — If  we  neglect  the  friction,  /  =  0 ;  and 

PI  =  ©.r.tana, 
multiplying  both  members  by  2  «*, 

P.2\r/=  Q.2irr.tana. (736) 

• 

That  is,  the  powtr  U  to  ^  reaisiame  at  th$  helieai  tnltrval  u  # 
6i#  €ireum/nrtne$  dtaeriM  by  tKa  end  «|  tBtti^  \mr  «rm  ^ik  )f«i 
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ruiips. 


§  889. — Any  machiiie  used  for  raising  liquids  ftom  one  level 
to  a  higher,  in  which  the  agency  of  atmospheric  pressure  is  employed, 
is  called  a  Pump,  There  are  Tarious  kinds  of  pumps;  the  more 
eommon  are  the  sucking,  forcing^  and  lifting  pumps. 

g  390. — ^The  Suclnng-Fump  consists  of  a  eyUndrical  body  or  barrel 
By  from  the  lower  end  of  which  a  tube  i>,  called  the  sucking-pipe, 
descends  into  the  water  contained   in  a  reservoir  or  welL     In   the 
interior  of  the  barrel  is  a  movable  piston  (7,  surrounded  with  leather 
to  make  it  water-tight,  y^  ca> 
pal^le  of  moving  up  and  down 
freely.    The  piston  is  perforated 
in   the  direction  of  the  bore  of 
the    barrel,    and    the    orifice   is 
covered    by   a   valve    F  called 
the  pUton^alvej  which  opens  up- 
ward ;  a  similar  valve  jS,  called 
the  sleeping-valve^  at  the  bottom 
of  the  barrel,  covers  the  upper 
end  of  the  sucking-pipe.    Above 
the  highest  point  ever  occupied 
by  the  piston,  a  discharge-pipe 
P  is   inserted  into  the  barrel; 
the  piston  is  worked  by  means 
of  a  lever  H,  or  other  contriv- 
ance, attached  to  the  piston-rod 

O.  The  distance  A  A\  between  the  highest  and  llwest  points  of  tlM 
piston,  is  called  the  pla^.  To  explain  the  action  of  this  pump,  lei 
the  piston  be  at  its  lowest  point  A,  the  valves  £  and  F  closed  by 
their  own  weight,  and  the  air  within'  the  pump  of  the  same  density 
and  elastic  force  aa  that  on  the  exterior*  Tile  water  of  the  reservoir 
will  stand  at  the  same  level  L  L  both  witiiin  and  without  the 
•ncking-pipe*  Now  suppose  the  pb^m  raised  to  ita  ^v^^»x»  ^^cs^ox.  i&  > 
the  sir  noBliifmid  in  the  barrd   Mi  vaxJIiix^^'^iE^  "irC^  vkrA  \s<|  >ft^ 


470        ELEMENTS    OF    ANALYTICAL    MECHANICS. 

elastic  force  to  occupy  the  space  which  the  piston  leaves  void,  the 
valve  E  will,  therefore,  be  forced  open,  and  air  will  pass  from  the 
pipe  to  the  barrel,  its  elasticity  diminishing  in  proportion  as  it  fills 
a  larger  space.  It  will,  therefore,  exert  a  less  pressure  on  the 
water  below  it  in  the  sucking-pipe  than  the  exterior  air  does  on  that 
in  the  reservoir,  and  the  excess  of  pressure  on  the  part  of  the 
exterior  air,  will  force  the  water  up  the  pipe  till  the  weight  of  the 
suspended  column,  increased  by  the  elastic  force  of  the  internal  air, 
becomes  equal  to  the  pressure  of  the  exterior  air.  When  this  takes 
place,  the  valve  E  will  dose  of  its  own  weight;  and  if  the  piston 
be  depressed,  the  air  contained  between  it  and  this  valve,  having 
its  density  augmented  as  the  piston  is  lowered,  will  at  length  have 
its  elasticity  greater  than  that  of  the  extenor  air;  this  excess  of 
elasticity  will  force  open  the  valve  F^  and  air  enough  will  escape 
to  reduce  what  is  lefl  to  the  same  density  as  that  of  the  exterior 
air.  The  valve  F  will  then  fall  of  its  own  weight;  and  if  the 
piston  be  again  elevated,  the  water  will  rise  still  higher,  for  the 
same  reason  as  before.  This  operation  of  raising  and  depressing 
the  piston  being  repeated  a  few  times,  the  water  will  at  length  entei 
the  barrel,  through  the  valve  /*,  and  be  delivered  from  the  dis- 
charge-pipe P.  The  valves  E  and  F^  closing  after  the  water  has 
passed  them,  the  latter  is  prevented  from  returning,  and  a  cylinder 
of  water  equal  to  that  through  which  the  piston  is  raised,  will,  at 
each  upward  motion,  be  forced  out,  provided  the  discharge-pipe  is 
large  enough.  As  the  ascent  of  the  water  to  the  piston  is  pro- 
duced by  the  difference  of  pressure  of  the  internal  and  external  air, 
it  is  plain  that  the  lowest  point  to  which  the  piston  may  reach, 
should  never  have  a  greater  altitude  above  the  water  in  the  reser- 
voir than  that  of^he  column  of  this  fluid  which  the  atmospheric 
pressure   may   support,   in  vacuo,   at  the  place. 

§  391. — It    will    readily   appear    that    the    rise    of  water,   during 

each  ascent  of  the  pistofl  afler  the  first,  depends  upon  the  expulsion 

of  air  through  the  piston-valve  m  its  previous  descent.     Bat  air  can 

only  issue  through  tWs  valvfe  n\«ii\  Viife  ^vc  \sftlo^  it  has  a  greater 

density   and    therefore   gireatct   e\«fiK\<:fl^^   ^Jsmml  ^Ossa  ««.\ftTQ3^  im:\  vaSS. 
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if  the  piston   may  not  descend    low  enough,  for   want  of  sufficient 
play,  to  produce  this  degree  of  compression,  the  water  must  cease 
to  rise,  and  the  working  of  the  piston  can  have  no  other  effect  than 
alternately  to  compress    and  dilate    the    same 
air   between   it  and   the  surface  of  the  water. 
To  ascertain,  therefore,  the  relation  which  the 
play  of  the  piston    should   bear   to  the  other 
dimensions,  in  order  to  make  the  pump  efieo- 
tive,  suppose  the  water  to  have  reached  a  sta- 
tionary level  JT,  at   some   one   ascent  of  the 
piston  to  its  highest  point  A\  and  that,  in  its 
subsequent    descent,   the   piston-valve   will   not 
open,  but  the  air  below  it  will   be  compressed- 
only  to  the  same  density  with  the  external  air 
when    the  piston    reaches    its    lowest  point  A, 
The   piston   may  be  worked   up  and  down   in- 
definitely,  within    these    limits    for    the    play, 
without  moving  the  water.      Denote  the  play 

of  the  piston  by  a;  the  greatest  height  to  which  the  piston  may  be 
raised  above  the  level  of  the  water  in  the  reservoir,  by  6,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge  pipe ;  the  elevation 
of  the  point  X,  at  which  the  water  stops,  above  the  water  in  the 
reservoir,  by  x ;  the  cross-section  of  the  interior  of  the  barrel  by  B. 
The  volume  of  the  air  between  the  level  X  and  A  will  be 


^  X  (6  -  a;  -  a) ; 

the  volume  of  this  same  air,  when  the  piston  is  raised  to  A\  pro- 
vided the  water  does  not  move,  will   be 

Represent  by  h  the  greatest  height  to  which  water  may  be  supported 
in  vacuo  at  the  place.  The  weight  of  the  column  of  water  which 
the  elastic  force  of  the  air,  when  occupying  the  space  between  the 
limits  X  and  A^  will  support  in  a  tube,  with  a  bore  equal  to  that 
of  the  barrel    is  measure'l  by 
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in  which  J>  is  the  density  of  the  water,  and  g  the  fi:rce  of  gravity. 
The  weight  of  the  column  which  the  elastic  foree  of  thJs  same  air 
will   support,  when  expanded  between   the  limitB  X  and  A%  wiU  be 

Bh'.g.D\ 

in  which  k'  denotes  the  height  of  this  new  column.  But,  fKm  Ma- 
riotte's  law,  we  have 

5(d  —  «  —  a)  :  J5(*  — Of)  :  :  BW gD  :  BhgD\ 

whence, 

h  —  X  —  a 


V  =  A- 


6  —  a? 


But  there  is  an  equilibrium  between  the  pressure  of  the  extenial 
air  and  that  of  the  rarefied  air  between  the  limits  X  and  A\  when 
the  latter  is  increased  by  the  weight  of  the  column  of  water  whose 
altitude  is  x.     Whence,  omitting  the  common  factors  B^  D  and  g^ 

a?  +  ^   =  «  +  ^  •  — \ =  h, ; 

h  —  X 

€fT,  clearing   the  fraction  and  solving   the  equation  in  reference  to  ar, 
we  find 


X  =  ib  ±1^  ^b^  -  4aA.    .....     (787) 

When  X  has  a  real  value,  the  water  will  cease  to  rise,  but  x 
will  be  real  as  long  as  b^  is  greater  than  4  a  A.  If,  on  the  con- 
trary, 4a  A  is  greater  than  b^,  the  value  of  x  wiil  be  imaginary,  and 
the  water  cannot  cease  to  rise,  and  the  pump  will  always  be  efiective 
when  its  dimensions  satisfy  this  condition,  viz. : — 

4a  A  >62, 


or, 


">4A' 

that  is  to  say,  the  play  of  the  piston  miLst  he  greater  than  the  square 
of*  the  altitude '  of   the  upper  limit  of   the  play   of   the  pieton  above 
the  surface  of  the  water  in  the  reservoir^   divided  by  four  times   the 
height  to  which  the  aimosipktnc  i^ttiMrt  at  tKt  ^\am^  «k«f«  eke  |m 
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•t  u$ed^  will  support  toater  in  vacuo.  This  last  height  is  easily  found 
by  means  of  the  barometer.  We  have  but  to  notice  the  altitude 
of  the  barometer  at  -the  place,  and  multiply  its  column^  reduced  to 
feet,  by  13^,  this  being  the  specifio  gravity  of  mercury  referred  to 
water  as  a  standard,  and  the  product  will  give  the  value  of  A  in 
feet. 

Example, — Required  the  least  play  of  the  piston  in  a  sucking- 
pump  intended  to  raise  water  through  a  height  of  13  feet,  at  a 
place  where  the  barometer  stands  at  28  inches. 


Here 


Barometer, 


Play 


h  =  13,    and    b^  =:  169. 
t«. 

—  =  4,333  feet. 

h  =  2,333  X  13,5  =  31,5  feet 
6*  '   169  A,, 


that  is,  the  play  of  the  piston  must  be  greater  than  one  and  ^n 
third  of  a  foot 

§  392. — The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water  through 
the  discharge-pipe,  is  easily  computed.  Sup- 
pose the  piston  to  have  any  position,  as  M, 
and  to  be  moving  upward,  the  water  being 
at  the  level  LL  in  the  reservoir,  and  at  P 
in  the  pump.  The  pressure  upon  the  upper 
surface  of  the  piston  will  be  equal  to  the 
entire  atmospheric  pressure  denoted  by  A^ 
increased  by  the  weight  of  the  column  of 
water  MP\  whose  height  is  c\  and  whose 
base  is  the  area  B  of  the  piston ;  that  is,  the 
pressure  upon  the  top  of  the  piston  will  be 

A  +  Bc'gD, 

in  which  g  and  D  a^  the  force  of  gravity  and  density  of  the  water^ 
ntOf&UMiy*     Agt^  the  pressarc^  u^^cm  tkub   u^oe^^t  vKd%fift^  ^^  *^^ 


xjv 
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piston  IS  equal  to  the  atmospheric  pressure  A,  transmitted  through 
the  water  in  the  reservoir  and  up  the  suspended  column,  diminished 
by  the  weight  of  the  column  of  water  liM  below  the  piston,  and 
of  which  the  base  is  B  and  altitude  c;  that  is,  the  pressure  from 
below  will  be 

A  —  BcgD, 

and  the  difference  of  these  pressures  will  be 

A  +  Be gD  -  (^  -  BcgB)  =  BgD{c-{-  c') ; 

but,  employing  the  notation  of  the  sucking-pump  just  described, 

c  +  c'  =z  b\ 

whence,  the  foregoing  expression   becomes 

Bb.g.J); 

which  is  obviously  the  weight  of  a  column  of  the  fluid  whose  base 
is  the  area  of  the  piston  and  altitude  the  height  of  the  discharge-pipe 
above  the  level  of  the  water  in  the  reservoir.  And  adding  to  this 
the  effort  necessary  to  overcome  the  friction  of  the  parts  of  the  pump 
when  in  motion,  denoted  by  9,  we  shall  have  the  resistance  which  the 
force  Fy  applied  to  the  piston-rod,  must  overcome  to  produce  any 
useful  effect;  that  is, 

F  =  BbgD  +  9. 

Denote  the  play  of  the  piston  by  p^  and  the  number  of  its  double 
strokes,  from  the  beginning  of  the  flow  through  the  discharge-pipe 
till  any  quantity  Q  is  •  delivered,  by  n ;  the  quantity  of  work  will,  by 
omitting  the  effort  necessary  to  depress  the  piston,  be 

Fnp  =  np[Bb  .  g  D  '\-  (^^', 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p  and  b  must 
be  expressed  in  linear  feet  and  B  in  square  feet,  and  substituting  for 
^  i>  its  value  62,5  pounds,  we  finally  have  for  the  quantity  of  work 
necessary  to  deliver  a  number  of  cubic  feet  of  water  Q  =  Bnp^ 

Fnp  =  np  [62,5\  56  -f  9] ;     .     .     .     .     (738) 

£d   which  9   must  be  expteaaed  Vn  "^msv^^^  «xA  mvj  \)ftx  ^fitanad 
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filter  by  ezp«rinieDt  in  each  particular  pump,  or  computed  by  the 
rales  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump  must  be  very 
irregular,  and  that  it  is  only  during  the  ascent  of  the  piston  tliat  it 
produces  any  useful  effect;  during  the  descent  of  the  piston,  the  force 
is  scarcely  exerted  at  all,  not  more  than  is  necessary  to  i 
the  friction.  « 


g  383. — The  Lifting-Pump  does  not  differ  much  from  the  sucking- 
pump  just  desoiibed,  except  that  the  barrel  and  sleeping- valve  E  ore 
placed  at  the  bottom  of  the  pipe,  and  some  distance  below  the  sur- 
face of  the  water  Z  Z  in  the  reservoir  ;  the 
piston  may  or  may  not  be  below  this 
same  surface  when  at  the  lowest  point  of 
its  play.  The  piston  and  sleeping- valves 
open  upward.  Supposing  the  piston  at  its 
lowest  point,  it  will,  when  raised,  lift  the 
column  of  water  above  it,  and  the  pres- 
sure of  the  external  air,  together  with  the 
head  of  fluid  in  the  reservoir  above  the 
level  of  the  steeping- valve,  will  force  the 
latter  open;  the  water  will  flow  into  the 
barrel  and  follow  the  piston.  When  the 
piston  reaches  the  upper  limit  of  its  play, 
the  sleeping- valve  will  close  and  prevent 
the  return  of  the  water  above  it.  The 
piston  being  depressed,  its  valves  F  will  open  and  the  water  will 
flow  through  them  till  the  piston  reaches  its  lowest  point.  The 
same,  operation  being  repeated  a  few  times,  a  column  of  water  will 
be  lifted  to  the  mouth  of  the  discharge-pipe  P,  afler  which  every 
elevation  of  the  piston  will  deliver  a  volume  of  the  fluid  equal  to 
that  of  a  cylinder  whose  hose  is  the  area  of  the  piston  and  whose 
altitude  is  equal  to  its  play. 

As  the  water   on  the  same   level    within    and   without  the  pump 
.  will  he  in  equilibrio,  it  is  plain  that  the  rcaistnnce  to  be  overcoma 
bf  Um  jKnnr  wOl  ht  the  fKction  of  the  raV)\nn%  voxlwrwi  «K  '&«>  -^-iii^ 
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Kugmented  by  the  weight  of  a  oolumn  of  fluid  whoM  bsM  is  the  mk 
of  the  piston,  and  attitude  the  difference  of  level  between  the  turiut 
of  the  water  in  the  reserroir  and  the  dischai^pipe.  Hence  da 
quantity  of  worit  ia  estimated  by  the  same  rule,  Equation  (938).  If 
we  omit  for  a  moment  tlie  consideration  of  friction,  and  take  but  ■ 
■ingle  elevation  of  the  piston  alter  the  water  has  reached  tke  dis- 
cKarge-pipe,  n  will  cqaal  one,  9  will  be  zero,  and  that  equatioiL  re- 
duces to 

Fp  =  62,5  Bp  y  b; 

but  62,5  X  Bp  is  the  quantity  of  fluid  dis(^uirged  at  eacb  double 
stroke  of  the  piston,  and  b  being  the  elevation  of  the  discharge-pipt 
above  the  water  in  the  reservoir,  we  see  that  the  work  will  be  iba 
,  same  as  though  that  amount  of  fluid  had  actually  been  lifted  tbroii|ti 
this  vertical  height,  which,  indeed,  ia  the  usefu^  eflect  of  the  pump 
for  every  double  stroke. 

§  394.— The  Forcing-Pump 
is  a  further  modilication  of 
the  simple  sucking-pump.  The 
barrel  B  and  sleeping- valve 
E  are  placed  upon  the  top 
of  the  sucking-pipo  M.  The 
piston  F  is  without  per- 
foration uid  valve,  and  the 
water,  after  being  forced  into 
the  barrel  by  the  atmospheric 
pressure  without,  as  in  the  suck- 
ing-pump, is  driven  by  the  de- 
pression of  the  piston  through 
a  lateral  pipe  H  into  an  air- 
vessel  JV,  at  the  bottom  of 
which  is  a  second  sleeping- valve 
E',  opening,  like  the  first,  up- 
ward. Through  the  top  of  the 
air-vessel  a  discharge-pipe  K 
ptBKK  air-tight,  aewl;f  to  Oa 
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M>ttom.  The  water,  when  forced  into  the  air-vessel  by  the  de-. 
loent  of  the  piston,  rises  above  the  lower  end  of  this  pipe, 
confines  and  compresses  the  air,  which,  reacting  by  its  elas- 
icity,  forces  the  water  up  the  pipe,  while  the  valve  E'  is  closed  by 
ts  own  weight  and  the  pressure  from  above,  as  aoon  as  the  piston 
*each^  the  lower  limit  of  its  play.  A  few  strokes  of  the  piston  will, 
n  general,  be  sufficient  to  raise  water  in  the  pipe  K  to  any  desired 
leight,  the  only  limit  being  that  determined  by  the  power  at  com- 
nand  and  the  strength  of  the  pump. 

§895. — During  the  ascent  of  the  piston,  the  valve  ^  is  closed 
ind  E  is  open ;  the  pressure  upon  the  upper  surface  of  the  piston 
is  that  exerted  by  the  entire  atmosphere ;  the  pressure  upon  the 
.ower  surface  iis  that  of  the  entire  atmosphere  transmitted  from  the 
surface  of  the  reservoir  through  the  fluid  up  the  pump,  diminished 
by  the  weight  of  the  column  of  water  whose  base  is  the  area  of 
the  piston  and  altitude  the  height  of  the  piston  above  the  surface 
3f  the  water  in  the  reservoir;  hence,  the  resistance  to  be  overcome 
by  the  power  w^ill  be  the  difference  of  these  pressures,  which  is 
obviously  the  weight  of  this  column  of  water.  Denote  the  area 
of  the  piston  by  B,  its  height  above  the  water  of  the  reservoir  at 
one  instant  by  y,  and  the  weight  of  a  unit  of  volume  of  the  fluid 
by  w,  then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

w  .B  .y'j 

ind  the  elementary  quantity  of  work  will  be 

w.B  .ydy\ 
lad  the  whole  work  during   the  ascent  will  be 

V, .  Bf''ydy  =  v>.B.  tj^  (y'  -  y,)  ; 

in  which  y'  and  y^  are  the  distances  of  the  upper  and  lower  limits 
of  the  play  of  the  piston  from  the  water  in  the  reservoir. 

But  B.{jy'  ^  y^)  is  the  volume  of  the  barrel  within  the  limits 
of  the  play  of  the  piston,  and  ^  {y'  +  y^)  is  the  height  of  its  eentrt 
ot  gf^vUj  ftbove  the  level  of  the  tuid  in  \kk«k  T«i«CNcwL« 
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Denoting  the  play  by  /?,  and  making  - — —^  =  «',  we  have  foi 
the  quantity  of  work   during  the  ascent, 

During  the  descent  of  the  piston,  the  valve  B  is  closed,  and  IF 
open,  and  as  the  columns  of  the  fluid  in  the  barrel  and  discharge- 
pipe,  below  the  horizontal  plane  of  the  lower  surface  of  the  piston, 
will  maintain  each  other  in  equilibrio,  the  resistance  to  be  over- 
come by  the  power  will  be  the  weight  of  a  column  of  fluid  whosa 
base  is  the  area  of  the  piston  and  altitude  the  difference  of  level 
between  the  piston  and  point  of  delivery  P ;  and  denoting  by  z. 
the  distance  of  the  central  point  of  the  play  below  the  point  jPj 
we  shall   find,  by  exactly  the  same  process, 

for  the  quantity  of  work  of  the  motor  during  the  descent  of  the 
piston ;  and  hence  the  quantity  of  work  during  an  entire  double 
stroke  will  be   the  sum  of  these,  or 

• 

w  Bp  {z'  +  Zj), 

But  z'  +  z,  is  the  height  of  the  point  of  delivery  P  above  the 
surface  of  the  water  in  the  reservoir ;  denoting  this,  as  before,  by 
6,  we  have 

w Bpb ; 

and  calling  the  number  of  double  strokes  n,  and  the  whole  quantity 
of  work  Qy  we   finally   have 

Q  =inwBpb.    '     '     '    ^     *     •     .     (TaO) 

If  we   make   z^  =2',   or  6  =  2  z^ ,  which  will  give   z^  =  — >   the 

quantity  of  work  during  the  ascent  will  be  equal  to  that  during 
the  descent,  and  thus,  in  the  forcing-pump, -the  work  may  be  equalized 
and  the  motion  made  in  some  degree  regular.  In  the  lifting  and 
sucking-pumps  the  motor  has,  during  the  ascent  of  the  piston,  to 
overcome  the  weight  of  the  entire  column  whose  base  is  equal  to 
the  area  of  the  piatoa  and;  «\t\\xi^^  >iSGL^  4>ff<»c«iQe  of  level  bet 
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the  water  in  the  reservoir  and  point  of  delivery,  and  being  wholly 
relieved  duting  the  descent,  when  the  bad  is  thrown  upon  the 
sleep ing-valve  and  its  box,  the  work  becomes  variable,  tmd  the 
motion   irregular. 

THK  SIPnOH. 

I  396. — ^The  Siphon  is  a  bent  tube  of  unequal  branches,  open  at 
both  ends,  and  is  used  tu  convey  a  liquid 
fi'om  a  higher  to  a  lower  level,  over  an  in- 
termediate point  higher  than  either.  Its 
parallel  branches  being  in  a_  vertical  plane 
and  plunged  into  two  liquids  whose  upper 
surl'aces  are  iiC  L  M  and  L'  M',  the  fluid 
will  stand  nt  the  same  level  both  within 
and  without  each  branch  of  the  tube  when 
a  vent  or'  small  opening  is  made  at  0. 
[f  the  air  be  withdrawn  from  the  siphon 
through  this  vent,  the  water  will  rise  in  the 

branches  by  the  atmospheric  pressure  without,  and  when  the  twu 
Gulunins  unite  and  the  vent  is  closed,  the  liquid  will  flow  from  tha 
reservoir  A  to  A',  as  long  as  the  level  L'  M"  is  below  L  M,  and  th« 
end  of  the  shorter  branch  of  the  siphon  is  below  the  surface  of  the 
liquid  in   the  reservoir  A. 

The  atniospberio  pressures  upon  the  surfaces  L  M  and  U  M", 
Und  to  force  the  liquid  up  the  two  branches  of  the  tube.  When 
the  siphon  is  filled  with  the  liquid,  each  of  these  pressures  is  cbun- 
'  teracted  in  part  by  the  pressure  of  the  fluid  column  in  the  branch 
of  the  siphon  that  dips  into  the  fluid  upon  which  the  pressure  is 
exerted.  The  atmospheric  pressures  are  very  nearly  the  same  for  a 
diflcronce  of  level  of  several  feet,  by  reason  of  the  alight  density 
of  air.  The  pressures  of  the  suspended  columns  of  water  will,  for  the 
same  dltfi^rence  of  level,  differ  considerably,  in  consequence  of  the 
^  greater  density  of  the  liquid.  The  atmospheric  pressure  opposed 
ti>  tlw  weight  of  the  longer  c«)lumn  will  therefore  be  more  counter- 
acted than  that  oppoied  tu  the  weight  of  tioA  libcii^et,  ■^■o.^  V^.^rai.'^ 
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an  excess  of  pressure  at  the  end  of  the  shorter  branch,  which  will 
produce  the  motion.  Thus,  denote  by  A  the  intensity  of  the  air 
mospheric  pressure  upon  a  surfa^  a  equal  to  that  of  a  cros8>section 
of  the  tube ;  by  A  the  difference  of  level  between  the  surface  L  M 
and  the  bend  0;  by  A'  the  difference  of  level  between  the  same 
point  0  and  the  level  L*  IT \  by  Z>  the  density  of  the  liquid; 
and  by  g  the  force  of  gravity :  then  will  the  pressure,  which  tends 
to   force   the  fluid  up   the  branch   which  dips  below  Z  if,  be 

A  —  ahDg\ 

and  that  which  tends  to  force  the  fluid  up  the  branch  immersed 
in   the   other  reservoir,  be 

A  —  all!  Dg\ 
anil  subtracting  the  first  from  the  second,  we  find 

for  the  intensity  of  the  force  which  urges  the  fluid  within  the 
siphon,  from  the  upper  to   th^  lower  reservoir. 

Denote  by  /  the  length  of  the  siphon  from  one  level  to  the 
other.  This  will  be  the  distance  over  which  the  above  force  will 
be  instantly  transmitted,  and  the  quantity  of  its  work  will  be 
measured  by 

aDg{h'  —  h)l 

The  mass  moved  will  be  the  fluid  in  the  siphon  which  is  measured 
by  alD\  and  if  we  denote  the  velocity  by  F",  we  shall  have,  for  the 
living  force  of  the  moving  mass, 

alD.  F2; 
whence, 

aDg{h'  ^h)l= ^— ; 

and, 

V  =  ^2^7 (A' -A); 

from  which    it  appears,  that   the  velocity  with  which   the    liquid  will 
Jlaw  through  the  siphon^  is  equal  to  Uie  square  root  of  twice  the  forc$ 
o/ffravUfff  into   the  dt/erence  of  level  of   iKe  jUVd  \k  tika  IHm  rr 
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«0jr»»  Whan  tbe  fluid  in  /tlit  reserrws  comes  t»  ttie  atme  leYid, 
the  flow  will  cease,  since,  in  tkftt  ease,  A'  -*-  i  =  0. 

§397. — ^The    siphon    may    be   employed    to  great    advantage    10 
drain  canals,  ponds,  marshes,  and  the  like.    For  this  purpose^  it  mej 
be  made  flexible  by  constructing  it 
of    leather,    well     saturated    with 
grease,  like  the  common  hose,  and 
furnished    with    internal    hoops    to 

prevent  its  collapsing  by  the  pres-  ^^KM  ^^  ^ 

sure  of  the  extoTial  air.  It  is 
thrown  into  the  water  to  be  dnuned, 
and  filled;  when,  the  ends  being 
plugged  up,  it  is  placed  across  the 

ridge  or  bank  over  which  the  water  is  to  be  conveyed;  the  plugs 
are  then  removed,  the  flow  will  take  place,  and  thus  the  atmos- 
phere will  be  made  literally  to  press  the  water  from  one  basin  to 
another, 'Over  an  intermediate  ridge. 

It  is  obvious  that  the  difference  of  level  between  the  bottom  of 
the  basin  to  be  drained  and  the  highest  point  0,  over  which  the 
water  is  to  be  conveyed,  should  never  exceed  the  height  to  which 
water  may  be  supported  in*  vacuo  by  the  atmospheric  pressure  at 
the  place. 

nSM  iOR-PUMP. 

§398. — ^Air  expands  and  tends  to  diffuse  itself  in  all  directions 
when  the  surrounding  pressure  is  lessened.  By  means  of  this  pro- 
perty, it  may  be  rarefied  and  brought  to  almost  any  degree  of  tenu- 
ity. This  is  accomplished  by  an  instrument  called  the  Air-Pump  or 
JSxkatuting  Syringe.  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.     It  consists,  essentially,  of 

1st.  A  Receiver  i2,  or  chamber  from  whioh  the  exterior  air  is  ex- 
cluded, that  the  air  within  may  be  rarefied.  This  is  commonly  » 
Ml  shaped  glass  vessel,  with  ground  edge,  over  vi4iioh  a  small  ^s^aa. 

tttjf  ^;gNiae  ji  amaaved^  that  no  air  wMf  "^^m  iSwmsi^  %aKi  ^t^iaa^ai* 
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ing  inequalities  on  its  surface,  and  a  ground  glass  plate  mn  imbedM 
in  a  metallic  table,  on  which  it  stands. 

2d.  A  Barrel  B, 
or  chamber  into 
which  the  air  in 
the  reservoir  is  to 
expand  itself.  It 
is  a  hollow  cylin- 
der of  metal  or 
gliss,  connected 
with  the  receiver 
R  by  the  commu- 
nication ofg.     An 

air-tight  piston  P  is  made  to  move  back  and  forth  in  the  barrel  by 
means  of  the  handle  a. 

3d.  A  Stop-cock  A,  by  means  of  which  the  communication  between 
the  barrel  and  receiver  is  established  or  cut  off  at  pleasure.  This 
cock  is  a  conical  piece  of  metal  fitting  air-tight  into  an  aperture 
just  at  the  lower  end  of  the  barrel,  and  is  pierced  in  two  directions; 
one  of  the  perforations  runs  transversely  through,  as  shown  in  the 
first  figure,  and  when  in  this  position  the  communication  between 
the  barrel  and  re- 
ceiver is  estab- 
lished ;  the  second 
perforation    passes 

in  the  direction  of  *™^Bf8i  9 

the  axis  firom  the 
smaller  end,  and 
as    it    approaches 

the  first,  inclines  sideways,  and  runs  out  at  right  angles  to  it,  as 
indicated  in  the  second  figure.  In  this  position  of  the  cock,  the 
communication  between  the  receiver  and  barrel  is  cut  o%  whilst 
that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of*  the  barrel,  and  the 
communicatipn  between  the  barrel  and  the  receiver  established; 
draw  the  piatoa  back^  the  «\t  m  ^•b  t^»^n^'^<ii^  t^s&i.  ^MSk»  ^ 
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direction  indicated  by  the  arrow-head,  through  tne  communication 
ofg^  into  the  vacant  space  within  the  barrel.  The  air  which  now 
occupies  both  the  barrel  and  receiver  is  less  dense  than  when  it  occu- 
pied the  receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  cut  off,  and  that  be- 
tween the  latter  and  the  open  air  is  established;  push  the  piston  to 
the  bottom  of  the  barrel  again,  the  air  within  the  barrel  will  be 
delivered  into  the  external  air.  Turn  the  cock  a  quarter  back,  the 
communication  between  the  barrel  and  receiver  is  restored;  and 
the  same  operation  as  before  being  repeated,  a  certain  quantity  of 
air  will  be  transferred  from  the  receiver  to  the  exterior  space  at 
each  double  stroke  of  the  piston. 

To  find  the  degree  of  exhaustion  after  any  number  of  double 
strokes  of  the  piston,  denote  by  D  the  density  of  the  air  in  the  re- 
ceiver before  the  operation  begins,  being  the  same  as  that  of  tho 
external  air ;  by  r  the  capacity  of  the  receiver,  by  6  that  of  the  bar- 
rel, and  by  /?  that  of  the  pipe.  At  the  beginning  of  the  operation^ 
the  piston  is  at  the  bottom  of  the  barrel,  and  the  internal  air  occu 
ptes  the  receiver  and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and  occupies  the 
receiver,  pipe,  and  barrel;  and  as  the  density  of  the  same  body  is 
inversely  proportional  to  the  space  it  occupies,  we  shall  have 

T  '\-  p  -^  h     :     r  ■{-  p     :  :     2>     :     a?; 

in  which  x  denotes  the  density  of  the  air  after  the  piston  is  drawn 
back  the  first  time.      From  this  proportion,  we  firvd 

X  -=.  D  • — . 

r  -|-  2?  +  6 

The  cock  being  turned  a  quarter  round,  the  piston  pushed  back  tii 
the  bottom  of  the  barrel,  and  the  cock  again  turned  to  open  the 
communication  with  the  receiver,  the  operation  is  repeated  upon  the 
air  whose  density  is  a;,  and  we  have 

r  -t-  ^  +  6 

I 

Uk  iriiidi  ff'  is  the  density  after  the  second  botek^^td  vcv^^^vVs^  -^1  ^^u^ 
flatma,  or  «/lar  A0  seooad  double  atcoke*^  aud  \\v2>  ^\xA 
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— i-m-y-^ 


-)'■ 


aind'  if  n  denote  the  number  of  double  strokes  of  the  piston,  and 
»t^  the  corresponding  density  of  the  remaining  air,  then  will 

\r  +  p  +  b^ 

From  which  it  is  obvious,  that  although  the  density  of  the  air  will 
become  less  and  less  at  every  double  stroke,  yet  it  can  never  be 
reduced  to  nothing,  however  great  n  may  be;  in  other  words,  the 
BAT  cannot  be  wholly  removed  from  the  receiver  by  tibe  air-pump. 
The  exhaustion  will  go  on  rapidly  in  proportion  as  the  barrel  is 
large  as  compared  with  the  receiver  and  pipe,  and  afler  a  few  double 
strokes,  the  rarefaction  will  be  sufficient  for  all  practical  purposes. 
Suppose,  for  example,  the  receiver  to  contain  19  units  of  volume,  the 
pipe  1,  and  the  barrel  10;  then  will 

r  -hp       _  20  _  a  . 
r-fjp-|-6""30~*'' 

and   suppose  4  double   strokes  of  the  piston;   then  will  m  =  4,  and 

that  is,  afler  4  double  strokes,  the  density  of  the  remaining  air  will 
be  but  about  two  tenths  of  the  original  density.  With  the  best 
muchines,  the  air  may   be  rarefied  from   four  to   six  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very 
simple  manriCr  by  what  are  called  gauges.  These 
not  only  indicate  the  condition  of  the  air  in  the 
receiver,  but  also  warn  the  'operator  of  any  leakage 
that  may  take  place  cither  at  the  edge  of  the  receiver 
or  in  the  joints  of  the  instrument.  The  mode  in 
which  the  gauge  acts,  will  be  readily  understood  from 
the  discussion  i»f  the  barometer;  it  will  be  suffi- 
cient here  simply  to  indicate  its  construction.  In  its 
more  perfect  form,  it  consists  of  a  glass  tube,  about  60  inches  long, 
bent  m  the  middle  t\\\  iVie  slm^Viti  ^rtions  are  parallel  to 
other;  one  end  is  closed,  waA.  ^3bft  Xswddl^  vsPBB&m8Q«i%^^^B^  ^ 
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I  with  mercury.  A  scale  of  equal  parts  ia  pliiced  Wtweon  tho 
hriutches,  baviug  its  sero  at  a  |>oiiit  midway  from  the  top,  to  the 
kittom,  Uie  numbers  of  t}ie  scale  incrcuRing  in  bolli  directions,  ft 
:  plaocsd  GO  that  the  branches  of  the  tube  afaall  be  v«rlicftl,  with 
I  ends  upward,  and  inclosed  in  an  invortod  glass  vesseL  wluch 
(OmmunicaUiB  with  the  receiver  of  the  air-pump. 

K«pcaled    attempts    have    been    made  to    bring   the  air  pump    to 

Itill    higher  degrees  of  perfectiou  since  its  first  jnrention.     Self-aotisg 

iT&lve^  opening    and  shutting    by    the  elastic    force   of   the    air,  have 

[^en  used    instead   of  cocks.     Twi>   barrels  have    been   employed  in- 

tead  of  one,    bo  tluit  an    uninterrupted   and   mure   rapid  rare&clloil 

19   brought    about,  the  piston    in  one   barrel   being   made 

)  ascend  while  that  of  the  other  dcacenda.     The  most  serious  defect 


I  that  by  which   a   f.tirti.in    of  the   air  was   reuined   between   the   , 

I  the  ixHioin  of  Uie  barrel.     *fhia  inturvewWf,  *\>wat  'vi  t^&w^  1 
1  air  vf   ihi'  ordinary    dcaaily    &t.    ea<Ax  icBCM*.  **    ii>.* 
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when  the  cock  is  turned,  and  the  comnranication  re-established  with 
the  receiver,  this  air  forces  its  way  in  and  diminishes  the  rarefiu>- 
tion  already  attained.  If  the  air  in  the  receiver  is  so  &r  rarefied, 
that  one  stroke  of  the  piston  will  only  raise  such  a  quantity  as 
equals  ^the  air  contained  in  this  space,  it  is  plain  that  no  further 
exhaustion  can  be  effected  by  continuing  to  pump.  This  limit  to 
rarefaction  will  be  arrived  at  the  sooner,  in  proportion  as  the 
space  below  the  pbton  is  larger;  and  one  chief  point  in  the  im- 
provements has  been  to  diminish  this  space  as  much  as  possible. 
AB  is  h  highly  polished  cylinder  of  glass,  which  serves  as  the  bar- 
rel of  the  pump;  within  it  the  piston  works  perfectly  air-tight.  The 
piston  consists  of  washers  of  leather  soaked  in  oil,  or  of  cork 
covered  with  a  leather  cap,  and  tied  together  about  the  lower  end 
C  of  the  piston-rod  by  means  of  two  parallel  metal  plates.  The 
piston-rod  C76,  which  is  toothed,  is  elevated  and  depressed  by  means 
of  a  cog-wheel  turned  by  the  handle  M,  If  a  thin  film  of  oil  be 
poured  upon  the  upper  surface  of  the  piston  the  friction  will  be 
lessened,  and  the  whole  will  be  tendered  more  air-tight.  To  diminish 
to  the  utmost  the  space  between  the  bottom  of  the  barrel  and  the 
piston-rod,  the  form  of  a  truncated  cone  is  given  to  the  latter,  so 
that  its  extremity  may  be  brought  as  nearly  as  possible  into  abso- 
lute contact  with  the  cock  jS';  this  space  is  therefore  rendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  barrel  contributing  still 
further  to  lessen  it.  The  exchange-cock  H  has  the  double  bore 
already  described,  and  is  turned  by  a  short  lever,  to  which  motion 
is  communicated  by  a  rod  cd.  The  communication  O  H  \s  carried 
to  the  two  plates  /  and  JT,  on  one  or  both  of  which  receivers  may 
be  placed ;  the  two  cocks  N  and  O  below  these  plates,  serve  to  cut 
oflT  the  rarefied  air  within  the  receivers  when  it  is  desired  to  leave 
them  for  any  length  of  time.  The  cock  O  is  also  an  exchange^cock, 
80  as  to  admit  the  external  air  into  the  receivers. 

Pumps  thus  constructed  have  advantages  over  such  as  work 
with  Y^I^'^S)  ^n  that  they  last  longer,  exhaust  better,  and  may  he 
employed  as  condensers  when  suitable    receivers    are   provided,  by 

merely  reversing  the  opeTivl\oicv!&  o^  >i!ti^  v^ftk^xi^  xalve  during  the 

motion  ofNthe  piston. 
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TABLE  L 

THE  TENACITIEB  OF  DIFFEKENT  SUBSTANCES,  AND  THE  SESISTANCS 
WHICH  THEY  OPPOSE  TO  DIKECT  COMPRESSION.-^  S  ««•. 


■UBITANCM  SXPSmiMSMTSD  OM. 


Wrooght-iron,  in  wire  fh)m  l-20tii 
to  l-^th  of  an  inch  in  diame- 
ter   

in  wire,  1-1 0th  of  an  inch  •     •     • 

in  bars,  Rassian  (mean)  •     •     • 

English  (mean)    •     •     • 

hammered 

rolled  in  sheets,  and  cut  length- 
wise      

ditto,  out  crosswise    •     •     • 

in  chains,  oval  links  6  in.  dear, 

iron  U  in.  diameter  •    .     •     • 

ditto.  Bronton^s,  with  stay  across 

(}a8t  Iron,  quality  No.  1     .     .     .     . 

2      •      *      •      • 

8*  •,.... 

Steel,  cast 

oast  and  tilted 

blistered  and  hammered  -     •     • 

shear 

raw 

Damascus 

ditto,  once  refined   .... 

ditto,  twice  refined  .     .     •     . 

Copper,  cast 

liammored 

sheet 

wire 

Platinum  wire 

Silver,  cast 

wire 

Gold,  cast 

wire 

Brass,  yellow  (fine) 

Gun  metal  (hard) 

Tin,  cast 

wire 

Lead,  cast 

milled  sheet 

wire 


\ 


»     S 


6o  to  91 

^  to  43 

3o 

14 

18 
lift 


6 
6 
6 


9* 


35 

to 
to 
to 

44 
60 

P 
00 

3i 

36 

44 
8^ 
i5 

31 

\l 
17 

9 
14 

8 
16 

2 

3 
4-5ths 

il 


o  a 

i| 


lami 

Telford 
Lam6 

Brunei 
Hitis 

Broim 

Barlow 
Hod^kinson 


Mitis 
Bennie 


Mitif 

Bennie 
Kingston 
Guyton 


I- 

is* 

g  g  w 


Bennie 


Tredgold 
Guyton 


38  to  41 
37  to  48 
5i  to  66 


IB 


52 

46 


73 

7 
3ft 


Hodgkisaoii 


I 


Benni« 


I 


*Tbe  stroniMt  quality  oi  cast  iron,  is  a  Scotch  iron  known  as  the  Devon  Hot  Blast,  No.  S:  Its  tenaci- 
ty is  0}  tons  per  square  inch,  and  its  rsslttance  to  comprestton  65  tons.   The  cxperlnMBts  of  M^for 
IVade  00  the  gun  Iron  at  West  Point  Foundry,  and  at  Boston,  give  results  as  Ugh  as  10  In  ft  losn,  mA 
att  aoiaJJ  cast  ban,  as  high  aa  11  U»«<i-«m  Oi4ma«is  UMMakV«t8Sa^v.4l» 
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■vBfTAiicM  BxramiMsirm>  on. 


Stone,  Bliite  (Welsh) 
'      Marble  (white)  • 


Givry 

Portland 

Craigleith  fl'eestone    • 
Bramley  Fall  sandstone 
Cornish  ffranite     •     • 
Peterheaa  ditto      •     • 
Limestone  (oompact  blk) 

Purbeok 

Aberdeen  granite  •    • 

Briok,  pale  red    .     .     •     . 
red     •••••• 

Hammersmith  (pavior*s) 
ditto     (bamt)  •    • 

Chalk  ....... 

Plaster  of  Paris  .... 

Qlass,  plate 

Bone  (ox) 

Hemp  fibres  glued  together 

Strips  of  paper  glaed  togethe 

Wood,  Box,  spec,  gravity 
Ash 
Teak 


Beech 
Oak    . 
Ditto  • 
Fir      . 
Pear   • 
Mahogany     • 
Elm    •     •     • 
Pinoi  American 
Deal,  white  • 


•  •»  3 

B  6  S 


,862 
>6 
>9 
i7 

,646 
,637 


5.7 
4 
I    ' 


,o3 

4 
a,a 

41 
i3 

I 

5   ' 

•4 
5 

4i 

3^ 
6 
6 
6 


Barlow 


Bh 


1,4 

1,6 
2,4 

2,8 

3,7 
4 
4 
5 
,56 

,8 
I 

1,4 
,22 


1,7 


I 


Ronnie 


OF  THE  DENSITIES  AND  V0LTJKE3  OF  WATKB  AT  DIFFEHENT  DBGBEB8 
OF  HEAT,  (ACCOBDINO  TO  8TAHPFER),   FOB   EVEBT   St  DEQBEE3  Or 

FAEBENHEirS  8CALE.-See(£TE. 
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„. 
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999887 
999950 

63 

1,0001)3 
I,oooo5o 

63 

36.50               o 

s 

38 

38 

38,75 

i[,00                    0 

W79S8 

11 

;;3^ 

\\ 

i3,j5 
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??^4 

35 
58 

t|oooo47 

35 
5, 
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^3 

B[ 

i^oooiSt 

Bi 
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a 

.34 

i,ooo]S9 

1, 00041 i 

\Vi 
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999 J4i 

145 

I,ooo55a 

■45 
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99917a 

164 

1,000733 

■65 

Sg,oo                 0 
6i,35               0 

« 

■  83 

1,000906 
l.ootioS 

iB3 

61, 5o               a 

99*673 

jao 

1,001 319 

65,7S               0 

?p435 

i38 

.;ooi567 

338 

68,» 

^.80 

]5S 

1,001  Bj» 

i55 

7o,25               o 

997909 
99763] 

a 

:sai 

ii 

7M5               0 

9973 30 

3di 

i,ooi5Sj 

77,00               o 
79, 'i               o 

KJ 

317 
33i 

I,oa3oo5 

3iB 

HMo               D 

9963 J9 

344 

i|oo36B5 

347 

83,75               o 

995971 

35a 

1,004045 

36i 

86,oo               o 

370 

'^ 

B8;j5               0 

995]  10 

■  ik 

i;oo48o4 

90,50 

99IS.5 

39s 

398 

91,75               0 

99«'" 

io5 

l|oo56ii 

95,00               0 

99i<»'I 

4  [6 

ioo6o3] 

97.35               0 

993579 

43S 

1,006461 

430 

99,5o               0 

991a? 

434 

■,006901 

440 

ubis  11  i>   U>7  M 

ftod  lta<  ip. 

KlAe  pivIlT  liy  niHiii  of  wi 

lor  u  (nr  ta 

uuLple.  Iha  >[«l 

5c  p»iiir  i 

In  EqtiiU. 

n  (*M),  hul  heen 

flniiid  at  lb 

,  iir  THE  SPKCinC  GEAVITIES  OF  BOUE  OP  THE  MOST  IMPOBTANT  BODlSa. 

rrb*  iniltj  of  dliUllid  wutt  )■  nckoud  In  tU*  Tibia  U  In  nudDDn  3^°  F. »  l,ni<0. 
I  Kimlof  ihtBcly. 

I  I.    SOLID  BODIES. 

I  (1)  HcTAXa. 

lODj  (of  tlie  Imbonilorj) 

Livut.  Blttiki 


;    Brua 

'    Braoie  fur  ouiDDn,  Kcordmg 


v^Cdniwn 


Ditto,  gnj      .        .        .        ■ 

Ditto,  -lifu    .         .         .         .         . 

D]ilo  fur  cannon,  mnaiii 

I*»il,  iJurB  melwd  .        .        .        i 

Ditto,  flatMnecl 

Plaliiinoi,  nnliva      .         -         ■         ■ 

Ditto,  mclleil  ■        ■        ■        ■        < 

Uilta,  fanminered  ami  vire-dnKrn    ' 

<tuickiilver,  at  SS"  Fafar. 

Silver,  pnre  inolteJ 

Dictu,  liBintnercd    ■        -        ■        < 

Sisel,  <:ai>t         .         .         ■         ■ 

Ditto,  wrought        .         .         .         . 

"■"to,  muoliiiariionod      ■ 


3"" 


_  .lo,  EngUnh 
Zliic,  malted  ■ 
Ditto,  rolled    ■ 


(S)  BcitDcca  Sloiils. 


Alibmtar 
Biuait  ' 
Dolerite  . 


Limnloiie,  varioni  ki 

Fhonallta 

Porphjrj 

£lDdlllOQS,  VBtiuun  u 

Buncs  lor  baildins  ■ 


7,6       -    ».S 
6,i>i    -     S,97 


-  19,153 


t,'.o        — 
10,833 

19,9* 

.1.598 

^'8?8 

^;Si° 

7.J9I 
7.'W     - 

7,«S 

J.17  -      .,93 

'4    z  1%, 

iir  =  sir 
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of  Uw  Bodf. 


L    SOLID  BODIES. 
<*)  WooM. 


Ditto,  ■nothei'  »p«o!nifln  ■ 
Pine,  /■>n««  Alitt  Pieea  • 
Ditto,  Piaiu  Sflvtttru  ■ 
Poplar  (lUlinn) 


Cli&rraBl,  of<%tk 
DiHo,  "oft  wood 
Ditto,  oak 


rougliMiDd 

rough  earth,  nith  gravel    ■ 

grovaJly  bdII 

elar  or  l»m,  with  grnvnl  - 
int,  dark       >         .         .         ■ 


Kueiii,  vommon 
Kock'ialt 

Saltpetre,  melteJ  ' 
Diltu,  crjitolliEed  ■ 
Slnte-pendl      • 


',V& 


;:Si. 
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DUto,  futpliuric,  £D)2li>ib 
Wlto,  coiicentniUd  (Nordh.)   ■ 
Aloohol,  ttta  rrom  naUr  ' 


LHltD,  oliia     • 
Ditto,  tnrpeotine 
Dilio,wh^e    ■ 

Qaiaksllvsr      - 
Watsr,  disliUed 


III.  GASES. 

Almospherio  air  ^=  -j^  .=    ■ 
Curbonioacid  gw      .         ■         ■         ■ 

Cn'bureled  iijdrogBii,  B  mtiimnm   ■ 
Dilto,  from  Colli      .         .         .         - 

Clilorine 

IlydrioJiogm 

Hyilrogen 

UydrcHiilphnrio  Mid  gu  I 
Muriuiaacid  gu      ■         ■         ■         • 

Pboaplinntod  livdrogBD  f»     • 


Solpbur 


It  812"  F'lilii 


icidg»» 
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A 

'.  +  ■' 

A 

<,  +  (' 

A 

'.  +  '■ 

A 

*> 

i7639o67 

75 

4,781oj<.9 

no 

4,Boiid36 
,BoJ7SsS 

145        4 

8160714 

41 

,76^1 

76 

786J973 

146 

;iasi4ci 

S 

?! 

,7883979 

ii3 
ir4 

.8033109 
.Bo3<AB7 

;s 

ligj? 

^5 

,ni3iBi 

H^ 

ii5 

|hoj5HJo 

Ijo 

<Joi794 

46 

;77ijZ33 

Ri 

,7837719 

,»o3o39i 

i5i 

B207.90 

'^J 

Bi 

Mii 

117 

,8054953 

i5i 

Hl.liji 

ta 

,77«B5^8 

83 

,7897180 

118 

.K05.JM9 

liJ 

82 1 5o.1S 
Djio377 

49 

,713345; 

B4 

;»; 

,So6jo5a 

i54 

So 

.773BJ63 

85 

,Bo6S6o4 

i55 

6314761 

5i 

■7743 "6 1 

B& 

,7gri333 

,ea7J.44 

8219U1 

Ss 
3J 

7,'S 

IS 

,79i6o« 
,7910745 

1=3 

sc 

■A 

833)517 

94 

,7757515 

8g 

,79'i44f 

Hi 

,8086737 

li. 

Ha4235ti 

53 

,776'Bos 

,79ioi35 

.    .B09i3i8 

160 

HibbiB 

56 

,7767674 

9' 

,-}liiSii 

136 

Sjf 

161 

zmr. 

5? 

,77755*0 

9' 

,7939504 

127 

|Bio479i 

5H 

.77774™ 

93 

,794418] 

.63 

B359680 

^ 

,77i"56 

9* 

,79lSM54 

;i:« 

826^014 

,7787.05 

95 

,793333, 

165 

8j68365 

,779 '949 

96 

,795H.Si 

.81.8590 

166 

1272701 

6i 
61 

:;ffl 

?J 

,7961841 
,79^17493 

i3i 
133 

,8121778 
.8127363 

a 

8277034 
9i«i36i 

61 

.7806450 

i34 

169 

8185685 

65 

,7BilJl» 

17916784 

■  35 

819000S 

,7816090 

,798UJ. 

i36 

.8i4o588 

Bi,43lg 

a 

,7810901 

,79B6<l34 

'^1 

.8145153 

829*629 

SffiK 

io3 

,799«'J', 

■  38 

.8,49^.14 

nJ 

8301937 

69 

,7995303 

■  39 

,H. 54070 

'74 

83o7alM 

,7815306 

;ra 

,8i585i3 

17S 

8311536 

;7B44Wli3 
,7S49(*4 

.06 

,8162970 

176 

83iSS3a 

?5 

a 

143 

;Bi674i3 
,Si7iB5i 

']i 

8320M9 
839 4404 

1* 

4:7Si«38 

109 

llsolslw 

144 

4,8176185 

179        4 

8318686 

495 
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umu... 

"     Aiuchnl  Tb«m<, 

p.«. 

* 

« 

T-7-' 

C 

^ 

oo               □ 

0011689 

_ 

+ 

3 

OOMftM 

001 U33 

,0000434 

9;9999S«> 

IS 

001  HIT 
0010679 

0010134 

3 

0001738 

S 

l8 

5 

6 

0003173 

,9097825 
,9997395 

»1 

! 

™3^I 
oooa47& 

;«; 

30 

33 

,      36 

oooSfUB 

3S 

9 

0004780 

.9w|o9i 
l999*'» 

39 

»»iiJ3 

000531 3 

»S 

D005630 

a 

0006084 

,9993934 

4tt               9. 

n 

9998775 
999»tJ7a 

999Wai 

17 

0006I19 

D0065S4 

,9993633 

5i 
Sa 
53 

30 

m 

,9993100 

,999' 7*6 
fl99'3'3 
,9990456 

SJ 

999^5 

0OO9565 

56 

999J6.3 

999i>J7 
999JM*, 
99qj5oj 

33 

3S 

36 

001087. 
oaii3o6 

P 

63 

W3m5 

S 

001 1741 
0011177 

ass 

9992161 
9^5i 

'9 
3o 
3i 

0 

O0[36i3 
0013048 

0013484 

,;S 

90               9 

99a83«. 

COEFFICIENT  VALUES,  FOB  THE  DISCHARGE  OF  FLDID3  THBOUQH  THIN 
FLAXES,  THE  UBlFiCES  BEIN'Q  BEUUTE  FUOU  THE  LATERAL  FACES 

OF  THE  V£SSEL.-S««  iSOO. 


V>ln»ar(b 

iscntfi 

!<.».  (><  orin 

».  *h<«  ■ffiKll. 

^ 

HwlofBiilri 

or  IDs 

OTi)l«,  In  f«t  1       , 

/•■ 

/t 

*66 

'!« 

o,i6 

(SoS 

>,iyj 

V 

0 

C.5 

0.618 

0,617          0 
o,63j           0 

Uo            0 

657            « 

^ 

5,J 

656 

^7 

36 

6oj 

o'.biS 

0)638            0 

65S 

t;; 

^ 

33 
66 

OO                      0 

5,3 

boi             0 

6o8 
6.3 
5'' 

o.f,3i 
oj,lo 

o,(.J7            0 
0,634            0 
o,63j            0 

655            0 
654            0 
644            0 

Si 

6J0 

64                o 

6oi             0 

6lT 

0.6  J  8 

o,63o            D 

640            0 

6^4 

»                I 

6o3             a 

6,4 
6ii 

D,6lS                 D 

a, 610            0 

633            0 

631 
618 

6S                o 

6o»             o 

"it's 

o,6i3            0 

610 

i. 

75                0 

boa            0 

6aa 

0,600 

0,600            0 

6m 

600 
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TABLE  VL 

KXPEBaiENTS  ON  FEICTION,  WITHOUT  UNQUENTS.    BY  M.  MOEIN. 

The  «ur6«)w  of  friodon  ware  T»ried  from  o,oJ336»  1,7987  sqaare  feet,  tha  prosauw*  from 
I  lbs.  10  9mS  tbe.,  itnd  tile  velocitiaa  from  ■  wuu-cel;  perceplitde  uiution  to  9,84  tett  par 
mad.    Tlie  iDrfuccs  of  wood  were  planed,  and  those  of  oietiJ  filed  Dud  poliahed  willi  the 

o,  and  carofiiilj  wiped  nfter  every  eiperimeni.    The  prescnco  of  ungneiiti 
■pwdallj  guTtled  ignuiBl See  i  SiH. 


3<5 


Oak  span  oHk,  tbo  direction  of  the  Abres 
being  pvnllel  to  the  motion     •     -     •„ 

Oik  upon  Mk,  the  direciiooi  of  Iheflbrai  i 
of  tue  moving  lurflioe  beiup  porpnit-  I 
■Ugolar  to  thotie  of  the  quieaeent  lur-  I 
IkOO  wid  lolhe  diroclion  ofiho  motiool  I 

Ode  upon  oak,  Uic  abres  of  the  both  aur- 
BWVD  being  pcrpendicnlur  to  the  dircu- 
UODofthemolJon 

0«k  upon  oak,  the  fibres  of  tho  moving 
■nrlice  being  perpendiciilurloiliorur- 
ftoe  ofvonttol.  and  thoM  oftbe  aurtiiw 
■t  net  parallel  to  the  direcljaii  of  thu 

0^  upon  01k,  ihsfibree  of  both  aurrHes' 
bulng  perpendicular  to  ihg  surfiiva  of 
eooMct,  or  tLo  piceo\«nd  tn  end  ■     -  ' 

Elm  upon  oak.thedjreetion  of  tbe  films 
b^ngpsrellel  to  Ihe  moIJoii      ■     '     ■ 

Oitk  Ojwn  elm,  ditlo} 

Bm  njion  oak,  the  Bbtca  of  llie  movlnft ' 


»i'  a- 

n  S8 

18    3i 


•ad  totbedlrnctluDorih 

Aahnponoah,  theflbnnof  both  tu 
beiii^  parallel  Is  Uie  direction 


Dsk) 


Bwoh  upon  okk.  ditto  -  -  .  . 
Wild  pMr-irco  upon  mJc,  dillo  ■ 
Benlcfr-troe  upon  oak,  ditto  '  - 
Wrought  iron  upon  oak,  dillo|  ' 


U    46 

10    37 


77    S6 
»1    41 
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TABLE  Yl—cofUinv^ 


SURFACES  OF  OONTAGT. 


FsicnoM  ov 
Mono*. 


L 


Wrooght  iron  upon  oak,  the  surfiioes ) 
being  greased  and  well  wetted*     •     •  ) 

WroagQt  iron  upon  elm 

Wroaffht  iron  npon  cast  iron,  the  fibres  ) 
of  tne  iron  being  parallel  to  the  motion  ) 

Wrought  iron  upon  wrought  iron,  the  i 
fibres  of  both  surfaoes  Ming  parallel  > 
to  the  motion ) 

Cast  iron  upon  oak,  ditto 

Ditto,  the  surfiioes  being  greased  and  ) 
wetted ) 

Cast  iron  npon  elm •     • 

Cast  iron  upon  cast  iron 

Ditto,  water  being  interposed  between  ) 
the  surfaces f 

Cast  iron  upon  bnuM 

Oak  upon  cast  iron,  the  fibres  of  the  wood  i 
being  per]>endioular  to  the  direction  > 
of  the  motion ) 

Hornbeam  upon  cast  iron — fibres  paral-  i 
lei  to  motion ) 

Wild  near-tree  upon  cast  iron — fibres  I 
parallel  to  the  motion ( 

Steel  upon  cast  iron 

Steel  upon  brass 

Yellow  copper  upon  cast  iron  •     •     .     . 
Ditto  oak     .... 

Brass  upon  cast  iron 

Brass  upon  wrought  iron,  the  fibres  of) 
the  iron  being  parallel  to  the  motion  •  ) 

Wrought  iron  upon  brass 

Brass  upon  brass 

Black  leather  (curried)  upon  oak*    • 

Ox  hide  (such  as  that  used  for  soles  and 
for  the  stuffing  of  pistons)  upon  oak 

rough    

Ditto       ditto        ditto    smooth 

Leather  as  above,  poliahed  and  hardened 
by  hammering 

Hempen  girth,  or  pulley-band,  (sangle  ^ 
dc  chanvre,)  upon  oak,  the  nbres  of 
the  wood  and  tne  direction  of  the  cord 
being  parallel  to  the  motion    •     •     • 

Hempen    matting,    woven    with   small 
oords,  ditto. 

Old  cordage,  1|  inch  in  diameter,  dittof 


;[ 


II 


o,256 
0,25a 
0.194 

o,i38 

0,490 

.      . 

o,to5 

0,132 

0,3 1 4 
0,147 

0,372 

0,394 

0,436 

0,202 
0,1 52 
0,189 
0,617 
0,217 

0,161 

0,172 
0,20 1 
0,265 

0,52 

0,335 
0,296 

0,52 

0,32 
0,52 


•S  9% 

B   fi   S 


149  22' 

14  9 

10  59 

7  52 

26  7 

•  • 

It  3 

8  39 

17  26 

8  32 

20  25 

21  3l 

23  34 

11  26 

8  39 

10  49 
3i  41 
12  i5 

9  9 

9  46 

11  22 
14  5i 

27  29 

18  3i 

16  3o 

27  29 

17  45 
27  29 


Fasonov  or 

QVUSCSHCS. 


u 


0,649 

0,194 
0,137 

0,646 
0,162 


0,617 


0,74 

o,6o5 
0,43 

•  • 

0,64 

o,5o 
0,79 


330    o' 

•        • 

10    59 
7    49 

3a    5s 

9    t3 


3i    41 


36  3r 

3i  II 

23  17 

•  • 

3a  38 

26  34 

38  19 


*  The  friction  of  motkM  was  very  nearly  the  same  whether  the  sorfsee  of  cootaec 
«ir  the  oaulde  of  the  sklB.— The  cMMtaacy  of  the  coefldeol  of  the  frictkm  of  modoo 
paivBt  la  the  rough  aad  the  saooth  sklas. 

t  Ml  Ite  above  ezpnteeats,  except  that  with  c«rrie4  Maek  teaiher,  prsseated  the 
•fcaH>to«h>Poiithof<hoa»M»(ewnCttkflawfc  i^i^i»>^taaiiteTOdMwa^aiwiwttH%a, 

Memoir 


theloslds 
oqaally  ap- 
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TABLE  Yl—contU/ued. 


BUKFACES  OP  CONTACT. 


Calcireoiis  ooUtio  itone,  used  in  building, 
of  A  moderately  bard  qaalitv,  call^ 
atone  of   JanmonV—upon  tne  same 

stone 

Hard  caloareooa  stone  of  Bronok,  of  a* 
light  gray  color,  sosoeptible  of  taking 
a  fine  poliahf  (the  moaohelkalk,)  mov- 
ing npon  the  same  stone ^ 

The  soft  stone  mentioned  above,  npon  ( 

the  hard •     •  f 

The  hard  stone  mentioned  above  upon 

the  soft 

Common  briok  upon  the  stone  of  Janmont 
Oak  npon  ditto,  the  fibres  of  the  wood  1 
being  perpendicular  to  the  surface  of  > 
the  stone     ••••••••     ) 

Wrought  iron  upon  ditto,  ditto  •  •  • 
Common  brick  upon  the  stone  of  Brouck 
Oak  as  before  (endwise)  upon  ditto'  •  • 
Iron,  ditto  ditto      •    • 


FaicnoM  or 

MOTIOX. 


«•  a 


0,64 


0,38 

0,65 

0,67 
0,65 

0,38 

0,69 
0,60 
o,38 


efl 


3a»38' 


20   49 


33  2 

33  5o 

33  2 

30  49 

34  S-r 
3o  5d 
20  49 
i3  3o 


Fmicnov  or 

QCUICBMCB. 


Oi74 


0,70 

0,75 

0,75 
0,65 

0,63 

0,49 
0,67 

0,64 

0,42 


5?' 


36»  3i' 

35  o 

'36  53 

36  53 
33  a 

32  i3 

26  7 

33  5o 
32  38 
ft  47 


800 
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TABLE  YIL 


XXPEBDIBNTB  ON  THE  FSICTION  OF  UNCTUOUS  SURFACES. 

BT  M.  MOBIN.--«ee  $  ZK. 

In  these  tzperiments  the  Borfiwes,  after  hftTio^^  been  Bmeared  with  «n  unguent, 
criped,  so  that  no  interposing  layer  of  the  ungneDt  prevented  their  intimate  oontaot. 


flUBFAOM  OF  CONTACT. 


Fucnoa  or 


Oak  upon  oak,  the  fibres  being  parallel  to  ) 

the  motion ) 

Ditto,  the  fibres  of  the  moving  body  bo-  i 

ing  perpendienhir  to  the  motion*        •  ) 
Oak  upon  elm,  fibres  jiarallel* 
Kim  upon  oak,  ditto 
Beech  upon  oak.  ditto  • 
Elm  upon  elm,  ditto 
Wrought  iron  apon  elm,  ditto 
Ditto  upon  wrought  iron,  ditto 
Ditto  upon  cast  iron,  ditto    • 
Cast  iron  upon  wrought  iron,  ditto 
Wrought  iron  upon  Brass,  ditto    • 
Brass  upon  wrought  iron 
Cast  iron  upon  oak,  ditto 
Ditto  upon  elm,  ditto,  the  unguent  being  ) 

tallow ) 

Ditto,  ditto,  the  ungnont  being  hog^s  [ 

lara  and  black  lead    • 
Elm  upon  cast  iron,  fibres  parallel  • 
Cost  iron  upon  cast  iron 
Ditto  upon  brass  .... 
Brass  upon  cast  iron    • 
Ditto  upon  brass  .... 
Copper  upon  oak  •        •        • 
Yellow  copper  upon  cast  iron 
Leather  (ox  hide)  well  tanned  upon  cast 

iron,  wetted      .... 
Ditto  upon  brass,  wetted 


o,io8 

0,143 

o,i36 
0,119 
o,33o 
0,140 
o,i38 
0,177 


0,143 
0)i6o 
0,166 
0,107 

0,135 

o,i37 

o,i35 
0,144 
o,i3a 
0,107 

0,1 34 
0,100 
o,ii5 

0,229 
0,244 


III 


60  10' 

8      9 

7    45 

6    48 

18    16 

7 

7 
10 


I 
I 
I 


5a 

3 


7      8 


49 

42 
12 

32 

43 

6  34 
12  54 
i3    43 


FaicnoM  oy 
QuuracBiictf. 


U 

5*s 


0,390 

o,3i4 
0,430 


0,118 


0,100 


0,098 

0,164 
0,367 


2I<>    19' 
17     36 

23     47 


6    44 


5    43 


5    36 

9    >9 
14    57 


TA9LB    Till.  sun 

TABLE  TUL 

XXFEBIICENTS  ON  FSicnON  WITH  UNGUENTS  INTEBP06ED.   BYILUOBIB. 
The  utcDt  of  tbe  MirfkoM  In  the»«xperiiiwiitBban  BDch  ■  rabtion  to  thepranQra,M 
to  uuss  tlicm  to  bn  lepanUd  ftom  dim  anotbot  throughout  by  ui  iotarpoMd  Urstom  of 
th*  imgoeat.— £ee  StfilL 


F.™o» 

BUKFACES  OF  CONTACT. 

Mo™. 

/-•■ 

us«u«."™. 

-     J 

Si 

UBbupODO>li,fibnipuaUd     • 
Diito       (SiUa 

o,i6i 

o,iio 
D,i64 

^o-r- 

Ditto       diuo 

aag'a  bad. 
TiDow. 

oSi 

o,s5i 

Ditto        dillo       ■        •        ■ 

ts 

Hog'B  tard. 

Ditto       diuo 

ViUa. 

Dillo  upon  Blm,  flbroa  p»raUel 
Ditto       ditto 

..116 

0,17s 

&,:."'■ 

Ditto       ditto       . 

Uw'B  kid. 

T>&ow, 
TsJJow. 
■lUlow. 

Ditto  apon  out  iron,  ditto     ■ 
Dillo  npoa  wton^ht  ako,  ditto 

Boech  opou  o«k.  ditto 

Dm  upon  ook,  ditto  • 

ooSo 

o,i37 

0.411 

ss;r- 

Ditto       ditto 

"o;^ 

Duo        ditto        . 

Uog'.ltrd. 

X)  Ito  tipoD  cloi,  ditto     • 

Si^ 

0,117 

Dry.o.p. 

Ditto  upon  am  iron,  ditto      ■ 

Tillow. 

8.i^t«d«ith 

Wrought  iron  upon  o»i,  ditto   - 

o,,S6 

0,6^9 

Ditto       ditto       ditto  . 

0,3  H 

DrraoBp. 

Ktto        dilto        ditto  ■ 

o,o83 

0,108 

TJIow. 

Ditto  apon  elm,      dilto  • 
Ditto       ditto       ditto  ■ 

o,07B 

-lurow. 

'a 

Uog-a  lirdi 

Ditto       ditto       ditto  ■ 

Oliyo  oil. 

Ditto  upon  oa»l  iron,  ditto      . 

o,io3 

TbIIow. 

Ditto        ditto        ditto  . 

M 

Hog-B  lird. 

Ditto       ditto       ditto  ■ 

0,100 

Olivg  oil. 

Ditto  apoD  wrought  iron,  ditto 

0,061 

Tallow. 

Ditto       diUo       ditto- 

0,0  Bi 

He*'*  Inrd, 

Dilto       ditto       dilto- 

0,070 

o,ni 

OUfooit. 

Ditto        ditto        ditto  ' 

ToUow. 

o'oiS 

Ilog'ilud. 

Ditto       ditto       ditto  - 

iX 

UUvooil. 

C»»t  iron  opon  oat,  dilto  • 

l(irMMd,uid 

Ditto       ditto       ditto  ■ 

o,.,8 

o,6i6 

Jutontwlvlth 
1  «i>t«r. 

Dilto       ditto       ditto  ■ 

0,100 

Tnllov. 

Ditto       ditto       ditto  - 

Hog'.  Itrd. 

Dilto       ditto       ditto  ■ 

o|o7S 

0,100 

OUv.  oil. 

Kilo  upon  elm,     ditto  • 
Dif4       dilto       dillo  ■ 

vx 

Tallow. 
Olive  oU. 

Ihtto       ditto       ditto. 

O,*)! 

Ilog'*  lard  and 
plunibngo. 

Ditto,  ditto  npon  wrought  Iron 

o,too 

Mo*. 

C»t  Iron  upon  cut  iron    ■ 

0,Jli 

W,i«r. 

Ditto       ditto       - 

o.iqi 

\ 

\WV                  \ 
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F.«>ne, 

rucne. 

nnrAOES  op  contact, 

»o?m. 

UBonEirra. 

g    ri 

'     i 

hi 

i^ 

C^t  inia  npon  cut  iran     • 

0,100 

0,100 

Tallew. 

Ditto       dilto 

S;X 

Hoge'iard- 

Ditto       ditto 

Oiive  oil. 

Dilto       ditto 
Ditto  upon  bnu   ■ 

o,o5S 
o,io3 

(lirdaad 

Ditto       dilto 

o,ot5 

Ucgs'  lard. 

Ditto       ditto 
Copper  upon  i»k,  flbre*  p«nll8l 
yeliour  <»pp«r  upon  out  Iron     ■ 

a 

0,100 

dive  oiL 
Tiltow. 

» 

O,lol 

Tailow. 

Dilto     "ditto         .         .         - 

Hogi'brd. 

Ditto       ditto 

o,o66 

Olive  oil. 

Bnus  npOD  nut  iroD- 

o,o86 

0.1D& 

TJIow. 

Ditto       ditto 

V^] 

Olive  oil. 

DiUo  npon  wroaght  iron 

Tailow. 

Ditto       diUo 
Ditto       ditto 

0.08, 

Il^rdand 

Olwo  oilT* 

Dilto  npon  bniM     ■ 

oiSs 

Olive  ml. 

BtMl  Bpor™i  iron  -        .        - 

oioi 

a,io8 

Tallow. 

Ditto       dilto 

oloSi 

Doge' laid.     • 

Ditto       ditto 

c;^ 

Olive  oil. 

Ditto  opoa  wrought  iron 

Tallow. 

Ditto       ditto        - 

IX 

JXJ-^- 

Dilto  opgB  br«M     . 

Ditto       ditto 

oloSl 

Olive  oil. 

Ditto       ditto 

0,067 

Lard  and 

Turned  01  lildo  apoo'eut  iron 

o,36i 

aatumted  with 

Ditto       dilto        . 

0,159 

Tallow.' 

Ditto       dilto        . 

olzlJ 

Oliva  oil. 

Ditto  npon  bnua    ■ 

Tallow. 

Ditto       dilto        -        .       - 

tnive  oil. 

Ditto  nnon  oak,     ■ 
Hempen  fibrw  not  tiriilcd,  uiot-' 

o|)9 

0,70 

Water. 

ing  upon  obIi,  the  fibre*  of  the 

(  Oreued,  and 
Jeem^teiwith 

hemp  being  nlsced  in  a  dirco- 

0.33. 

0,869 

liOQ  of  the  Diolion,  Mid  those 

Of  the  otk  tmndlel  to  it  ■ 
The  BBiTie  u  above,  moTing  npon ' 

O.lfli 

Tallow. 

Ditto 

D,li3 

Olive  oil. 

Son  inleoroons  »tone  of  Janmootl 

upon  the  Mine,  with  ii  \ayar  of 

nigrier,  ofund,  and  lime  inler- 

Oi7* 

poMd,  alter  from  10  to  15  min- 
nlet'  ooctacl. 

1 
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TBIOnON  OF  TBDNNIONB  IH  THEIB  B0ZE8^-Bm  1  Ml. 


KINDS  OP  UATES1AL8. 


d  bold  af  out  ir 


TmanianH  of  hrmt  ai 

boxM  of  cut  Iron. 
Trannion»  of  lignnm-vt 
nd  bojien  of  01*1  Iron 

nd  boiet   of  ligiiui 


E  OP  8Ufi  PACES. 


Un^EaBBt*  o-T  olive  oil,  hog*'  lard, 

aud  tallow     ■         ■         ■         ■ 
TheMnie  nngaents  moialanBd  with 

UagusDt  of  BiphaltDtn 

Unctuous 

Unctaoiu  uid  moiateuad  with  vi- 

igaenti  of  olivo  oil,  hofk'  Urd, 
md  tallow     •        .        ■        . 

ictuoiu  and  moiBleneil  with  ito- 

inr  glightljr  ondaoua       ■ 
ittiODt  Dtieueiiln     . 
Dn^ent*  of  olive  oil  and  tiogs'  [ 

kOQB  wjtb  oil  and  ho^*  Urd 
loua  with  K  miitani  of  bo^' 
]  oDd  pliunbogo 
DtlgaeDtH  at  otire  oil,  tiJlow,  and 
•    ylord      ■ 

ontB  of  oUto  oil,  hog*'  lard, 
I  tallow      > 
Old  unitncTita  hard  an  ed     ■ 

Vory  slightly  nnctnoua 


Ungiicnti  of  tallow  or  .of  olirs  o 
Dnniioiii*  of  hogs'  lard      ■ 


nnguent  of  hogs'  lord 


RaUo  of  trktloa   n 


or  WEIGHTB  NECE88ABT  TO  BEND  DIFFESEKT  B0FE8  ABOUND  A  WHESL 
ONE  FOOT  IN  DIAHETES.--SM  I  SET. 
Sa.  1.  Wam  Bora — mw  ahd  dbt. 
Alj^MM  praportioaat  to  lii  fuan  qf  tit  JianuUr.  , 


DliUDoMarnpe 

■SSJ-PT 

enO'DH.faclHdaf 

0.39 

a,. 

B 

o,Siiioi9 

No.  2.    Wain  Bom— wew 

St\f»m  f^ortiottal  to  fitart  ijf  diamtltr. 


In  InchcL 

Nttaml  tltlTnDU, 
w  vilua  or  jK. 

giilTntu  fur  Innd  nr 
lib,.,.  ..Lg.of /. 

0,39 

o.ft]48 

"-"79877 

o|ii7ttoi9 
o,Siiaoi9 

No.  B.     Wh[TB   BoFB— BALI   irORN    ANP   DRT. 

Stiftuti  proportional  to  tit  tquart  root  of  Oa  eobt  <jf 


DiBiMlci  oT  mpg 
In  IntheL 

01  TBlue  of  jr. 

SiilTntxriM'-dnf 

o,J9 

0,40  w3 
i,[38oi 

3,71844 
9,ioi5o 

3.1  s 


o,8o4B 


B«  «r  (f . 

Buln.J. 

1,00 

[,(» 

;« 

s,56 
|B9 

3,61 

i,™ 

»,gMSi9l 


B<iun  inoU  of  (he 
cnbet  of  Uw  rxU« 
.fd,.»c.»..,«. 

B..^- 

r:l: 

1,00 

1,60 
1.90 

i,4B* 

1,657 
1,837 
i,oW 

APPENDIX.  S06 


TABLE    X— continued. 

No.  6.  Tabbsd  Bopss. 

Siffneta  proportumal  to  ihs  mtmber  qf  yamt. 

tThtae  tvptB  ax*  niually  made  of  three  itrande  t-wieted  arotind  eaoh  other,  eaeh  ttTaad  beisf 
of  a  eertaia  munber  of  jams,  alio  twiited  abotai  each  other  in  the  lame  maaiier.] 


Na  of  yams. 

Weight  of  1  foot  In 
length  of  fope. 

• 

Natoml  itimieas,  or 
value  of  JT. 

BtSffoeti  for  load  of 
1  lb.,  or  vahM  of  /. 

3o 

0,02 1 1 

0,0407 
i,oi37 

0,1 534 
0,7664 
a,pa97 

o,oo85i9i 
0,0198796 

0,0411799 

APPENDIX. 

No.  I. 

Take  the  usual  fonnulas  ibr  the  tran8fi)rmatioii  of  c<K)rdinate8  from 
one   system  to  another,  both  being  rectangular,  viz: 

y  =  a'x'+f)'y'  +  c'z\     I (1) 

in  which  a,  6,  ^c,  denote  the  cosines  of  the  angles  which  the  axes  of 
the  same  name  as  the  co-ordinates  into  which  they  are  respectively 
multiplied  make  with  the  axis  of  the.  variable  in  the  first  member. 
And  hence, 

y'  ^bx  +  h'y-itb"z,    I    ....     .         .  (2) 

z*  z=lcx  +  c'  y  +  c"  «  ;  J 

Multiply  the  first  of  (2)  by  6,  the  second  by  a,  and  take  the  dif* 
icrence  of  the  products ;  we  get 

6a:'-ay'=y(a'd-a6')  +  «(a"6-ad");  •  •  •  (3) 
again,  multiply  the  first  by  c,  the  third  by  a,  and  take  the  difierence 
of  products;  we  have 

ex'  ^az'  =^y{a!  c^ad)'\-z{p!'c^ad')        .    .    (4) 
find  the  value  of  y  in  (4),  substitute  in  (3^  v^^  \nkVw^>  ^^  ^v^ 
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in  which  . 

Ats.  c  (o'  *"  -  a"  b')-\-<f  {ft"  b  -  a  b")  +  c"  (a  b'  -a'b), 

dividing  by  A,  and  subtracting  the  result  fiom  the  third  of  Eqs.  (1) 
•we  have 


(-"- 


f).'+(r_?:£^)y'+(c'.-' 


and  since  x',  y'  and  z"  aie  wholly  arbitrary,  we  hare 


>'=0. 


,'/ 


b(/  ^Vc 


-    ,-,       a'c  —  ad       ^     „      ab'  —  a'b       ^       ... 
a' *-:: =0;*" 3 =  0;c" ^ =  0;.-(5) 


il  '  A        -""'  il 

transposing,   clearing  the  fraction,  squaring,   adding,   collecting  the 
efficients  of  c'^,  b'^^  a'^,  and  reducing  by  the  relations 

a2  +  ^+ca=  l;a'a  +  5'a+c^  =  l; 

there  will  result 

A2=  1  -.(aa'  +  5  5'4-cc')». 
But 

whence   ii  =  1,  and,  Eqs.  (5), 

No.  IL 

To   find  the  radius  of  curvature  of  any  curve,  and  its  inclinatioa 
to  the   co-ordinate   axes. 

Take  the  centre  of  curvature  as  the  centre  of  a  sphere  of  which 
the  radius  is  unity.  Through  the  same 
point  draw  the  line  O  X^  parallel  to  the 
axis  rr,  and  another  O  T,  parallel  to  the 
tangent  to  the  arc  M.  iV,  of  osculation. 
The  planes  of  these  lines  and  of  the  ra- 
dius of  curvature  will  cut  from  the  sphere 
the  spherical  triangle  A  B  C,  of  which  the 
side  B  C  ia  90^,  A  C  the  angle  which  the  radius  of  curvature  makes 
with  the  axis  x,  and  A  B  the  angle  which  the  tangent  to  the  curve 
makes  with  the  sai^e  axis.     Make 

p  =  0  R  =1  tadixA  of  curvature, 
«'=  AC:  r  =  AB:  C  -  AOB. 


4-^ 
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Then  will 

d  X        »    At        ^' 
ooi  c  =  -p-  =  sin  ^'.  C08  C  ; 

a  s 

m 

difiexentiating,  and  regarding  C  as  constant, 

o-T-=cos*  .  a^  .  cos  C7-* 
as 

hat  di',  COB  C   ii   the  projection  of   the    arc    di'    on   the   oscnlatorj 
plane,  whence 

d6\coBC^—* 

P 

Substituting  this  above,  we  find 

and  denoting    by   b"  and    ^''',  the    angles  which  the    radius   makes 
ivith  the  axes  y  and  2,  respectively,  we  may  write 

.dx  .dy  jdz 

^zr  ^-T-  ^T 

oos^'  t=p. — ;- ;      cosr'  =  p* — 5-;      cos^'"  =  0 • -— r- •  •    •  (1) 
^       ds  ^      ds'  '^      ds  ^  ^ 

Squaring,  adding  and  reducing  by  the  relation, 

cos*  6'  +  COS*  ^"  +  cos*  «'"  =  1, 

we  have 

ds 
P  = 


V  (4/ -  (40" + (4?" 

performing  the  operations  indicated  under  the  radical  sign,  and  redn- 

eing  by  the  relations 

ds^  =  dx^  +  dy^  +  dz^, 

d^sds=zd^xdx  +  d^ydy  +  d^zdz, 
we  find 

d^ 

'  "^  -y/id^  xf  +  (d'  ~yf  +  (rf*  7)*~-  JjPsf '  *     •     •     •  (2) 

If  f  be  taken  as  the  independent  variably,  then  will   c^  «  =  0,  and 
£^.  (1)  and  (2)  become 

At  ^^  'ah  d'^y  At,,  ^*  /OV 

d^ ,^ 
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No.  Ill 
To  integrate  the  partial  4ifierential  equation 

transpose  and  divide  by  i>,  and  we  have 


dD 


^   D  dp' 


and   because  9  is  a  function  of  p  and  1>,  we  hav*  ' 


and  substituting  the  value  of 


dq 

Iff 


dq  D*dp  -^y»p»dD 
^      dp  D  ' 


i-i 


multiplying  and  dividing  by  y*D*p^ 

1  ^ 

dq^^JL.rJL.^^ 


1 


dp---p7.dD 


i>2 


but 


1 


i_i 


1 


j)'-'py 

7 


dp  —  pT'.  rfJ9 


and  making 


we  may   write 


and  by  integrating 


1 


i>2 


--= '  (5) . 


1 

7> 


dq    yP  /p7\ 


dp 


1 

p7 


1 


1 

7> 


'»=^(g)-^Q  = 


1 


wUoh  J^,  denotes    My  wUtxwy  ^\wv<*«^ 
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No.  IV. 


To  integrate  Equation  (414)'  of  the  text,  add  to  both  mctnbore 


a  • 


dt,dr' 
and  we  have 


d 
and  ipaking 


1       ,\drfQ         dr(D'i        a       .rdra   .      rfr©i 
dt        Ldt    ^      dr  1       dr        Vdt  dr  V 


drq>  dr(r> 

dt  dr 


the  above  may  be  written. 


dV  _       dV 


and  V  being  a  function  of  r  and  t^  we  have 

^^      dV    ^        dV    ^ 

or,  by  sobatitntion  for  ^  its  value  above, 
'    ^  dt  ' 

dV  dV 

dV=z^.(dr  +  adt)  =  ^.d(r  +  at\ 
dr     ^  '       dr        ^  ' 

and  by  integration, 

__      drin  drm        „ , 

in  which  F'  is  any  arbitrary  function.     In  like  manner,  by  subtracting, 

iP  r  d^  • 

dr.dt' 

from  both  members  of  Equation  (414)',  we  find 

--,       dr(p  drip       ^, , 

ID  which  /'  denotes  any  arbitrary  function.     Whence,  by  addition, 
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and  bj  subtraction, 


Bat 


dro7=i  —rr  .a<+  -;—  .dr. 
dt  dr 


Wtence, 


and,  by  intcgratiun^ 

ft 

in  which  F  an  J  /  denote  the  primitive  functions  of  which  F*  and  f  are 
the  deriv^ 


V1i 


